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Preface

The C.I.M.E. Session “Real Methods in Complex and CR Geometry” was held
in Martina Franca (Taranto), Italy, from June 30 to July 6, 2002. Lecture series
were given by:

M. Abate: Angular derivatives in several complex variables
J. E. Fornaess: Real methods in complex dynamics
X. Huang: On the Chern-Moser theory and rigidity problem for holomor-
phic maps
J. P. Rosay: Theory of analytic functionals and boundary values in the
sense of hyperfunctions
A. Tumanov: Extremal analytic discs and the geometry of CR manifolds

These proceedings contain the expanded versions of these five courses. In
their lectures the authors present at a level accessible to graduate students the
current state of the art in classical fields of the geometry of complex manifolds
(Complex Geometry) and their real submanifolds (CR Geometry). One of the
central questions relating both Complex and CR Geometry is the behavior
of holomorphic functions in complex domains and holomorphic mappings be-
tween different complex domains at their boundaries. The existence problem
for boundary limits of holomorphic functions (called boundary values) is ad-
dressed in the Julia-Wolff-Caratheodory theorem and the Lindelöf principle
presented in the lectures of M. Abate. A very general theory of boundary val-
ues of (not necessarily holomorphic) functions is presented in the lectures of
J.-P. Rosay. The boundary values of a holomorphic function always satisfy the
tangential Cauchy-Riemann (CR) equations obtained by restricting the clas-
sical CR equations from the ambient complex manifold to a real submanifold.
Conversely, given a function on the boundary satisfying the tangential CR
equations (a CR function), it can often be extended to a holomorphic func-
tion in a suitable domain. Extension problems for CR mappings are addressed
in the lectures of A. Tumanov via the powerful method of the extremal and
stationary discs. Another powerful method coming from the formal theory and
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inspired by the work of Chern and Moser is presented in the lectures of X.
Huang addressing the existence questions for CR maps. Finally, the dynamics
of holomorphic maps in several complex variables is the topic of the lectures
of J. E. Fornaess linking Complex Geometry and its methods with the theory
of Dynamical Systems.

We hope that these lecture notes will be useful not only to experienced
readers but also to the beginners aiming to learn basic ideas and methods in
these fields.

We are thankful to the authors for their beautiful lectures, all participants
from Italy and abroad for their attendance and contribution and last but not
least CIME for providing a charming and stimulating atmosphere during the
school.

Dmitri Zaitsev and Giuseppe Zampieri

CIME’s activity is supported by:

Ministero degli Affari Esteri - Direzione Generale per la Promozione e la
Cooperazione - Ufficio V;
Consiglio Nazionale delle Ricerche;
E.U. under the Training and Mobility of Researchers Programme.
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Angular Derivatives
in Several Complex Variables

Marco Abate

Dipartimento di Matematica, Università di Pisa
Via Buonarroti 2, 56127 Pisa, Italy
abate@dm.unipi.it

1 Introduction

A well-known classical result in the theory of one complex variable, due to
Fatou [Fa], says that a bounded holomorphic function f defined in the unit
disk∆ admits non-tangential limit at almost every point σ ∈ ∂∆. As satisfying
as it is from several points of view, this theorem leaves open the question of
whether the function f admits non-tangential limit at a specific point σ0 ∈ ∂∆.

Of course, one needs to make some assumptions on the behavior of f near
the point σ0; the aim is to find the weakest possible assumptions. In 1920,
Julia [Ju1] identified the right hypothesis: assuming, without loss of generality,
that the image of the bounded holomorphic function is contained in the unit
disk then Julia’s assumption is

lim inf
ζ→σ0

1− |f(ζ)|
1− |ζ| < +∞. (1)

In other words, f(ζ) must go to the boundary as fast as ζ (as we shall
show, it cannot go to the boundary any faster, but it might go slower). Then
Julia proved the following

Theorem 1.1 (Julia) Let f ∈ Hol(∆,∆) be a bounded holomorphic function,
and take σ ∈ ∂∆ such that

lim inf
ζ→σ

1− |f(ζ)|
1− |ζ| = β < +∞

for some β ∈ R. Then β > 0 and f has non-tangential limit τ ∈ ∂∆ at σ.

As we shall see, the proof is just a (clever) application of Schwarz-Pick
lemma. The real breakthrough in this theory is due to Wolff [Wo] in 1926
and Carathéodory [C1] in 1929: if f satisfies 1 at σ then the derivative f ′

too admits finite non-tangential limit at σ — and this limit can be computed
explicitely. More precisely:

M. Abate et al.: LNM 1848, D. Zaitsev and G. Zampieri (Eds.), pp. 1–47, 2004.
c© Springer-Verlag Berlin Heidelberg 2004



2 Marco Abate

Theorem 1.2 (Wolff-Carathéodory) Let f ∈ Hol(∆,∆) be a bounded holo-
morphic function, and take σ ∈ ∂∆ such that

lim inf
ζ→σ

1− |f(ζ)|
1− |ζ| = β < +∞

for some β > 0. Then both the incremental ratio

f(ζ)− τ
ζ − σ

and the derivative f ′ have non-tangential limit βτσ̄ at σ, where τ ∈ ∂∆ is the
non-tangential limit of f at σ.

Theorems 1.1 and 1.2 are collectively known as the Julia - Wolff - Cara–
théodory theorem. The aim of this survey is to present a possible way to
generalize this theorem to bounded holomorphic functions of several complex
variables.

The main point to be kept in mind here is that, as first noticed by Korányi
and Stein (see, e.g., [St]) and later theorized by Krantz [Kr1], the right kind
of limit to consider in studying the boundary behavior of holomorphic func-
tions of several complex variables depends on the geometry of the domain,
and it is usually stronger than the non-tangential limit. To better stress this
interdependence between analysis and geometry we decided to organize this
survey as a sort of template that the reader may apply to the specific cases
s/he is interested in.

More precisely, we shall single out a number of geometrical hypotheses
(usually expressed in terms of the Kobayashi intrinsic distance of the domain)
that when satisfied will imply a Julia-Wolff-Carathéodory theorem. This ap-
proach has the advantage to reveal the main ideas in the proofs, unhindered
by the technical details needed to verify the hypotheses. In other words, the
hard computations are swept under the carpet (i.e., buried in the references),
leaving the interesting patterns over the carpet free to be examined.

Of course, the hypotheses can be satisfied: for instance, all of them hold for
strongly pseudoconvex domains, convex domains with Cω boundary, convex
circular domains of finite type, and in the polydisk; but most of them hold
in more general domains too. And one fringe benefit of the approach chosen
for this survey is that as soon as somebody proves that the hypotheses hold
for a specific domain, s/he gets a Julia-Wolff-Carathéodory theorem in that
domain for free. Indeed, this approach has already uncovered new results: to
the best of my knowledge, Theorem 4.2 in full generality and Proposition 4.8
have not been proved before.

So in Section 1 of this survey we shall present a proof of the Julia-Wolff-
Carathéodory theorem suitable to be generalized to several complex variables.
It will consist of three steps:
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(a) A proof of Theorem 1.1 starting from the Schwarz-Pick lemma.
(b) A discussion of the Lindelöf principle, which says that if a (K-)bounded

holomorphic function has limit restricted to a curve ending at a boundary
point then it has the same limit restricted to any non-tangential curve
ending at that boundary point.

(c) A proof of the Julia-Wolff-Carathéodory theorem obtained by showing
that the incremental ratio and the derivative satisfy the hypotheses of the
Lindelöf principle.

Then the next three sections will describe a way of performing the same three
steps in a several variables context, providing the template mentioned above.

Finally, a few words on the literature. As mentioned before, Theorem 1.1
first appeared in [Ju1], and Theorem 1.2 in [Wo]. The proof we shall present
here is essentially due to Rudin [Ru, Section 8.5]; other proofs and one-variable
generalizations can be found in [A3], [Ah], [C1, 2], [J], [Kom], [LV], [Me], [N],
[Po], [T] and references therein.

As far as I know, the first several variables generalizations of Theorem 1.1
were proved by Minialoff [Mi] for the unit ball B2 ⊂ C

2, and then by
Hervé [He] in Bn. The general form we shall discuss originates in [A2]. For
some other (finite and infinite dimensional) approaches see [Ba], [M], [W], [R],
[W�l1] and references therein.

The one-variable Lindelöf principle has been proved by Lindelöf [Li1, 2];
see also [A3, Theorem 1.3.23], [Ru, Theorem 8.4.1], [Bu, 5.16, 5.56, 12.30,
12.31] and references therein. The first important several variables version of
it is due to Čirka [Č]; his approach has been further pursued in [D1, 2], [DZ]
and [K]. A different generalization is due to Cima and Krantz [CK] (see also
[H1, 2]), and both inspired the presentation we shall give in Section 3 (whose
ideas stem from [A2]).

A first tentative extension of the Julia-Wolff-Carathéodory theorem to
bounded domains in C

2 is due to Wachs [W]. Hervé [He] proved a preliminary
Julia-Wolff-Carathéodory theorem for the unit ball of C

n using non-tangential
limits and considering only incremental ratioes; the full statement for the unit
ball is due to Rudin [Ru, Section 8.5]. The Julia-Wolff-Carathéodory theorem
for strongly convex domains is in [A2]; for strongly pseudoconvex domains
in [A4]; for the polydisk in [A5] (see also Jafari [Ja], even though his state-
ment is not completely correct); for convex domains of finite type in [AT2].
Furthermore, Julia-Wolff-Carathéodory theorems in infinite-dimensional Ba-
nach and Hilbert spaces are discussed in [EHRS], [F], [MM], [SW], [W�l2, 3, 4],
[Z] and references therein.

Finally, I would also like to mention the shorter survey [AT1], written, as
well as the much more substantial paper [AT2], with the unvaluable help of
Roberto Tauraso.
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2 One Complex Variable

We already mentioned that Theorem 1.1 is a consequence of the classical
Schwarz-Pick lemma. For the sake of completeness, let us recall here the rel-
evant definitions and statements.

Definition 2.1 The Poincaré metric on ∆ is the complete Hermitian met-
ric κ2

∆ of constant Gaussian curvature −4 given by

κ2
∆(ζ) =

1
(1 − |ζ|2)2

dz dz̄.

The Poincaré distance ω on ∆ is the integrated distance associated to κ∆.
It is easy to prove that

ω(ζ1, ζ2) = 1
2 log

1 +
∣
∣
∣
ζ1−ζ2
1−ζ̄2ζ1

∣
∣
∣

1−
∣
∣
∣
ζ1−ζ2
1−ζ̄2ζ1

∣
∣
∣

.

For us the main property of the Poincaré distance is the classical Schwarz-Pick
lemma:

Theorem 2.2 (Schwarz-Pick) The Poincaré metric and distance are con-
tracted by holomorphic self-maps of the unit disk. In other words, if f ∈
Hol(∆,∆) then

∀ζ ∈ ∆ f∗(κ2
∆)(ζ) ≤ κ2

∆(ζ) (2)

and
∀ζ1, ζ2 ∈ ∆ ω

(

f(ζ1), f(ζ2)
) ≤ ω(ζ1, ζ2). (3)

Furthermore, equality in 2 for some ζ ∈ ∆ or in 3 for some ζ1 �= ζ2 occurs iff
f is a holomorphic automorphism of ∆.

A first easy application of this result is the fact that the lim inf in 1 is
always positive (or +∞). But let us first give it a name.

Definition 2.3 Let f ∈ Hol(∆,∆) be a holomorphic self-map of ∆, and σ ∈
∂∆. Then the boundary dilation coefficient βf (σ) of f at σ is given by

βf (σ) = lim inf
ζ→σ

1− |f(ζ)|
1− |ζ| .

If it is finite and equal to β > 0 we shall say that f is β-Julia at σ.

Then
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Corollary 2.4 For any f ∈ Hol(∆,∆) we have

1− |f(ζ)|
1− |ζ| ≥ 1− |f(0)|

1 + |f(0)| > 0 (4)

for all ζ ∈ ∆; in particular,

βf (σ) ≥ 1− |f(0)|
1 + |f(0)| > 0

for all σ ∈ ∂∆.

Proof. The Schwarz-Pick lemma yields

ω
(

0, f(ζ)
) ≤ ω(0, f(0)

)

+ ω
(

f(0), f(ζ)
) ≤ ω(0, f(0)

)

+ ω(0, ζ),

that is
1 + |f(ζ)|
1− |f(ζ)| ≤

1 + |f(0)|
1− |f(0)| ·

1 + |ζ|
1− |ζ| (5)

for all ζ ∈ ∆. Let a = (|f(0)| + |ζ|)/(1 + |f(0)||ζ|); then the right-hand side
of 5 is equal to (1 + a)/(1− a). Hence |f(ζ)| ≤ a, that is

1− |f(ζ)| ≥ (1− |ζ|) 1− |f(0)|
1 + |f(0)||ζ| ≥ (1− |ζ|)1 − |f(0)|

1 + |f(0)|
for all ζ ∈ ∆, as claimed. �	

The main step in the proof of Theorem 1.1 is known as Julia’s lemma, and
it is again a consequence of the Schwarz-Pick lemma:

Theorem 2.5 (Julia) Let f ∈ Hol(∆,∆) and σ ∈ ∂∆ be such that

lim inf
ζ→σ

1− |f(ζ)|
1− |ζ| = β < +∞.

Then there exists a unique τ ∈ ∂∆ such that

|τ − f(ζ)|2
1− |f(ζ)|2 ≤ β

|σ − ζ|2
1− |ζ|2 . (6)

Proof. The Schwarz-Pick lemma yields
∣
∣
∣
∣

f(ζ)− f(η)
1− ¯f(η)f(ζ)

∣
∣
∣
∣
≤
∣
∣
∣
∣

ζ − η
1− η̄ζ

∣
∣
∣
∣

and thus
|1− ¯f(η)f(ζ)|2

1− |f(ζ)|2 ≤ 1− |f(η)|2
1− |η|2 · |1− η̄ζ|

2

1− |ζ|2 (7)

for all η, ζ ∈ ∆. Now choose a sequence {ηk} ⊂ ∆ converging to σ and such
that
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lim
k→+∞

1− |f(ηk)|
1− |ηk| = β;

in particular, |f(ηk)| → 1, and so up to a subsequence we can assume that
f(ηk) → τ ∈ ∂∆ as k → +∞. Then setting η = ηk in 7 and taking the limit
as k → +∞ we obtain 6.

We are left to prove the uniqueness of τ . To do so, we need a geometrical
interpretation of 6.

Definition 2.6 The horocycle E(σ,R) of center σ and radius R is the set

E(σ,R) =
{

ζ ∈ ∆
∣
∣
∣
∣

|σ − ζ|2
1− |ζ|2 < R

}

.

Geometrically, E(σ,R) is an euclidean disk of euclidean radius R/(1 + R)
internally tangent to ∂∆ in σ; in particular,

|σ − ζ| ≤ 2R
1 +R

< 2R (8)

for all ζ ∈ ¯E(σ,R). A horocycle can also be seen as the limit of Poincaré disks
with fixed euclidean radius and centers converging to σ (see, e.g., [Ju2] or [A3,
Proposition 1.2.1]).

The formula 6 then says that

f
(

E(σ,R)
) ⊆ E(τ, βR)

for any R > 0. Assume, by contradiction, that 6 also holds for some τ1 �= τ ,
and choose R > 0 so small that E(τ, βR) ∩E(τ1, βR) =. Then we get

�= f
(

E(σ,R)
) ⊆ E(τ, βR) ∩ E(τ1, βR) =,

contradiction. Therefore 6 can hold for at most one τ ∈ ∂∆, and we are done.
�	

In Section 4 we shall need a sort of converse of Julia’s lemma:

Lemma 2.7 Let f ∈ Hol(∆,∆), σ, τ ∈ ∂∆ and β > 0 be such that

f
(

E(σ,R)
) ⊆ E(τ, βR)

for all R > 0. Then βf (σ) ≤ β.
Proof. For t ∈ [0, 1) set Rt = (1− t)/(1+ t), so that tσ ∈ ∂E(σ,Rt). Therefore
f(tσ) ∈ ¯E(τ, βRt); hence

1− |f(tσ)|
1− t ≤ |τ − f(tσ)|

1− t < 2β
Rt

1− t =
2

1 + t
β,

by 8, and thus

βf (σ) = lim inf
ζ→σ

1− |f(ζ)|
1− |ζ| ≤ lim inf

t→1−

1− |f(tσ)|
1− t ≤ β.

�	
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To complete the proof of Theorem 1.1 we still need to give a precise defi-
nition of what we mean by non-tangential limit.

Definition 2.8 Take σ ∈ ∂∆ and M ≥ 1; the Stolz region K(σ,M) of ver-
tex σ and amplitude M is given by

K(σ,M) =
{

ζ ∈ ∆
∣
∣
∣
∣

|σ − ζ|
1− |ζ| < M

}

.

Geometrically, K(σ,M) is an egg-shaped region, ending in an angle touching
the boundary of ∆ at σ. The amplitude of this angle tends to 0 as M → 1+,
and tends to π as M → +∞. Therefore we can use Stolz regions to define the
notion of non-tangential limit:

Definition 2.9 A function f :∆ → C admits non-tangential limit L ∈ C at
the point σ ∈ ∂∆ if f(ζ) → L as ζ tends to σ inside K(σ,M) for any M > 1.

From the definitions it is apparent that horocycles and Stolz regions are
strongly related. For instance, if ζ belongs to K(σ,M) we have

|σ − ζ|2
1 − |ζ|2 =

|σ − ζ|
1− |ζ| ·

|σ − ζ|
1 + |ζ| < M |σ − ζ|,

and thus ζ ∈ E(σ,M |σ − ζ|).
We are then ready for the

Proof of Theorem 1.1: Assume that f is β-Julia at σ, fix M > 1 and
choose any sequence {ζk} ⊂ K(σ,M) converging to σ. In particular, ζk ∈
E(σ,M |σ − ζk|) for all k ∈ N. Then Theorem 2.5 gives a unique τ ∈ ∂∆ such
that f(ζk) ∈ E(τ, βM |σ − ζk|). Therefore every limit point of the sequence
{f(ζk)} must be contained in the intersection

⋂

k∈N

¯E(τ, βM |σ − ζk|) = {τ},

that is f(ζk) → τ , and we have proved that f has non-tangential limit τ
at σ. �	

To prove Theorem 1.2 we need another ingredient, known as Lindelöf
principle. The idea is that the existence of the limit along a given curve in ∆
ending at σ ∈ ∂∆ forces the existence of the non-tangential limit at σ. To be
more precise:

Definition 2.10 Let σ ∈ ∂∆. A σ-curve in ∆ is a continous curve γ: [0, 1)→
∆ such that γ(t) → σ as t → 1−. Furthermore, we shall say that a function
f :∆ → C is K-bounded at σ if for every M > 1 there exists CM > 0 such
that |f(ζ)| ≤ CM for all ζ ∈ K(σ,M).

Then Lindelöf [Li2] proved the following
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Theorem 2.11 Let f :∆ → C be a holomorphic function, and σ ∈ ∂∆. As-
sume there is a σ-curve γ: [0, 1) → ∆ such that f

(

γ(t)
) → L ∈ C as t → 1−.

Assume moreover that

(a) f is bounded, or that
(b) f is K-bounded and γ is non-tangential, that is its image is contained in

a K-region K(σ,M0).

Then f has non-tangential limit L at σ.

Proof. A proof of case (a) can be found in [A3, Theorem 1.3.23] or in [Ru,
Theorem 8.4.1]. Since each K(σ,M) is biholomorphic to ∆ and the biholo-
morphism extends continuously up to the boundary, case (b) is a consequence
of (a). Furthermore, it should be remarked that in case (b) the existence of
the limit along γ automatically implies that f is K-bounded ([Li1]; see [Bu,
5.16] and references therein).

However, we shall describe here an easy proof of case (b) when γ is radial,
that is γ(t) = tσ, which is the case we shall mostly use.

First of all, without loss of generality we can assume that σ = 1, and then
the Cayley transform allows us to transfer the stage to H+ = {w ∈ C | Imw >
0}. The boundary point we are interested in becomes ∞, and the curve γ is
now given by γ(t) = i(1 + t)/(1− t).

Furthermore if we denote by K(∞,M) ⊂ H+ the image under the Cayley
transform of K(1,M) ⊂ ∆, and by Kε the truncated cone

Kε =
{

w ∈ H+ | Imw > ε max{1, |Rew|}},

we have
K(∞,M) ⊂ K1/(2M) and

K1/(2M) ∩ {w ∈ H+ | Imw > R} ⊂ K(∞,M ′),

for every R, M > 1, where

M ′ =

√

1 + 4M2
R+ 1
R− 1

.

The first inclusion is easy; the second one follows from the formula
∣
∣
∣
∣

1− ζ
1− |ζ|

∣
∣
∣
∣

2

= 1 +
2

|ζ|+ Re ζ

∣
∣
∣
∣

Im ζ

1− |ζ|
∣
∣
∣
∣

2

, (9)

true for all ζ ∈ ∆ with Re ζ > 0.
Therefore we are reduced to prove that if f :H+ → C is holomorphic and

bounded on any Kε, and f ◦ γ(t) → L ∈ C as t→ 1−, then f(w) has limit L
as w tends to ∞ inside Kε.

Choose ε′ < ε (so that Kε′ ⊃ Kε), and define fn:Kε′ → C by fn(w) =
f(nw). Then {fn} is a sequence of uniformly bounded holomorphic functions.
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Furthermore, fn(ir) → L as n→ +∞ for any r > 1; by Vitali’s theorem, the
whole sequence {fn} is then converging uniformly on compact subsets to a
holomorphic function f∞:Kε′ → C. But we have f∞(ir) = L for all r > 1;
therefore f∞ ≡ L. In particular, for every δ > 0 we can find N ≥ 1 such that
n ≥ N implies

|fn(w)− L| < δ for all w ∈ K̄ε such that 1 ≤ |w| ≤ 2.

This implies that for every δ > 0 there is R > 1 such that w ∈ K̄ε and |w| > R
implies |f(w)−L| < δ, that is the assertion. Indeed, it suffices to take R = N ;
if |w| > N let n ≥ N be the integer part of |w|, and set w′ = w/n. Then
w′ ∈ K̄ε and 1 ≤ |w′| ≤ 2, and thus

|f(w) − L| = |fn(w′)− L| < δ,

as claimed. �	
Example 1. It is very easy to provide examples of K-bounded functions which
are not bounded: for instance f(ζ) = (1 + ζ)−1 is K-bounded at 1 but it
is not bounded in ∆. More generally, every rational function with a pole at
τ ∈ ∂∆ and no poles inside ∆ is not bounded on ∆ but it is K-bounded at
every σ ∈ ∂∆ different from τ .

We are now ready to begin the proof of Theorem 1.2. Let then f ∈
Hol(∆,∆) be β-Julia at σ ∈ ∂∆, and let τ ∈ ∂∆ be the non-tangential limit
of f at σ provided by Theorem 1.1. We would like to show that f ′ has non-
tangential limit βτσ̄ at σ; but first we study the behavior of the incremental
ratio

(

f(ζ)− τ)/(ζ − σ).

Proposition 2.12 Let f ∈ Hol(∆,∆) be β-Julia at σ ∈ ∂∆, and let τ ∈ ∂∆
be the non-tangential limit of f at σ. Then the incremental ratio

f(ζ)− τ
ζ − σ

is K-bounded and has non-tangential limit βτσ̄ at σ.

Proof. We shall show that the incremental ratio is K-bounded and that it has
radial limit βτσ̄ at σ; the assertion will then follow from Theorem 2.11.(b).

Take ζ ∈ K(σ,M). We have already remarked that we then have ζ ∈
E(σ,M |ζ−σ|), and thus f(ζ) ∈ E(τ, βM |ζ−σ|), by Julia’s Lemma. Recalling
8 we get

|f(ζ)− τ | < 2βM |ζ − σ|,
and so the incremental ratio is bounded by 2βM in K(σ,M).

Now given t ∈ [0, 1) set Rt = (1− t)/(1 + t), so that tσ ∈ ∂E(σ,Rt). Then
f(tσ) ∈ ¯E(τ, βRt), and thus

1− |f(tσ)| ≤ |τ − f(tσ)| ≤ 2βRt = 2β
1− t
1 + t

.
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Therefore

1− |f(tσ)|
1− t ≤

∣
∣
∣
∣

τ − f(tσ)
1− t

∣
∣
∣
∣
≤ 2

1 + t
β =

2
1 + t

lim inf
ζ→σ

1− |f(ζ)|
1− |ζ| ;

letting t→ 1− we see that

lim
t→1−

1− |f(tσ)|
1− t = lim

t→1−

∣
∣
∣
∣

τ − f(tσ)
1− t

∣
∣
∣
∣

= β, (10)

and then

lim
t→1−

|τ − f(tσ)|
1− |f(tσ)| = 1. (11)

Since f(tσ) → τ , we know that Re
(

τ̄ f(tσ)
)

> 0 for t close enough to 1;
then 9 and 11 imply

lim
t→1−

τ − f(tσ)
1− |f(tσ)| = τ,

and together with 10 we get

lim
t→1−

f(tσ)− τ
tσ − σ = βτσ̄,

as desired. �	
By the way, the non-tangential limit of the incremental ratio is usually

called the angular derivative of f at σ, because it represents the limit of the
derivative of f inside an angular region with vertex at σ.

We can now complete the

Proof of Theorem 1.2: Again, the idea is to prove that f ′ is K-bounded
and then show that f ′(tσ) tends to βτσ̄ as t→ 1−.

Take ζ ∈ K(σ,M), and choose δζ > 0 so that ζ + δζ∆ ⊂ ∆. Therefore we
can write

f ′(ζ) = 1
2πi

∫

|η|=δζ

f(ζ+η)
η2 dη = 1

2πi

∫

|η|=δζ

f(ζ+η)−τ
ζ+η−σ · ζ+η−ση2 dη (12)

= 1
2π

∫ 2π

0
f(ζ+δζe

iθ)−τ
ζ+δζeiθ−σ

[

1− σ−ζ
δζeiθ

]

dθ. (13)

(14)

Now, if M1 > M and

δζ =
1
M

M1 −M
M1 + 1

|σ − ζ|,

then it is easy to check that ζ + δζ∆ ⊂ K(σ,M1); therefore 12 and the bound
on the incremental ratio yield

|f ′(ζ)| ≤ 2βM1

[

1 +M
M1 + 1
M1 −M

]

,

and so f ′ is K-bounded.
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If ζ = tσ, we can take δtσ = (1 − t)(M − 1)/(M + 1) for any M > 1, and
12 becomes

f ′(tσ) =
1

2π

∫ 2π

0

f(tσ + δtσe
iθ)− τ

tσ + δtσeiθ − σ
[

1− σM − 1
M + 1

e−iθ
]

dθ.

Since tσ + δtσ∆ ⊂ K(σ,M), Proposition 2.12 yields

lim
t→1−

f(tσ + δtσe
iθ)− τ

tσ + δtσeiθ − σ = βτσ̄

for any θ ∈ [0, 2π]; therefore we get f ′(tσ) → βτσ̄ as well, by the dominated
convergence theorem, and we are done. �	

It is easy to find examples of function f ∈ Hol(∆,∆) with βf (1) = +∞.

Example 2. Let f ∈ Hol(∆,∆) be given by f(z) = λzk/k where λ ∈ C and
k ∈ N are such that k > |λ|. Then βf (1) = +∞ for the simple reason that
|f(1)| = |λ|/k < 1; on the other hand, f ′(1) = λ.

Therefore if βf (σ) = +∞ both f and f ′ might still have finite non-tangential
limit at σ, but we have no control on them. However, if we assume that
f(ζ) is actually going to the boundary of ∆ as ζ → σ then the link between
the angular derivative and the boundary dilation coefficient is much tighter.
Indeed, the final result of this section is

Theorem 2.13 Let f ∈ Hol(∆,∆) and σ ∈ ∂∆ be such that

lim sup
t→1−

|f(tσ)| = 1. (15)

Then

βf (σ) = lim sup
t→1−

|f ′(tσ)|. (16)

In particular, f ′ has finite non-tangential limit at σ iff βf (σ) < +∞, and
then f has non-tangential limit at σ too.

Proof. If the lim sup in 16 is infinite, then f ′(tσ) cannot converge as t→ 1−,
and thus βf (σ) = +∞ by Theorem 1.2.

So assume that the lim sup in 16 is finite; in particular, there is M > 0
such that |f ′(tσ)| ≤ M for all t ∈ [0, 1). We claim that βf (σ) is finite too —
and then the assertion will follow from Theorem 1.2 again.

For all t1, t2 ∈ [0, 1) we have

|f(t2σ)− f(t1σ)| =
∣
∣
∣
∣

∫ t2

t1

f ′(tσ) dt
∣
∣
∣
∣
≤M |t2 − t1|. (17)

Now, 15 implies that there is a sequence {tk} ⊂ [0, 1) converging to 1 and
τ ∈ ∂∆ such that f(tk) → τ as k → +∞. Therefore 17 yields
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|τ − f(tσ)| ≤M(1− t)

for all t ∈ [0, 1). Hence

βf (σ) = lim inf
ζ→σ

1− |f(ζ)|
1− |ζ| ≤ lim inf

t→1−

1− |f(tσ)|
1− t ≤ lim inf

t→1−

|τ − f(tσ)|
1− t ≤M.

�	
So Julia’s condition βf (σ) < +∞ is in some sense optimal.

3 Julia’s Lemma

The aim of this section is to describe a generalization of Julia’s lemma to
several complex variables, and to apply it to get a several variables version of
Theorem 1.1.

As we have seen, the one-variable Julia’s lemma is a consequence of the
Schwarz-Pick lemma or, more precisely, of the contracting properties of the
Poincaré metric and distance. So it is only natural to look first for a general-
ization of the Poincaré metric.

Among several such generalizations, the most useful for us is the Kobayashi
metric, introduced by Kobayashi [Kob1] in 1967.

Definition 3.1 Let X be a complex manifold: the Kobayashi (pseudo)metric
of X is the function κX :TX → R

+ defined by

κX(z; v) = inf{|ξ| | ∃ϕ ∈ Hol(∆,X) : ϕ(0) = z, dϕ0(ξ) = v}

for all z ∈ X and v ∈ TzX. Roughly speaking, κX(z; v) measures the (inverse
of) the radius of the largest (not necessarily immersed) holomorphic disk in X
passing through z tangent to v.

The Kobayashi pseudometric is an upper semicontinuous (and often continu-
ous) complex Finsler pseudometric, that is it satisfies

κX(z;λv) = |λ|κX(z; v) (18)

for all z ∈ X , v ∈ TzX and λ ∈ C. Therefore it can be used to compute the
length of curves:

Definition 3.2 If γ: [a, b] → X is a piecewise C1-curve in a complex mani-
fold X then its Kobayashi (pseudo)length is

�X(γ) =
∫ b

a

κX
(

γ(t); γ̇(t)
)

dt.
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The Kobayashi pseudolength of a curve does not depend on the parametriza-
tion, by 18; therefore we can define the Kobayashi (pseudo)distance kX :X ×
X → R

+ by setting
kX(z, w) = inf{�X(γ)},

where the infimum is taken with respect to all the piecewise C1-curves
γ: [a, b] → X with γ(a) = z and γ(b) = w. It is easy to check that kX
is a pseudodistance in the metric space sense. We remark that this is not
Kobayashi original definition of kX , but it is equivalent to it (as proved by
Royden [Ro]).

The prefix “pseudo” used in the definitions is there to signal that the
Kobayashi pseudometric (and distance) might vanish on nonzero vectors (re-
spectively, on distinct points); for instance, it is easy to see that κCn ≡ 0 and
kCn ≡ 0.

Definition 3.3 A complex manifold X is (Kobayashi) hyperbolic if kX is a
true distance, that is kX(z, w) > 0 as soon as z �= w; it is complete hyperbolic
if kX is a complete distance. A related notion has been introduced by Wu [Wu]:
a complex manifold is taut if Hol(∆,X) is a normal family (and this implies
that Hol(Y,X) is a normal family for any complex manifold Y ).

The main general properties of the Kobayashi metric and distance are col-
lected in the following

Theorem 3.4 Let X be a complex manifold. Then:

(i) If X is Kobayashi hyperbolic, then the metric space topology induced by kX
coincides with the manifold topology.

(ii) A complete hyperbolic manifold is taut, and a taut manifold is hyperbolic.
(iii)All the bounded domains of C

n are hyperbolic; all bounded convex or
strongly pseudoconvex domains of C

n are complete hyperbolic.
(iv)A Riemann surface is Kobayashi hyperbolic iff it is hyperbolic, that is, iff

it is covered by the unit disk (and then it is complete hyperbolic).
(v) The Kobayashi metric and distance of the unit ball Bn ⊂ C

n agree with
the Bergmann metric and distance:

κBn(z; v) =
1

(1− ‖z‖2)2
[|(z, v)|2 + (1− ‖z‖2)‖v‖2]

for all z ∈ Bn and v ∈ C
n, where (· , ·) denotes the canonical hermitian

product in C
n, and

kBn (z, w) = 1
2 log

1 + ‖χz(w)‖
1− ‖χz(w)‖ (19)

for all z, w ∈ Bn, where χz is a holomorphic automorphism of Bn send-
ing z into the origin O. In particular, κ∆ and k∆ are the Poincaré metric
and distance of the unit disk.
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(vi)The Kobayashi metric and distance are contracted by holomorphic maps:
if f :X → Y is a holomorphic map between complex manifolds, then

κY
(

f(z); dfz(v)
) ≤ κX(z; v)

for all z ∈ X and v ∈ TzX, and

kY
(

f(z), f(w)
) ≤ kX(z, w)

for all z, w ∈ X. In particular, biholomorphisms are isometries for the
Kobayashi metric and distance.

For comments, proofs and much much more see, e.g., [A3, JP, Kob2] and
references therein.

For us, the most important property of Kobayashi metric and distance
is clearly the last one: the Kobayashi metric and distance have a built-in
Schwarz-Pick lemma. So it is only natural to try and use them to get a sev-
eral variables version of Julia’s lemma. To do so, we need ways to express
Julia’s condition 1 and to define horocycles in terms of Kobayashi distance
and metric.

A way to proceed is suggested by metric space theory (and its applications
to real differential geometry of negatively curved manifolds; see, e.g., [BGS]).
Let X be a locally compact complete metric space with distance d. We may
define an embedding ι:X → C0(X) of X into the space C0(X) of continuous
functions on X mapping z ∈ X into the function dz = d(z, ·). Now identify
two continuous functions on X differing only by a constant; let X̄ be the
image of the closure of ι(X) in C0(X) under the quotient map π, and set
∂X = X̄ \ π(ι(X)

)

. It is easy to check that X̄ and ∂X are compact in the
quotient topology, and that π◦ι:X → X̄ is a homeomorphism with the image.
The set ∂X is the ideal boundary of X .

Any element h ∈ ∂X is a continuous function on X defined up to a con-
stant. Therefore the sublevels of h are well-defined: they are the horospheres
centered at the boundary point h. Now, a preimage h0 ∈ C0(X) of h ∈ ∂X
is the limit of functions of the form dzk

for some sequence {zk} ⊂ X without
limit points in X . Since we are interested in π(dzk

) only, we can force h0 to
vanish at a fixed point z0 ∈ X . This amounts to defining the horospheres
centered in h by

E(h,R) = {z ∈ X | lim
k→∞

[d(z, zk)− d(z0, zk)] < 1
2 logR} (20)

(see below for the reasons suggesting the appearance of 1
2 log). Notice that,

since d is a complete distance and {zk} is without limit points, d(z, zk) → +∞
as k → +∞. On the other hand, |d(z, zk) − d(z0, zk)| ≤ d(z, z0) is always
finite. So, in some sense, the limit in 20 computes one-half the logarithm of
a (normalized) distance of z from the boundary point h, and the horospheres
are a sort of distance balls centered in h.
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In our case, this suggests the following approach:

Definition 3.5 Let D ⊂ C
n be a complete hyperbolic domain in C

n. The
(small) horosphere of center x ∈ ∂D, radius R > 0 and pole z0 ∈ D is the set

EDz0(x,R) = {z ∈ D | lim sup
w→x

[kD(z, w)− kD(z0, w)] < 1
2 logR}. (21)

A few remarks are in order.

Remark 1. One clearly can introduce a similar notion of large horosphere re-
placing the lim sup by a lim inf in the previous definition. Large horospheres
and small horospheres are actually different iff the geometrical boundary
∂D ⊂ C

n is smaller than the ideal boundary discussed above. It can be proved
(see [A2] or [A3, Corollary 2.6.48]) that if D is a strongly convex C3 domain
then the lim sup in 21 actually is a limit, and thus the ideal boundary and the
geometrical boundary coincide (as well as small and large horospheres).

Remark 2. The 1
2 log in the definition appears to recover the classical horocy-

cles in the unit disk. Indeed, if we take D = ∆ and z0 = 0 it is easy to check
that

ω(ζ, η)− ω(0, η) = 1
2 log

( |1− η̄ζ|2
1− |ζ|2

)

+ log





1 +
∣
∣
∣
η−ζ
1−η̄ζ
∣
∣
∣

1 + |η|



 ;

therefore for all σ ∈ ∂∆ we have

lim
η→σ

[ω(ζ, η)− ω(0, η)] = 1
2 log

( |σ − ζ|2
1− |ζ|2

)

,

and thus E(σ,R) = E∆0 (σ,R).

In a similar way one can explicitely compute the horospheres in another
couple of cases:

Example 3. It is easy to check that the horospheres in the unit ball (with pole
at the origin) are the classical horospheres (see, e.g., [Kor]) given by

EB
n

O (x,R) =
{

z ∈ Bn
∣
∣
∣
∣

|1 − (z, x)|2
1− ‖z‖2 < R

}

for all x ∈ ∂Bn and R > 0. Geometrically, EB
n

O (x,R) is an ellipsoid internally
tangent to ∂Bn in x, and it can be proved (arguing as in [A2, Propositions 1.11
and 1.13]) that horospheres in strongly pseudoconvex domains have a similar
shape.

Example 4. On the other hand, the shape of horospheres in the unit polydisk
∆n ⊂ C

n is fairly different (see [A5]):

E∆
n

O (x,R) =
{

z ∈ ∆n
∣
∣
∣
∣

max
|xj|=1

{ |xj − zj |2
1− |zj|2

}

< R

}

= E1 × · · · ×En

for all x ∈ ∂∆n and R > 0, where Ej = ∆ if |xj | < 1 and Ej = E(xj , R) if
|xj | = 1.
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Now we need a sensible replacement of Julia’s condition 1. Here the key
observation is that 1 − |ζ| is exactly the (euclidean) distance of ζ ∈ ∆ from
the boundary. Keeping with the interpretation of the lim sup in 20 as a (nor-
malized) Kobayashi distance of z ∈ D from x ∈ ∂D, one is then tempted to
consider something like

inf
x∈∂D

lim sup
w→x

[kD(z, w)− kD(z0, w)] (22)

as a sort of (normalized) Kobayashi distance of z ∈ D from the boundary. If
we compute in the unit disk we find that

inf
σ∈∂∆

lim sup
η→σ

[ω(ζ, η) − ω(0, η)] = 1
2 log

1− |ζ|
1 + |ζ| = −ω(0, ζ).

So we actually find 1
2 log of the euclidean distance from the boundary (up to

a harmless correction), confirming our ideas. But, even more importantly, we
see that the natural lower bound −kD(z0, z) of 22 measures exactly the same
quantity.

Another piece of evidence supporting this idea comes from the boundary
estimates of the Kobayashi distance. As it can be expected, it is very diffi-
cult to compute explicitly the Kobayashi distance and metric of a complex
manifold; on the other hand, it is not as difficult (and very useful) to esti-
mate them. For instance, we have the following (see, e.g., [A3, section 2.3.5]
or [Kob2, section 4.5] for strongly pseudoconvex domains, [AT2] for convex
C2 domains, and [A3, Proposition 2.3.5] or [Kob2, Example 3.1.24] for convex
circular domains):

Theorem 3.6 Let D ⊂⊂ C
n be a bounded domain, and take z0 ∈ D. Assume

that

(a)D is strongly pseudoconvex, or
(b)D is convex with C2 boundary, or
(c)D is convex circular.

Then there exist c1, c2 ∈ R such that

c1 − 1
2 log d(z, ∂D) ≤ kD(z0, z) ≤ c2 − 1

2 log d(z, ∂D) (23)

for all z ∈ D, where d(·, ∂D) denotes the euclidean distance from the boundary.

This is the first instance of the template phenomenon mentioned in the intro-
duction. In the sequel, very often we shall not need to know the exact shape
of the boundary of the domain under consideration; it will be enough to have
estimates like the ones above on the boundary behavior of the Kobayashi
distance. Let us then introduce the following template definition:



Angular Derivatives in Several Complex Variables 17

Definition 3.7 We shall say that a domain D ⊂ C
n has the one-point bound-

ary estimates if for one (and hence every) z0 ∈ D there are c1, c2 ∈ R such
that

c1 − 1
2 log d(z, ∂D) ≤ kD(z0, z) ≤ c2 − 1

2 log d(z, ∂D)

for all z ∈ D. In particular, D is complete hyperbolic.

So, again, if a domain has the one-point boundary estimates the Kobayashi
distance from an interior point behaves exactly as half the logarithm of the
euclidean distance from the boundary. We are then led to the following defi-
nition:

Definition 3.8 Let D ⊂ C
n be a complete hyperbolic domain, x ∈ ∂D

and β > 0. We shall say that a holomorphic function f :D → ∆ is β-Julia
at x (with respect to a pole z0 ∈ D) if

lim inf
z→x

[

kD(z0, z)− ω
(

0, f(z)
)]

= 1
2 log β < +∞.

The previous computations show that when D = ∆ we recover the one-
variable definition exactly. Furthermore, if the lim inf is finite for one pole
then it is finite for all poles (even though β possibly changes). Moreover, the
lim inf cannot ever be −∞, because

kD(z0, z)− ω
(

0, f(z)
) ≥ ω(f(z0), f(z)

)− ω(0, f(z)
) ≥ −ω(0, f(z0)

)

,

and so β > 0 always. Finally, we explicitely remark that we might use a similar
approach for holomorphic maps from D into another complete hyperbolic
domain; but for the sake of simplicity in this survey we shall restrict ourselves
to bounded holomorphic functions (see [A2, 4, 5] for more on the general case).

We have now enough tools to prove our several variables Julia’s lemma:

Theorem 3.9 Let D ⊂ C
n be a complete hyperbolic domain, and let f ∈

Hol(D,∆) be β-Julia at x ∈ ∂D with respect to a pole z0 ∈ D, that is assume
that

lim inf
z→x

[

kD(z0, z)− ω
(

0, f(z)
)]

= 1
2 log β < +∞.

Then there exists a unique τ ∈ ∂∆ such that

f
(

EDz0(x,R)
) ⊂ E(τ, βR)

for all R > 0.

Proof. Choose a sequence {wk} ⊂ D converging to x such that

lim
k→+∞

[

kD(z0, wk)− ω(0, f(wk)
)]

= lim inf
z→x

[

kD(z0, z)− ω
(

0, f(z)
)]

.
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We can also assume that f(wk) → τ ∈ ∆̄. Being D complete hyperbolic, we
know that kD(z0, wk) → +∞; therefore we must have ω

(

0, f(wk)
) → +∞,

and so τ ∈ ∂∆. Now take z ∈ EDz0(x,R). Then using the contracting property
of the Kobayashi distance we get

1
2 log |τ−f(z)|2

1−|f(z)|2 = limη→τ

[

ω
(

f(z), η
)− ω(0, η)

]

= limk→+∞
[

ω
(

f(z), f(wk)
)− ω(0, f(wk)

)]

≤ lim supk→+∞
[

kD(z, wk)− ω(0, f(wk)
)]

= lim supk→+∞[kD(z, wk)− kD(z0, wk)]+
+ limk→+∞

[

kD(z0, wk)− ω(0, f(wk)
)]

= lim supw→x[kD(z, w)− kD(z0, w)] + 1
2 log β < 1

2 log(βR),

and f(z) ∈ E(τ, βR). The uniqueness of τ follows as in the proof of Theo-
rem 2.5. �	

The next step consists in introducing a several variables version of the clas-
sical non-tangential limit. Korányi [Kor] has been the first one to notice that
in several complex variables the obvious notion of non-tangential limit (i.e.,
limit inside cone-shaped approach regions) is not the right one for studying the
boundary behavior of holomorphic functions. Indeed, in Bn he introduced the
admissible approach region K(x,M) of vertex x ∈ ∂Bn and amplitude M > 1
defined by

K(x,M) =
{

z ∈ Bn
∣
∣
∣
∣

|1− (z, x)|
1− ‖z‖ < M

}

, (24)

and said that a function f :Bn → C had admissible limit L ∈ C at x ∈
∂Bn if f(z) → L as z → x inside K(x,M) for any M > 1. Admissible
regions are a clear generalization of one-variable Stolz regions, but the shape
is different: though they are cone-shaped in the normal direction to ∂Bn

at x (more precisely, the intersection with the complex line Cx is exactly
a Stolz region), they are tangent to ∂Bn in complex tangential directions.
Nevertheless, Korányi was able to prove a Fatou theorem in the ball: any
bounded holomorphic function has admissible limit at almost every point
of ∂Bn, which is a much stronger statement than asking only for the existence
of the non-tangential limit.

Later, Stein [St] (see also [KS]) generalized Korányi results to any C2

domain D ⊂⊂ C
n defining the admissible limit using the euclidean approach

regions

A(x,M) =
{

z ∈ D ∣∣ |(z − x,nx)| < Mδx(z), ‖z − x‖2 < Mδx(z)
}

,

where x ∈ ∂D, M > 1, nx is the outer unit normal vector to ∂D at x, and

δx(z) = min
{

d(z, ∂D), d(z, x+ Tx∂D)
}

;

notice that A(x,M) ⊆ K(x,M) if D = Bn. Furthermore, in the same period
Čirka [Č] introduced another kind of approach regions, depending on the order
of contact of complex submanifolds with the boundary of the domain.
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Both Stein’s and Čirka’s approach regions are defined in euclidean terms,
and so are not suited for our arguments casted in terms of invariant distances.
Another possibility is provided by the approach regions introduced by Cima
and Krantz [CK] (see also [Kr1, 2]):

A(x,M) = {z ∈ D ∣∣ kD(z,Nx) < M},
where Nx is the set of points in D of the form x−tnx, with t ∈ R, and nx is the
outer unit normal vector to ∂D at x. The approach regionsA(x,M) in strongly
pseudoconvex domains are comparable to Stein’s and Čirka’s approach regions
— and thus yield the same notion of admissible limit. Unfortunately, the
presence of the euclidean normal vector nx is again unsuitable for our needs,
and so we are forced to introduce a different kind of approach regions.

As we discussed before, the horospheres can be interpreted as sublevels of
a sort of “distance” from the point x in the boundary, distance normalized
using a fixed pole z0. It turns out that a good way to define approach regions
is taking the sublevels of the average between the Kobayashi distance from
the pole z0 and the “distance” from x. More precisely:

Definition 3.10 Let D ⊂ C
n be a complete hyperbolic domain. The (small)

K-region KD
z0(x,M) of vertex x ∈ ∂D, amplitude M > 1 and pole z0 ∈ D is

the set

KD
z0(x,M) =

{

z ∈ D ∣∣ lim sup
w→x

[kD(z, w)− kD(z0, w)] + kD(z0, z) < logM
}

,

(25)
and we say that a function f :D → C has K-limit L ∈ C at x ∈ ∂D if
f(z) → L as z → x inside KD

z0(x,M) for any M > 1.

As usual, a few remarks and examples are in order.

Remark 3. Replacing the lim sup by a lim inf one obtains the definition of large
K-regions, that we shall not use in this paper but that are important in the
study of this kind of questions for holomorphic maps (instead of functions).

Remark 4. Changing the pole in K-regions amounts to a shifting in the am-
plitudes, and thus the notion of K-limit does not depend on the pole.

Example 5. It is easy to check that in the unit ball we recover Korányi’s ad-
missible regions exactly: KBn

O (x,M) = K(x,M) for all x ∈ ∂Bn and M > 1.
More generally, it is not difficult to check (see [A2]) that in strongly pseu-
doconvex domains our K-regions are comparable with Stein’s and Čirka’s
admissible regions, and so our K-limit is equivalent to their admissible limit.

Example 6. On the other hand, our K-regions are defined even in domains
whose boundary is not smooth; for instance, in the polydisk we have ([A5])

K∆n

O (x,M) =
{

z ∈ ∆n
∣
∣
∣
∣

1 + |||z|||
1− |||z||| max

|xj|=1

{ |xj − zj|2
1− |zj |2

}

< M2

}

(26)
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for all x ∈ ∂∆n, where |||z||| = max{|zj|}; in particular, if z → x inside some
K∆n

O (x,M) then zj → xj non-tangentially if |xj | = 1 while zj → xj without
restrictions if |xj | < 1.

Of course, one would like to compare K-regions with cone-shaped regions,
that is K-limits with non-tangential limits. To do so, we again need to know
something on the boundary behavior of the Kobayashi distance. More pre-
cisely, we need the following template definition:

Definition 3.11 We say that a domain D ⊂ C
n has the two-points upper

boundary estimate at x ∈ ∂D if there exist ε > 0 and C > 0 such that

kD(z1, z2) ≤ 1
2

2∑

j=1

log
(

1 +
‖z1 − z2‖
d(zj , ∂D)

)

+ C (27)

for all z1,z2 ∈ B(x, ε)∩D, where B(x, ε) is the euclidean ball of center x and
radius ε.

Forstneric and Rosay [FR] have proved that C2 domains have the two-points
upper estimate, and a similar proof shows that this is true for convex circular
domains too.

Assume then that D ⊂ C
n has the one-point boundary estimates and the

two-points boundary estimate at x ∈ ∂D (e.g., D is strongly pseudoconvex,
or C2 convex, or convex circular). Then if z ∈ D is close enough to x we have

lim supw→x[kD(z, w) −kD(z0, w)] + kD(z0, z)
≤ 1

2 log
(

1 + ‖z−x‖
d(z,∂D)

)

+ 1
2 log ‖z−x‖

d(z,∂D) + C − c1 + c2,

and thus cones with vertex at x are contained in K-regions. This means that
the existence of a K-limit is stronger than the existence of a non-tangential
limit, and that x ∈ ¯K(x,M)∩ ∂D, even though the latter intersection can be
strictly larger than {x} (this happens, for instance, in the polydisk).

Going back to our main concern, definition 25 allows us to immediately
relate horospheres and K-regions: for instance it is clear that

z ∈ KD
z0(x,M) =⇒ z ∈ EDz0

(

x,M2/R(z)
)

, (28)

where R(z) > 0 is such that kD(z0, z) = 1
2 logR(z). We are then able to prove

a several variables generalization of Theorem 1.1:

Theorem 3.12 Let D ⊂ C
n be a complete hyperbolic domain, and let f ∈

Hol(D,∆) be β-Julia at x ∈ ∂D with respect to a pole z0 ∈ D, that is assume
that

lim inf
z→x

[

kD(z0, z)− ω
(

0, f(z)
)]

= 1
2 log β < +∞.

Assume moreover that x ∈ ¯KD
z0(x,M) for some (and then for all large enough)

M > 1. Then there exists a unique τ ∈ ∂∆ such that f has K-limit τ at x.
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Proof. It suffices to prove that if y ∈ ¯KD
z0(x,M) ∩ ∂D and z → y inside

KD
z0(x,M) then f(z)→ τ , where τ ∈ ∂D is the point provided by Theorem 3.9.

But indeed if z ∈ KD
z0(x,M) then we just remarked that z ∈ EDz0

(

x,M2/R(z)
)

;
therefore Theorem 3.9 yields f(z) ∈ E(τ, βM2/R(z)

)

. Since when z tends to
the boundary of D we have R(z) → +∞, we get f(z) → τ and we are done.

�	
Actually, this proof yields slightly more than what is stated: it shows that

f(z) → τ as soon as z tends to any point in ¯KD
z0(x,M)∩∂D, even though this

intersection might be strictly larger than {x} (for instance in the polydisk).

4 Lindelöf Principles

The next step in our presentation consists in proving a Lindelöf principle
in several complex variables. As first noticed by Čirka [Č], neither the non-
tangential limit nor the K-limit (or admissible limit) are the right one to
consider: the former is too weak, the latter too strong. But let us be more
precise.

Definition 4.1 Let D ⊂ C
n be a domain in C

n, and x ∈ ∂D. An x-curve in
D is again a continuous curve γ: [0, 1) → D such that γ(t) → x as t → 1−.
Then, for us, a Lindelöf principle is a statement of the following form: “There
are two classes S and R of x-curves in D such that: if f :D→ C is a bounded
holomorphic function such that f

(

γo(t)
) → L ∈ C as t → 1− for one curve

γo ∈ S then f
(

γ(t)
)→ L as t→ 1− for all γ ∈ R.”

In the classical Lindelöf principle, S is the set of all σ-curves in ∆, while R
is the set of all non-tangential σ-curves. Remembering the previous section,
one can be tempted to conjecture that in several variables one could take as
S again the set of all x-curves, and as R the set of all x-curves contained in
a K-region (or in an admissible region). But this is not true even in the ball,
as remarked by Čirka:

Example 7. Take f :B2 → ∆ given by

f(z, w) =
w2

1− z2
,

and x = (1, 0). Then if γ0(t) = (t, 0) we have f ◦ γ0 ≡ 0, and indeed it is
not difficult to prove that f has non-tangential limit 0 at x. On the other
hand, for any c ∈ ∆ we can consider the x-curve γc: [0, 1) → B2 given by
γc(t) =

(

t, c(1− t)1/2); then

f
(

γc(t)
)

=
c2(1− t)

1− t2 =
c2

1 + t
→ c2

2
.
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So the existence of the limit along such a curve does not imply that f has
the same radial limit. Conversely, the existence of the radial limit does not
imply that f has the same limit along a curve γc even though such a curve is
contained in a K-region: indeed,

∣
∣1− (γc(t), x

)∣
∣

1− ‖γc(t)‖ ≤ 2
∣
∣1− (γc(t), x

)∣
∣

1− ‖γc(t)‖2 =
2

1 + t− |c|2 ≤
2

1− |c|2 ,

and so the image of γc is contained inK
(

x, 2/(1−|c|2)
)

. Finally, if 1 > α > 1/2
and c ∈ ∆ we can consider the curve γc,α(t) =

(

t, c(1 − t)α). This is not a
non-tangential curve, because

‖γc,α(t)− x‖
1− ‖γc,α(t)‖ ≥

‖γc,α(t)− x‖
1− ‖γc,α(t)‖2 =

1
(1− t)1−α

(

(1− t)2(1−α) + |c|2)1/2

1 + t− |c|2(1 − t)2α−1
→ +∞

as t→ 1−. However,

f
(

γc,α(t)
)

=
c2(1− t)2α

1− t2 =
c2(1− t)2α−1

1 + t
→ 0

as t→ 1−, and so f ◦ γ(t) tends to zero for x-curves γ belonging to a family
strictly larger than the one of non-tangential curves.

The conclusion of this example is that in general both classes S and R
in a Lindelöf principle might not coincide with the classes of non-tangential
curves, or of curves contained in a K-region, or of all x-curves. For instance,
let us describe one of the Lindelöf principles proved by Čirka [Č]. Assume
that the boundary ∂D is of class C1 in a neighbourhood of a point x ∈ ∂D,
and denote by nx the outer unit normal vector to ∂D in x. Furthermore, let
Hx(∂D) = Tx(∂D) ∩ iTx(∂D) be the holomorphic tangent space to ∂D at x,
set Nx = x + Cnx, and let πx: C

n → Nx be the complex-linear projection
parallel to Hx(∂D), so that z − πx(z) ∈ Hx(∂D) for all z ∈ C

n. Finally, set
Hz = z + Hx(∂D). Then Čirka proved a Lindelöf principle taking: as S the
set of x-curves γ such that the image of πx ◦γ is contained in D and such that

lim
t→1−

∥
∥γ(t)− πx ◦ γ(t)

∥
∥

d
(

πx ◦ γ(t), Hπx◦γ(t) ∩ ∂D
) = 0; (29)

and asR the set of curves γ ∈ S such that πx◦γ approaches x non-tangentially
in D∩Nx. Notice thatR contains properly the set of all non-tangential curves.
For instance, it is easy to check that if D = B2 and x = (1, 0) then γc,α ∈ R
iff α > 1/2.

Some years later another kind of Lindelöf principle (valid for normal holo-
morphic functions, not only for bounded ones) has been proved by Cima and
Krantz [CK]. They supposed ∂D smooth at x ∈ ∂D, and used: as S the set
of non-tangential x-curves; and as R the set of x-curves γ such that
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lim
t→1−

kD
(

γ(t), Γx
)

= 0

for some cone Γx of vertex x inside D. Now, notice that, by continuity, γ ∈ R
iff we can find a cone Γx and an x-curve γx whose image is contained in Γx
such that

lim
t→1−

kD
(

γ(t), γx(t)
)

= 0. (30)

If in Čirka’s setting we take γx = πx ◦γ it is not difficult to see that 29 implies
30. Indeed, let r(t) > 0 be the largest r such that the image of ∆r = r∆
through the map ψ(ζ) = γx(t) + ζ

(

γ(t)− γx(t)
)

is contained in D. Clearly,

r(t)‖γ(t)− γx(t)‖ ≥ d(γx(t), Hγx(t) ∩ ∂D);

in particular, 29 implies r(t) → +∞. But then

kD
(

γ(t), γx(t)
) ≤ k∆r(t)(1, 0) = ω

(

0,
1
r(t)

)

→ 0,

and so 30 holds.
It turns out that as soon as we have something like 30, to prove a Lindelöf

principle it is just a matter of applying the one-variable Lindelöf principle
and the contracting property of the Kobayashi distance. These considerations
suggested in [A2] the introduction of a very general setting producing Lindelöf
principles.

Definition 4.2 Let D ⊂ C
n be a domain in Cn. A projection device at x ∈

∂D is given by the following data:

(a) a neighbourhood U of x in C
n;

(b) a holomorphically embedded disk ϕx:∆→ U ∩D such that limζ→1 ϕx(ζ) =
x;

(c) a family P of x-curves in U ∩D;
(d) a device associating to every x-curve γ ∈ P a 1-curve γ̃x in ∆ — or,

equivalently, a x-curve γx = ϕx ◦ γ̃x in ϕx(∆) ⊂ U ∩D.

When we have a projection device, we shall always use ϕx(0) as pole for
horospheres and K-regions.

It is very easy to produce examples of projection devices. For instance:

Example 8. The trivial projection device. Take U = C
n, choose as ϕx any

holomorphically embedded disk satisfying the hypotheses, as P the set of all
x-curves, and to any γ ∈ P associate the radial curve γ̃x(t) = 1− t.
Example 9. The euclidean projection device. This is the device used by Čirka.
Assume that ∂D is of class C1 at x, let nx be the outer unit normal at x,
and set Nx = x + Cnx as before. Choose U so that (U ∩D) ∩ Nx is simply
connected with continuous boundary, and let ϕx:∆ → (U ∩ D) ∩ Nx be a
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biholomorphism extending continuously up to the boundary with ϕx(1) = x.
Let again πx: C

n → Nx be the orthogonal projection, and choose as P the set
of x-curves γ in U ∩D such that the image of πx ◦γ is still contained in U ∩D.
Then for every γ ∈ P we set γx = πx ◦ γ.

Example 10. This is a slight variation of the previous one. If D is convex and
of class C1 in a neighbourhood of x, both the projection πx(D) and the inter-
section D∩Nx are convex domains in Nx; therefore there is a biholomorphism
ψ:πx(D) → D∩Nx extending continuously to the boundary so that ψ(x) = x.
Then we can take U = C

n, ϕx as in Example 3.3, P as the set of all x-curves,
and set γx = ψ ◦ πx ◦ γ.

To describe the next projection device, that it will turn out to be the most
useful, we need a new definition:

Definition 4.3 A holomorphic map ϕ:∆ → X in a complex manifold X is
a complex geodesic if it is an isometry between the Poincaré distance ω and
the Kobayashi distance kX .

Complex geodesics have been introduced by Vesentini [V1], and deeply studied
by Lempert [Le] and Royden-Wong [RW]. In particular, they proved that if D
is a bounded convex domain then for every z0, z ∈ D there exists a complex
geodesic ϕ:∆→ D passing through z0 and z, that is such that ϕ(0) = z0 and
z ∈ ϕ(∆). Moreover, there also exists a left-inverse of ϕ, that is a bounded
holomorphic function p̃:D → ∆ such that p̃ ◦ ϕ = id∆ (see [A3, Chapter 2.6]
or [Kob2, sections 4.6–4.8] for complete proofs). Furthermore, if there exists
z0 ∈ D such that for every z ∈ D we can find a complex geodesic ϕ continuous
up to the boundary passing through z0 and z (this happens, for instance, if D
is strongly convex with C3-boundary [Le], if it is convex of finite type [AT2],
or if it is convex circular and z0 = O [V2]) then it is easy to prove (see, e.g.,
[A1]) that for any x ∈ ∂D there is a complex geodesic ϕ continuous up to the
boundary such that ϕ(0) = z0 and ϕ(1) = x.

Example 11. The canonical projection device. Let D ⊂⊂ C
n be a bounded

convex domain, and let x ∈ ∂D be such that there is a complex geodesic
ϕx:∆ → D so that ϕx(ζ) → x as ζ → 1. Then the canonical projection
device is obtained taking U = C

n, P as the set of all x-curves, and setting
γ̃x = p̃x◦γ, where p̃x:D → ∆ is the left-inverse of ϕx. Notice that the canonical
projection device is defined only using the Kobayashi distance; therefore it will
be particularly well-suited for our aims.

Example 12. This is a far-reaching generalization of the previous example.
Let D be any domain, x ∈ ∂D any point, and ϕx:∆ → D any holomorphi-
cally embedded disk satisfying the hypotheses. Choose a bounded holomorphic
function h:D → ∆ such that h(z) → 1 as z → x in D. Then we have a projec-
tion device just by choosing U = C

n, P as the set of all x-curves, and setting
γ̃x = h ◦ γ.
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Example 13. All the previous examples can be localized: if there is a neigh-
bourhood U of x ∈ ∂D such that we can define a projection device at x for
U ∩ D, we clearly have a projection device at x for D. In particular, if D is
locally biholomorphic to a convex domain in x (e.g., if D is strongly pseudo-
convex in x), then we can localize the projection devices of Examples 3.3, 3.4
and 3.5.

We can now define the right kind of limit for Lindelöf principles.

Definition 4.4 Let D ⊂ C
n be a domain equipped with a projection device at

x ∈ ∂D. We shall say that a curve γ ∈ P is special if

lim
t→1−

kD∩U
(

γ(t), γx(t)
)

= 0; (31)

and that it is restricted if γ̃x is a non-tangential 1-curve. Let S denote the
set of special x-curves, and mathcalR ⊂ S denote the set of special restricted
x-curves. We shall say that a function f :D→ C has restricted K-limit L ∈ C

at x if f
(

γ(t)
)→ L as t→ 1− for all γ ∈ R.

Remark 5. We could have defined the notion of special curve using kD instead
of kD∩U in 31, and the following proofs would have worked anyway with a
possibly larger set of curves. However, the chosen definition stresses the local
nature of the projection device (as it should be, because it is a tool born
to deal with local phenomena), allowing to replace D by D ∩ U everywhere.
Furthermore, if D has the one-point boundary estimates, the two-two points
upper boundary estimate at x and also the two-points lower boundary esti-
mate, that is for any pair of distinct points x1 �= x2 ∈ ∂D there esist ε > 0
and K ∈ R such that

kD(z1, z2) ≥ − 1
2 log d(z1, ∂D)− 1

2 log d(z2, ∂D) +K

as soon as z1 ∈ B(x1, ε)∩D and z2 ∈ B(x2, ε)∩D, then ([A3, Theorem 2.3.65])

lim
z,w→x

z �=w

kD(z, w)
kD∩U (z, w)

= 1,

and so the two definitions of special curves coincide. Examples of domains
having the two-points lower boundary estimate include strongly pseudoconvex
domains ([FR], [A3, Corollary 2.3.55]).

The whole point of the definition of projection device is that the arguments
used in [Č] and [CK] boil down to the following very general Lindelöf principle:

Theorem 4.5 Let D ⊂ C
n be a domain equipped with a projection device

at x ∈ ∂D. Let f :D → C be a bounded holomorphic function such that
f
(

γo(t)
) → L ∈ C as t → 1− for one special curve γo ∈ S. Then f has

restricted K-limit L at x.
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Proof. We can assume that f(D) ⊂⊂ ∆. If γ ∈ S we have

ω
(

f
(

γ(t)
)

, f
(

γx(t)
)) ≤ kD∩U

(

γ(t), γx(t)
)→ 0

as t → 1−; therefore f has limit along γ iff it does along γx. In particular, it
has limit L along γox; the classical Lindelöf principle applied to f ◦ ϕx shows
then that f has limit L along γx for all restricted γ. But in turn this implies
that f has limit L along all γ ∈ R, and we are done. �	

The same proof, adapted as in [CK], works for normal functions too, not
necessarily bounded.

Of course, the interest of such a result is directly proportional to how large
the set R is. Let us see a few examples.

Example 14. The first one is a negative one: if D = ∆ and x = 1 then the
class R for the trivial projection device contains only 1-curves tangent in 1 to
the radius, and so in this case Theorem 4.5 is even weaker than the classical
Lindelöf principle. In other words, the trivial projection device probably is
not that useful.

Example 15. The next one is much better: if D ⊂ C
n is of class C1 we already

remarked that all x-curves satisfying Čirka’s condition 29 are special; therefore
Theorem 4.5 recovers Čirka’s result.

Example 16. If D is strongly convex, it is not difficult to check (see [A4]) that
for the euclidean projection device a restricted x-curve is special iff

lim
t→1−

‖γ(t)− γx(t)‖
d
(

γx(t), ∂D
) = 0; (32)

in particular, all non-tangential x-curves are special and restricted. A much
harder computation (see [A3, Proposition 2.7.1]) shows that if D is strongly
convex of class C3 then for the canonical projection device a restricted x-
curve γ is special again iff 32 holds (but this time γx is given by the canonical
projection device, not by the euclidean one). Using this characterization it
is possible to prove ([A3, Lemma 2.7.12]) that non-tangential x-curves are
special and restricted for the canonical projection device too.

Example 17. In [A5] it is shown that in the polydisk∆n, if we use the canonical
projection device associated to the complex geodesic ϕx(ζ) = ζx, an x-curve
γ is special iff

lim
t→1−

max
|xj |=1

{ |γj(t)− (γx)j(t)|
1− |||γx(t)|||

}

= 0.

Unfortunately, as already happened in one-variable, to prove the Julia-
Wolff-Carathéodory theorem one needs a Lindelöf principle for not necessarily
bounded holomorphic functions.
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Definition 4.6 We shall say that a function f :D → C is K-bounded at x ∈
∂D if for every M > 1 there exists CM > 1 such that |f(z)| < CM for
all z ∈ KD

z0(x,M); it is clear that this condition does not depend on the pole.

Then we shall need a Lindelöf principle for K-bounded functions. As it can
be expected, such a Lindelöf principle does not hold for any projection device:
we need some connection between the projection device and K-regions. We
shall express this connection in a template form.

Definition 4.7 Let D ⊂ C
n be a domain. A projection device at x ∈ ∂D is

good if

(i) for any M > 1 there is M̃ > 1 such that ϕx
(

K(1,M)
) ⊂ KD∩U

z0 (x, M̃);
(ii)if γ ∈ R then there exists M1 = M1(γ) such that

lim
t→1−

kKD∩U
z0

(x,M1)

(

γ(t), γx(t)
)

= 0.

Condition (i) actually is almost automatic. Indeed, it suffices that ϕx sends
non-tangential 1-curves in non-tangential x-curves (this happens for instance
if ϕ′

x(1) exists and it is transversal to ∂D), and that non-tangential approach
regions are contained in K-regions (as happens if D has the one-point bound-
ary estimates and the two-point upper boundary estimate at x, as already
noticed in the previous section).

Now, condition (i) implies that for any γ ∈ R there is M > 1 such that
γ(t), γx(t) ∈ KD∩U

z0 (x,M) for all t close enough to 1. Indeed, since γ is
restricted, γ̃x(t) belongs to some Stolz region in ∆ for t close enough to 1.
Therefore, by condition (i), γx(t) belongs to some K-region at x, and, being
γ special, γ(t) belongs to a slightly larger K-region for all t close enough to 1.

In particular, condition (ii) makes sense; but it is harder to verify. The
usual approach is the following: for t ∈ [0, 1) set

ψt(ζ) = γx(t) + ζ
(

γ(t)− γx(t)
)

,

and
r(t,M1) = sup

{

r > 0
∣
∣ ψt(∆r) ⊂ KD∩U

z0 (x,M1)
}

.

The contracting property of the Kobayashi distance yields

kKD∩U
z0

(x,M1)

(

γ(t), γx(t)
) ≤ ω

(

0,
1

r(t,M1)

)

;

therefore to prove (ii) it suffices to show that for any γ ∈ R there existsM1 > 1
such that r(t,M1) → +∞ as t → 1−. And to prove this latter assertion we
need informations on the shape of KD∩U

z0 (x,M) near the boundary, that is
on the boundary behavior of the Kobayashi distance (and of the projection
device).
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Example 18. Both the euclidean and the canonical projection device are good
on strongly convex domains (see [A2, 4]) — and thus their localized ver-
sions are good in strongly pseudoconvex domains. Furthermore, the canonical
projection device is good in convex domains with Cω boundary (or more
generally in strictly linearly convex domains of finite type [AT2]) and in the
polydisk [A5]; as far as I know, it is still open the question of whether the
canonical projection device associated to the complex geodesic ϕx(ζ) = ζx is
good in any convex circular domain.

Adapting the proof of Theorem 4.5 we get a Lindelöf principle for K-
bounded functions:

Theorem 4.8 Let D ⊂ C
n be a domain equipped with a good projection device

at x ∈ ∂D. Let f :D → C be a K-bounded holomorphic function such that
f
(

γo(t)
)→ L ∈ C as t→ 1− for one special restricted curve γo ∈ R. Then f

has restricted K-limit L at x.

Proof. Take γ ∈ R, and let M1 > 1 be given by condition (ii). Then if f is
bounded by C on KD

z0(x,M1) we have

k∆C

(

f
(

γ(t)
)

, f
(

γx(t)
)) ≤ kKD∩U

z0
(x,M1)

(

γ(t), γx(t)
)→ 0

as t → 1−; therefore f has limit along γ iff it does along γx. In particular, it
has limit L along γox; the classical Lindelöf principle for K-bounded functions
in the disk Theorem 2.11.(b) applied to f ◦ ϕx (which is K-bounded thanks
to condition (i) in the definition of good projection devices) shows then that
f has limit L along γx for all restricted γ. But in turns this implies that f has
limit L along all γ ∈ R, and we are done. �	

As the proof makes clear, replacing K-regions by other kinds of approach
regions (and changing conditions (i) and (ii) accordingly) one gets similar
results. Let us describe a possible variation, which is useful for instance in
convex domains of finite type.

Definition 4.9 A projection device is geometrical if there is a holomorphic
function p̃x:D∩U → ∆ such that p̃x ◦ϕx = id∆ and γ̃x = p̃x ◦γ for all γ ∈ P.

Example 19. The canonical projection device is a geometrical projection de-
vice.

Remark 6. In a geometrical projection device the map ϕx always is a complex
geodesic of U ∩D: indeed

kU∩D
(

ϕx(ζ1), ϕx(ζ2)
) ≤ ω(ζ1, ζ2) = ω

(

p̃x
(

ϕx(ζ1)
)

, p̃x
(

ϕx(ζ2)
))

≤ kU∩D
(

ϕx(ζ1), ϕx(ζ2)
)

for all ζ1, ζ2 ∈ ∆.
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Definition 4.10 Let D ⊂ C
n be a domain equipped with a geometrical pro-

jection device at x ∈ ∂D. The T -region of vertex x, amplitude M > 1 and
girth δ ∈ (0, 1) is the set

T (x,M, δ) =
{

z ∈ U ∩D ∣∣ p̃x(z) ∈ K(1,M), kU∩D
(

z, px(z)
)

< ω(0, δ)
}

,

where px = ϕx ◦ p̃x. A function f :D → C is T -bounded at x if there is 0 <
δ0 < 1 such that f is bounded on each T (x,M, δ0), with the bound depending
on M as usual.

By construction, ϕx
(

K(1,M)
) ⊂ T (x,M, δ) for all 0 < δ < 1. Fur-

thermore, if γ ∈ R there always are M > 1 and δ ∈ (0, 1) such that
γ(t) ∈ T (x,M, δ) for all t close enough to 1. Therefore we can introduce
the following definition:

Definition 4.11 A geometrical projection device at x ∈ ∂D is T -good if for
any γ ∈ R then there exist M = M(γ) > 1 and δ = δ(γ) > 0 such that

lim
t→1−

kT (x,M,δ)

(

γ(t), γx(t)
)

= 0.

Example 20. The canonical projection device is T -good in all convex domains
of finite type ([AT2]).

Then arguing as before we get

Theorem 4.12 Let D ⊂ C
n be a domain equipped with a T -good geometrical

projection device at x ∈ ∂D. Let f :D → C be a T -bounded holomorphic
function such that f

(

γo(t)
) → L ∈ C as t → 1− for one special restricted

curve γo ∈ R. Then f has restricted K-limit L at x.

Of course, to compare such a result with Theorem 4.8 one would like to know
whether K-bounded functions are T -bounded or not — and this boils down to
compare K-regions and T -regions. It turns out that to make the comparison
we need another property of the projection device:

Definition 4.13 We shall say that a projection device at x ∈ ∂D preserves
horospheres if

ϕx
(

E(1, R)
) ⊂ EU∩D

z0 (x,R)

for all R > 0.

Proposition 4.14

Let D ⊂ C
n be a domain equipped with a geometrical projection device at

x ∈ ∂D preserving horospheres. Then

T (x,M, δ) ⊂ KU∩D
z0

(

x,M(1 + δ)/(1 − δ)), (33)

for all M > 1 and 0 < δ < 1. Furthermore, a T -good geometrical projection
device preserving horospheres is automatically good.
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Proof. First of all, we claim that

ϕx
(

K(1,M)
) ⊂ KU∩D

z0 (x,M)

for all M > 1. Indeed, if ζ ∈ K(1,M) we have ζ ∈ E
(

1,M2/R(ζ)
)

, where
R(ζ) satisfies

1
2 logR(ζ) = ω(0, ζ) = kU∩D

(

z0, ϕx(ζ)
)

as usual. But then ϕx(ζ) ∈ EU∩D
z0

(

x,M2/R(ζ)
)

, which immediately implies
ϕx(ζ) ∈ KU∩D

z0 (x,M), as claimed.
Now take z ∈ T (x,M, δ). Then we have

kU∩D
(

z, w
)− kU∩D(z0, w) + kU∩D(z0, z)

≤ 2kU∩D
(

z, px(z)
)

+ kU∩D(px(z), w)− kU∩D(z0, w) + kU∩D
(

z0, px(z)
)

< 2ω(0, δ) + kU∩D(px(z), w)− kU∩D(z0, w) + kU∩D
(

z0, px(z)
)

for all w ∈ U ∩D. Now, p̃x(z) ∈ K(1,M); therefore px(z) ∈ KU∩D
z0 (x,M) and

lim sup
w→x

[

kU∩D(z, w)− kU∩D(z0, w)
]

+ kU∩D(z0, z) < log
(

1 + δ

1− δ
)

+ logM,

that is 33. Then condition (ii) in the definition of good projection device
follows immediately by the contraction property of the Kobayashi distance.

�	
So if the projection device preserves horospheres we see that K-bounded

functions are always T -bounded, and thus the hypotheses on the function in
Theorem 4.12 are weaker than the hypotheses in Theorem 4.8.

Of course, one would like to know when a geometrical projection device
preserves horospheres. It is easy to prove that ϕx sends horocycles into large
horospheres for any geometrical projection device; so if large and small horo-
spheres coincide (as it happens in strongly convex domains, for instance), we
are done.

Another sufficient condition is the following:

Proposition 4.15 Let D ⊂ C
n be a domain equipped with a geometrical

projection device at x ∈ ∂D. Assume there is a neighbourhood V ⊆ U of x
and a family Ψ :V ∩D → Hol(∆,U ∩D) of holomorphic disks in U ∩D such
that, writing ψz(ζ) for Ψ(z)(ζ), the following holds:

(a) ψz(0) = z0 = ϕx(0) for all z ∈ V ∩D;
(b) for all z ∈ V ∩D there is rz ∈ [0, 1) such that ψz(rz) = z;
(c) ψz converges to φx, uniformly on compact subsets, as z → x in V ∩D;
(d) kU∩D(z0, z)− ω(0, rz) tends to 0 as z → x in V ∩D.

Then the projection device preserves horospheres.
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Proof. Since we always have

limt→1− [ω(ζ, t)− ω(0, t)] = limt→1−
[

kU∩D
(

ϕx(ζ), ϕx(t)
)− kU∩D

(

z0, ϕx(t)
)]

≤ lim supw→x

[

kU∩D(ϕx(ζ), w
) − kU∩D(z0, w)

]

,

it suffices to prove the reverse inequality. In other words, it suffices to prove
that for every ε > 0 there is δ > 0 such that

kU∩D(ϕx(ζ), w
) − kU∩D(z0, w) ≤ lim

t→1−
[ω(ζ, t)− ω(0, t)] + ε

as soon as w ∈ B(x, δ) ∩D ⊂ V .
First of all, we claim that for any z ∈ U ∩D and ψ ∈ Hol(∆,U ∩D) the

function
t �→ kU∩D

(

z, ψ(t)
)− ω(0, t)

is not increasing. Indeed, if t1 ≤ t2 we have

kU∩D
(

z, ψ(t1)
)− ω(0, t1) = kU∩D

(

z, ψ(t1)
)

+ ω(t1, t2)− ω(0, t2)
≥ kU∩D

(

z, ψ(t1)
)

+ kU∩D
(

ψ(t1), ψ(t2)
)− ω(0, t2)

≥ kU∩D
(

z, ψ(t2)
)− ω(0, t2).

In particular, given ζ ∈ ∆ we can find t0 < 1 so that

kU∩D
(

ϕx(ζ), ϕx(t)
)− ω(0, t) ≤ lim

t→1−
[ω(ζ, t)− ω(0, t)] + ε/3

when t ≥ t0.
Now choose δ > 0 such that when w ∈ B(x, δ) ∩D ⊂ V we have

∣
∣kU∩D

(

ϕx(ζ), ψw(t0)
)− kU∩D

(

ϕx(ζ), ϕx(t0)
)∣
∣ ≤ kU∩D

(

ϕx(t0), ψw(t0)
) ≤ ε/3

and
ω(0, rw) ≥ kU∩D(z0, w) ≥ max{ω(0, rw)− ε/3, ω(0, t0)}.

Then

kU∩D
(

ϕx(ζ), w
) − kU∩D(z0, w) ≤ kU∩D

(

ϕx(ζ), ψw(rw)
)− ω(0, rw) + ε/3

≤ kU∩D
(

ϕx(ζ), ψw(t0)
)− ω(0, t0) + ε/3

≤ kU∩D
(

ϕx(ζ), ϕx(t0)
)− ω(0, t0) + 2ε/3

≤ limt→1− [ω(ζ, t) − ω(0, t)] + ε,

and we are done. �	
So a geometrical projection device preserves horospheres if ϕx is embed-

ded in a continuous family of “almost geodesic” disks sweeping a one-sided
neighbourhood of x.

Example 21. In strongly convex domains ([Le]) and in strictly linearly convex
domains of finite type ([AT2]) the conditions of the previous proposition can
be satisfied using complex geodesics. In convex circular domains, it suffices to
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use linear disks (when ϕx is linear, as usual in this case). In particular, then,
the canonical projection device is good in strictly linearly convex domains of
finite type and in convex circular domains of finite type. But it might well be
possible that the conditions in Proposition 4.15 are satisfied in other classes
of domains too.

It follows that, at present, we can apply Theorem 4.12 to all convex do-
mains of finite type, because we know that there the canonical projection
device is T -good, whereas we can apply Theorem 4.8 only to strictly linearly
convex (or convex circular) domains of finite type, because of the previous
two Propositions — and to the polydisk, because we can prove directly that
the canonical projection device is good there. So Theorems 4.8 and 4.12 are
applicable to different classes of domains, and this is the reason we presented
both. Anyway, it is very natural to conjecture that the canonical projection
device is good in all convex domains of finite type and in all convex circular
domains.

5 The Julia-Wolff-Carathéodory Theorem

We are almost ready to prove the several variables version of the Wolff-
Carathéodory part of the Julia-Wolff-Carathéodory theorem. We only need
to introduce another couple of concepts.

Definition 5.1 A geometrical projection device at x ∈ ∂D is bounded if
d(z, ∂D)/|1 − p̃x(z)| is bounded in U ∩ D, and the reciprocal quotient |1 −
p̃x(z)|/d(z, ∂D) is K-bounded in U ∩D.

Notice that this condition is local, because d(z, ∂D) = d
(

z, ∂(D ∩ U)
)

if
z ∈ D is close enough to x. Since the results we are seeking are local too, when
using geometrical projection devices from now on we shall assume U = C

n, so
that p̃x is defined on the whole of D, effectively identifying D with D∩U . For
instance, results proved for strongly convex domains will apply immediately
to strongly pseudoconvex domains.

Actually, geometric projection devices are very often bounded:

Lemma 5.2 Let D ⊂ C
n be a domain having the one-point boundary esti-

mates. Then every geometrical projection device in D is bounded.

Proof. Let us first show that d(z, ∂D)/|1− p̃x(z)| is bounded in D. Indeed we
have

− 1
2 log |1− p̃x(z)| ≤ − 1

2 log(1 − |p̃x(z)|) ≤ ω(0, p̃x(z)
) ≤ kD(z0, z)

≤ c2 − 1
2 log d(z, ∂D),

and thus d(z, ∂D)/|1− p̃x(z)| ≤ exp(2c2) for all z ∈ D.
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To prove K-boundedness of the reciprocal, we first of all notice that p̃x is
1-Julia at x. Indeed,

lim inf
z→x

[

kD(z0, z)− ω
(

0, p̃x(z)
)] ≤ lim inf

ζ→1

[

kD
(

ϕx(0), ϕx(ζ)
) − ω(0, ζ)

]

= 0.

Therefore we can apply Theorem 3.9, with τ = 1 because p̃x ◦ ϕx = id.
Take z ∈ KD

z0(x,M), and define R(z) by kD(z0, z) = 1
2 logR(z). Then 28 and

Theorem 3.9 yield p̃x(z) ∈ E(1,M2/R(z)
)

, and so

1
2 log |1− p̃x(z)| ≤ 1

2 log(2M2)− kD(z0, z) ≤ 1
2 log(2M2) + 1

2 log d(x, ∂D)− c1,

that is |1 − p̃x(z)|/d(z, ∂D) ≤ 2M2 exp(−2c1) for all z ∈ KD
z0(x,M), as

claimed. �	
Now let D be a complete hyperbolic domain, and let f :D → ∆ be a

bounded holomorphic function. If f is β-Julia at x ∈ ∂D, we know that it has
K-limit τ ∈ ∂∆ at x, and we want to discuss the boundary behavior of the
partial derivatives of f .

If v ∈ C
n, v �= O, we shall write

∂f

∂v
=

n∑

j=1

vj
∂f

∂zj

for the partial derivative of f in the direction v. The idea is that the behavior
of ∂f/∂v depends on the boundary behavior of the Kobayashi metric in the
direction v. To be more specific, let us introduce the following definition:

Definition 5.3 Let D ⊂ C
n be a domain in C

n, and x ∈ ∂D. The Kobayashi
class sx(v) and the Kobayashi type sx(v) of a nonzero vector v ∈ C

n at x are
defined by

sx(v) = {s ≥ 0 | d(z, ∂D)sκD(z; v) is K-bounded at x}, and
sx(v) = inf sx(v). (34)

Example 22. If ∂D is of class C2 near x, it is easy to prove (see, e.g., [AT2])
that sx(v) ≤ 1 for all v ∈ C

n.

Example 23. If D is strongly pseudoconvex, Graham’s estimates [G] show that
sx(v) = 1 if v is transversal to ∂D at x, that is if v is not orthogonal to Cnx
(where nx is the outer unit normal vector to ∂D at x, as before). On the other
hand, sx(v) = 1/2 if v �= O is complex-tangential to ∂D at x, and in both
cases sx(v) ∈ sx(v).

Example 24. If D is convex of finite type L ≥ 2 at x then (see [AT2]) we have
sx(v) = 1 ∈ sx(v) if v is transversal to ∂D, and 1/L ≤ sx(v) ≤ 1 − 1/L if
v �= O is complex tangential to ∂D.
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Example 25. If D ⊂ C
2 is pseudoconvex of finite type L ≥ 2, then Catlin’s

estimates [Ca] show that 1/L ≤ sx(v) ≤ 1/2 when v is complex tangential,
and sx(v) = 1 ∈ sx(v) as always if v is transversal.

Example 26. The Kobayashi metric of the polydisk is given by (see, e.g., [JP,
Example 3.5.6])

κ∆n(z; v) = max
j=1,...,n

{ |vj |
1− |zj|2

}

;

therefore sx(v) ≤ 1 for all x ∈ ∂∆n and v ∈ C
n, v �= O. It is also clear that if

vj = 0 when |xj | = 1, then sx(v) = 0 ∈ sx(v). On the other hand, if there is
j such that |xj | = 1 and vj �= 0 then sx(v) = 1 ∈ sx(v). Indeed, by 26 we see
that if z ∈ K∆n

O (x,M) we have

1− |||z|||
1− |zj | ≥

1
2

1− |||z|||
1 + |||z|||

1− |zj|2
|xj − zj |2 >

1
2M2

for all j such that |xj | = 1. Therefore if z ∈ K∆n

O (x,M) is close enough to x,
setting

c = min{|vj | | |xj | = 1, |vj| �= 0} > 0,

we have

(1− |||z|||)κ∆n (z; v) ≥ c

2
max
|xj |=1
|vj |�=0

{
1− |||z|||
1− |zj|

}

>
c

4M2
> 0,

and so sx(v) = 1 ∈ sx(v) as claimed.

These results seem to suggest that the Kobayashi type might be the inverse
of the D’Angelo type of ∂D at x along the direction v (that is, the highest
order of contact of ∂D with a complex curve tangent to v at x), but we do not
even try to prove such a statement here. Another open question is whether
sx(v) always belongs to sx(v) or not.

We can now state a very general Julia-Wolff-Carathéodory theorem:

Theorem 5.4 Let D ⊂ C
n be a complete hyperbolic domain equipped with

a bounded geometrical projection device at x ∈ ∂D. Let f ∈ Hol(D,∆) be
β-Julia at x, that is such that

lim inf
z→x

[

kD(z0, z)− ω
(

0, f(z)
)]

= 1
2 log β < +∞.

Then for every v ∈ C
n and s ∈ sx(v) the function

d(z, ∂D)s−1 ∂f

∂v
(35)

is K-bounded. Furthermore, it has K-limit zero at x if s > sx(v).
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This statements holds, for instance, in domains locally biholomorphic to
C2 convex or to convex circular domains.

Remark 7. The previous statement is optimal with regard to K-boundedness,
but it is only asymptotically optimal with regard to the existence of the limit,
as the proof will make clear. The more interesting limit case, that is the
behavior of 35 when s = sx(v) ∈ sx(v), requires deeper tools. As we shall
discuss later, in several instances 35 will admit restricted K-limit but it will
not admitK-limit at x when s = sx(v): see Example 4.6. So it will be necessary
to use all the machinery we discussed in the previous section. Furthermore,
the specific tools we shall use to deal with this case will depend more strongly
on the actual shape of the domain; a fully satisfying template approach to the
limit case is yet to be found.

Example 27. This example, due to Rudin [Ru, 8.5.8], shows that we cannot
expect the function 35 to beK-bounded, let alone to have a restrictedK-limit,
if s < sx(v). Let ψ ∈ Hol(∆,∆) be given by

ψ(ζ) = exp
(

−π
2
− i log(1− ζ)

)

.

As ζ → 1, the function ψ(ζ) spirals around the origin without limit; moreover,

ψ′(ζ) =
i

1− ζ ψ(ζ).

Let f ∈ Hol(B2, ∆) be given by

f(z1, z2) = z1 +
1
2
z2
2ψ(z1).

Then f is 1-Julia at x = (1, 0), and admits K-limit 1 at x. But

∂f

∂z1
= 1 +

iz2
2

2(1− z1)
ψ(z1),

∂f

∂z2
= z2ψ(z1);

therefore ∂f/∂z1 has restricted K-limit 1 at x while d(z, ∂B2)s−1∂f/∂z1
blows-up at x for all s < 1. Similarly, d(z, ∂B2)−1/2∂f/∂z2 has restricted
K-limit 0 at x but d(z, ∂B2)s−1∂f/∂z2 is not K-bounded if s < 1/2. Notice
furthermore that the K-limit of ∂f/∂z1 at x does not exist.

We can now start with the

Proof of Theorem 5.4: Take s ∈ sx(v). We shall argue mimicking the proof
of the one-dimensional Julia-Wolff-Carathéodory theorem. We shall first show
that a sort of incremental ratio is K-bounded, and then we shall use a integral
formula to prove K-boundedness of the partial derivative. After that, deriving
the existence of the K-limit will be easy.

Let us first show that an incremental ratio is K-bounded. Take z ∈
KD
z0(x,M) and set
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1
2 logR(z) = logM − kD(z0, z)

so that z ∈ EDz0
(

x,R(z)
)

. Then f(z) ∈ E(τ, βR(z)
)

, which implies as usual
that

|τ − f(z)| ≤ 2βR(z).

On the other hand,

1
2 logR(z) ≤ logM − ω(0, p̃x(z)

) ≤ 1
2 log
[

M2|1− p̃x(z)|],
and so ∣

∣
∣
∣

τ − f(z)
1− p̃x(z)

∣
∣
∣
∣
≤ 2βM2. (36)

Now the integral formula. Take z ∈ KD
z0(x,M). Since D is complete hy-

perbolic (and hence taut), we can find a holomorphic map ψ:∆ → D with
ψ(0) = z and ψ′(0) = v/κD(z; v). Then for any r ∈ (0, 1) we can write

d(z, ∂D)s−1 ∂f
∂v (z) = d(z, ∂D)s−1κD(z; v)(f ◦ ψ)′(0) =

= d(z, ∂D)s−1 κD(z;v)
2πi

∫

|ζ|=r

f
(

ψ(ζ)
)

ζ2 dζ

= 1
2π

∫ 2π

0

f
(

ψ(reiθ)
)

−τ
p̃x

(

ψ(reiθ)
)

−1

p̃x

(

ψ(reiθ)
)

−1

p̃x(z)−1

(
p̃x(z)−1
d(z,∂D)

)s
d(z,∂D)sκD(z;v)

reiθ dθ.

(37)

We must then prove that the four factors in the integrand are bounded as z
varies in KD

z0(x,M).
The last factor is K-bounded by the choice of s. The third factor is K-

bounded because the projection device is bounded. To prove that the other
two factors are K-bounded we shall need the following two lemmas:

Lemma 5.5 Let D ⊂ C
n be a domain equipped with a geometrical projection

device at x. Then p̃x
(

KD
z0(x,M)

) ⊆ K(1,M) for all M > 1.

Proof. Take z ∈ KD
z0(x,M). Then

ω
(

p̃x(z), ζ)− ω(0, ζ) + ω
(

0, p̃x(ζ)
) ≤

≤ kD
(

z, ϕx(ζ)
) − ω(0, ζ) + kD(z0, z)

= kD
(

z, ϕx(ζ)
) − kD

(

z0, ϕx(ζ)
)

+ kD(z0, z) + kD
(

z0, ϕx(ζ)
) − ω(0, ζ)

≤ kD
(

z, ϕx(ζ)
) − kD

(

z0, ϕx(ζ)
)

+ kD(z0, z),

and taking the lim sup as ζ → 1 we get the assertion. �	
Lemma 5.6 Let D ⊂ C

n be a complete hyperbolic domain, z0 ∈ D, and
x ∈ ∂D. If M1 > M > 1 set

r =
M1 −M
M1 +M

. (38)

Then ψ(∆̄r) ⊂ KD
z0(x,M1) for all holomorphic maps ψ:∆→ D such that

ψ(0) ∈ KD
z0(x,M).
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Proof. Take ζ ∈ ∆̄r. Then

lim supw→x

[

kD
(

ψ(ζ), w
) − kD(z0, w)

]

+ kD
(

z0, ψ(ζ)
) ≤

≤ 2kD
(

ψ(ζ), ψ(0)
)

+ lim supw→x

[

kD
(

ψ(0), w
)− kD(z0, w)

]

+ kD
(

z0, ψ(0)
)

< 2ω(0, ζ) + logM ≤ log
(

M 1+r
1−r
)

= logM1,

that is ψ(ζ) ∈ KD
z0(x,M1). �	

Now we can deal with the first two factors in 37. Choose M1 > M and r
as in 38. Then ψ(reiθ) ∈ KD

z0(x,M1) for all θ ∈ [0, 2π], and 36 yields
∣
∣
∣
∣
∣

f
(

ψ(reiθ)
)− τ

p̃x
(

ψ(reiθ)
)− 1

∣
∣
∣
∣
∣
≤ 2βM2

1 ,

that is the first factor is bounded too. Finally, Lemmas 5.5 and 5.6 imply that
∣
∣
∣
∣
∣

1− p̃x
(

ψ(ζ)
)

1− p̃x(z)

∣
∣
∣
∣
∣
≤M1

1− ∣∣p̃x
(

ψ(ζ)
)∣
∣

1− |p̃x(z)| ≤ M1

2
1 + |p̃x(z)|
1− |p̃x(z)|

1− ∣∣p̃x
(

ψ(ζ)
)∣
∣

1 +
∣
∣p̃x
(

ψ(ζ)
)∣
∣

for all ζ ∈ ∆̄r. Therefore

1
2 log

∣
∣
∣
∣

1−p̃x

(

ψ(ζ)
)

1−p̃x(z)

∣
∣
∣
∣
≤ 1

2 log M1
2 + ω

(

0, p̃x(z)
)− ω(0, p̃x

(

ψ(ζ)
))

≤ 1
2 log M1

2 + ω
(

p̃x
(

ψ(0)
)

, p̃x
(

ψ(ζ)
)) ≤ 1

2 log M1
2 + ω(0, r),

and the second factor is bounded too.
We are left to show that 35 has K-limit 0 when s > sx(v). But indeed

choose sx(v) < s1 < s; then we can write

d(z, ∂D)s−1 ∂f

∂v
(z) = d(z, ∂D)s−s1

[

d(z, ∂D)s1−1 ∂f

∂v
(z)
]

,

and thus it converges to 0 as z → x inside KD
z0(x,M). �	

Let us now discuss what happens when s = sx(v) ∈ sx(v). As anticipated
before, we shall need to apply Lindelöf principles and the material of the
previous section. We shall still prove some general results, but the deeper
theorems will work for specific classes of domains only.

We begin dealing with directions transversal to the boundary. If f being
β-Julia at x ∈ ∂D would imply f ◦ ϕx being β-Julia at 1, one could try to
apply the classical Julia-Wolff-Carathéodory theorem to f ◦ ϕx. It turns out
that this approach is viable when the projection device preserves horospheres:

Lemma 5.7 Let D ⊂ C
n be a complete hyperbolic domain equipped with

a projection device at x ∈ ∂D preserving horospheres. Then for any f ∈
Hol(D,∆) which is β-Julia at x, the composition f ◦ ϕx is β-Julia at 1. In
particular, (f ◦ ϕx)′ has non-tangential limit βτ at 1, where τ ∈ ∂∆ is the
K-limit of f at x.
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Proof. Since f is β-Julia and the projection device preserves horospheres we
have

f ◦ ϕx
(

E(1, R)
) ⊆ E(τ, βR)

for all R > 0. Then Lemma 2.7 yields

lim infz→x

[

kD(z0, z) −ω
(

0, f(z)
)]

=
= 1

2 log β ≥ lim infζ→1

[

ω(0, ζ)− ω(0, f(ϕx(ζ)
))]

≥ lim infζ→1

[

kD
(

z0, ϕx(ζ)
) − ω(0, f(ϕx(ζ)

))]

≥ lim infz→x

[

kD(z0, z)− ω
(

0, f(z)
)]

,

and we are done. �	
This is enough to deal with transversal directions, under the mild hypothe-

ses that sx(v) ≤ 1 for all v ∈ C
n (which might be possibly true in all complete

hyperbolic domains) and that the radial limit of ϕ′
x at 1 exists (this happens

in convex domains of finite type or in convex circular domains, for instance).
Indeed we have

Corollary 5.8 Let D ⊂ C
n be a complete hyperbolic domain equipped with a

good bounded geometrical projection device at x ∈ ∂D preserving horospheres.
Assume moreover that 1 ∈ sx(v) for all v ∈ C

n, v �= O, and that the radial
limit νx = ϕ′

x(1) of ϕ′
x at 1 exists. Finally, let f ∈ Hol(D,∆) be β-Julia at x,

and denote by τ ∈ ∂∆ its K-limit at x. Then:

(i) sx(νx) = 1 and ∂f/∂νx has restricted K-limit βτ �= 0 at x;
(ii)if moreover sx(vT ) < 1 for all vT �= O orthogonal to νx, then for all vN not

orthogonal to νx the function
∂f/∂vN has non-zero restricted K-limit at x, and sx(vN ) = 1.

Proof. The previous lemma implies that (f ◦ϕx)′ has radial limit βτ �= 0 at 1.
Now write

∂f

∂νx

(

ϕx(t)
)

= dfϕx(t)(νx) = (f ◦ ϕx)′(t) + dfϕx(t)

(

νx − ϕ′
x(t)
)

. (39)

Since 1 ∈ sx(v) for all v ∈ C
n, Theorem 5.4 implies that the norm of dfz

is K-bounded at x; therefore 39 yields

lim
t→1−

∂f

∂νx

(

ϕx(t)
)

= βτ,

and (i) follows from Theorems 4.8 and 5.4, because βτ �= 0. If vN is not
orthogonal to νx, we can write vN = λνx + vT with λ �= 0 and vT orthogonal
to νx. Therefore

∂f

∂vN
= λ

∂f

∂νx
+
∂f

∂vT
,

and (ii) follows from (i) and Theorem 5.4. �	
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We recall that for this statement to hold it is necessary to use restricted
K-limits and not K-limits: see Example 4.6.

Remark 8. If D is strongly convex or convex of finite type then ([Le], [AT2])
νx is a complex multiple of nx. Therefore in these cases “orthogonal to νx”
means “complex tangential to ∂D at x”, and “not orthogonal to νx” means
“transversal to ∂D at x”. But the previous corollary does not a priori require
any smoothness on ∂D.

Remark 9. As it stands, Corollary 5.8 applies for instance to projection devices
that are the localization of the canonical projection device in strongly con-
vex domains, or of the canonical projection device in strictly linearly convex
domains of finite type. However, once this statement holds for a projection
device, one might derive similar statements for not necessarily geometrical
projection devices. For instance, in [A4] it is shown how to derive a simi-
lar result for the localization of the euclidean projection device in strongly
pseudoconvex domains knowing Corollary 5.8 for the (geometrical, good and
bounded) localization of the canonical projection device.

If D is a convex Reinhardt domain, we can use a completely different
approach, not depending on the degree of smoothness of the boundary. We
already noticed that in this case the canonical projection device is bounded
and preserves horospheres; if moreover it is good (as, for instance, in the
polydisk) we have the following

Theorem 5.9

Let D ⊂⊂ C
n be a convex Reinhardt domain, equipped with the canonical

projection device at x ∈ ∂D with ϕx(ζ) = ζx. Assume that this projection
device is good. Let f ∈ Hol(D,∆) be β-Julia at x, and let v ∈ C

n be such
that sx(v) = 1 ∈ sx(v). Then ∂f/∂v has restricted K-limit at x.

Proof. By Theorems 4.8 and 5.4 it suffices to prove that ∂f/∂v(tx) converges
as t→ 1−.

Let M be the set of all n-uple of natural numbers k = (k1, . . . , kn) ∈ N
n

with k1, . . . , kn relatively prime and |k| = k1 + · · · + kn > 0. For z ∈ C
n

and k ∈ N
n we write zk = zk11 · · · zkn

n . For each k ∈ M we choose a point
y(k) ∈ ∂D such that

max{|xk| | x ∈ ∂D} = |y(k)k|,

and we set

Σk = {x ∈ ∂D | |xj | = |yj(k)| for j = 1, . . . , n}.

For instance, if D = ∆n we can take y(k) = (1, . . . , 1) and Σk = (∂∆)n for all
k ∈M .
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Let τ ∈ ∂∆ be the K-limit of f at x. Since the function (τ + f)/(τ − f)
has positive real part, the generalized Herglotz representation formula proved
in [KK] yields

τ + f(z)
τ − f(z)

=
∑

k∈M





∫

Σk

wk + zk

wk − zk dµk(w) + Ck



 , (40)

for suitable Ck ∈ C and positive Borel measures µk on Σk; the sum is
absolutely converging.

Let Xk = {w ∈ Σk | wk = xk}, and set βk = µk(Xk) ≥ 0 and µok = µk −
µk|Xk

, where µk|Xk
is the restriction of µk to Xk (i.e., µk|Xk

(E) = µk(E∩Xk)
for every Borel subset E).

Using these notations 40 becomes

τ + f(z)
τ − f(z)

=
∑

k∈M



βk
xk + zk

xk − zk +
∫

Σk

wk + zk

wk − zk dµ
o
k(w) + Ck



 . (41)

In particular, if z = tx = ϕx(t) we get

τ + f(tx)
τ − f(tx)

=
∑

k∈M



βk
1 + t|k|

1− t|k| +
∫

Σk

wk + t|k|xk

wk − t|k|xk dµ
o
k(w) + Ck



 . (42)

Let us multiply both sides by (1− t), and then take the limit as t → 1−.
The left-hand side, by Lemma 5.7 and Proposition 2.12, tends to 2τ/β. For
the right-hand side, first of all we have

1 + t|k|

1− t|k| (1− t) =
1 + t|k|

1 + · · ·+ t|k|−1
→ 2
|k| .

Next, if |xk| < |y(k)k| it is clear that

(1− t)
∫

Σk

wk + t|k|xk

wk − t|k|xk dµ
o
k(w) → 0. (43)

therwise, since µok(Xk) = 0, for every ε > 0 there exists an open neighbor-
hood Aε of Xk in Σk such that µok(Aε) < ε. Then

(1− t)
∣
∣
∣
∣
∣

∫

Σk

wk+t|k|xk

wk−t|k|xk dµ
o
k(w)

∣
∣
∣
∣
∣

= (1− t)
∣
∣
∣
∣
∣

∫

Aε

wk+t|k|xk

wk−t|k|xk dµ
o
k(w) +

∫

Σk\Aε

wk+t|k|xk

wk−t|k|xk dµ
o
k(w)

∣
∣
∣
∣
∣

≤ 2 1−t
1−t|k| ε+ (1− t)

∣
∣
∣
∣
∣

∫

Σk\Aε

wk+t|k|xk

wk−t|k|xk dµ
o
k(w)

∣
∣
∣
∣
∣
→ 2

|k|ε.
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Since this happens for all ε > 0, it follows that 43 holds in this case too.
Summing up, we have found

τ

β
=
∑

k∈M

βk
|k| ; (44)

in particular, the series on the right-hand side is converging.
Without loss of generality, we can assume that v = ∂/∂z1. Then differen-

tiating 41 with respect to z1 we get

∂f

∂z1
(z) = τ̄

(

τ − f(z)
)2 ∑

k∈M
k1
zk

z1



βk
xk

(xk − zk)2
+
∫

Σk

wk

(wk − zk)2
dµok(w)



 .

(45)
Then we have

∂f
∂z1

(tx) = τ̄
(
τ−f(tx)

1−t
)2∑

k∈M k1t
|k|−1 x̄1

[

βk

(
1−t

1−t|k|

)2

+xk(1− t)2 ∫
Σk

wk

(wk−t|k|xk)2
dµok(w)

]

.

The same argument used before shows that

(1− t)2
∫

Σk

wk

(wk − t|k|xk)2
dµok(w) → 0

as t→ 1−. Therefore

lim
t→1−

∂f

∂z1
(tx) = β2τx̄1

∑

k∈M
βk

k1

|k|2 , (46)

where the series is converging because βkk1/|k|2 ≤ βk/|k|, and we are done.
�	

We end this survey by presenting two results for the case of complex tan-
gential directions.

In the polydisk we have seen that either sx(v) = 1 or sx(v) = 0 for any
v ∈ C

n, and in the latter case κD(z; v) is bounded for z close to x. The former
case is dealt with in the previous theorem; but even in the latter case (which
is the embodiment of “complex tangential” for the polydisk) we can prove
that ∂f/∂v behaves as we expect:

Proposition 5.10 Let f ∈ Hol(∆n, ∆) be β-Julia at x ∈ ∂∆n. Take v ∈ C
n

such that vj = 0 when |xj | = 1, so that sx(v) = 0 ∈ sx(v). Then

d(z, ∂D)−1 ∂f

∂v
(z)

has restricted K-limit 0 at x.
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Proof. Since the canonical projection device is bounded, it suffices to prove
that the holomorphic function

(

1− p̃x(z)
)−1 ∂f

∂v
(z) (47)

has restricted K-limit 0; we recall that, in this case, p̃x:∆n → ∆ is given by
(see [A5])

p̃x(z) =
1
dx

(z, x̌),

where dx is the number of components of x of modulus 1, and

x̂j =
{
xj if |xj | = 1,
0 if |xj | < 1.

Therefore it is enough to prove that 47 is K-bounded and that it tends to 0
when restricted to the radial curve t �→ tx.

We argue as in the proof of Theorem 5.4. For j = 1, . . . , n and z ∈ ∆n set

wj(z) =
vj

(1− |zj |2)κ∆n (z; v)

and define ψz ∈ Hol(∆,∆n) by

ψz(ζ) =
(
ζw1 + z1
1 + z̄1w1ζ

, . . . ,
ζwn + zn
1 + z̄nwnζ

)

.

Then we have ψz(0) = z and ψ′
z(0) = v/κ∆n(z; v), so that we can write

(

1− p̃x(z)
)−1 ∂f

∂v (z) =
(

1− p̃x(z)
)−1

κ∆n (z; v)(f ◦ ψz)′(0)

= 1
2π

∫ 2π

0

f
(

ψz(reiθ)
)

−τ
p̃x

(

ψz(reiθ)
)

−1

p̃x

(

ψz(reiθ)
)

−1

p̃x(z)−1
κ∆n (z;v)
reiθ dθ,

(48)

for any r ∈ (0, 1). The proof of Theorem 5.4 then shows that 47 is K-bounded
as well as all the factors in the integrand.

Now let z = ϕx(t) = tx. Then Lemma 5.7, Theorem 4.8 and Propo-
sition 2.12 imply that the first factor in the integrand converges to βτ as
t→ 1−, where τ ∈ ∂∆ is the K-limit of f at x. The choice of v implies that

lim
t→1−

κ∆n(tx; v) = max
|xj|<1

{ |vj |
1− |xj |2

}

= c < +∞.

Finally, again the choice of v implies p̃x
(

ψtx(ζ)
)

= t = p̃x(tx) for all t > 0,
and thus

lim
t→1−

(

1− p̃x(tx)
)−1 ∂f

∂v
(tx) =

cβτ

2rπ

∫ 2π

0

dθ

eiθ
= 0,

and the assertion follows from Theorem 4.8. �	
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We remark that this result is more precise than [A5, Proposition 4.8].
We end with a final result in the case of complex tangential directions,

whose proof has a fairly different flavor. We shall state the result for strongly
convex domains only; but the same argument (due to Rudin [Ru, Proposi-
tion 8.5.7]) works in convex domains of finite type too (see [AT2]).

Proposition 5.11 Let D ⊂⊂ C
n be a strongly convex domain, equipped with

the canonical projection device at x ∈ ∂D. Let v ∈ C
n be complex tangential

to ∂D at x, so that sx(v) = 1/2 ∈ sx(v). Let f ∈ Hol(D,∆) be β-Julia at x.
Then

d(z, ∂D)−1/2 ∂f

∂v
(z)

has restricted K-limit 0 at x.

Proof. As usual, it suffices to show that

lim
t→1

1
(1− t)1/2

∂f

∂v

(

ϕx(t)
)

= 0. (49)

We need some preparation. Consider the map Φ:∆× C → C
n given by

Φ(ζ, η) = ϕx(ζ) + ηv.

Clearly, Φ−1(D) ∩ (C × {0}) = ∆ and Φ−1(D) ∩ ({ζ} × C) is convex for all
ζ ∈ ∆. Furthermore, since D is strongly convex, v is complex tangential to
∂D at x and t �→ ϕx(t) is transversal, there is an euclidean ball B ⊂ Φ−1(D)
of center (t0, 0) and radius 1− t0 for a suitable t0 ∈ (0, 1).

Now define h̃:B → ∆ by

h̃(ζ, η) = f
(

Φ(ζ, η)
)

.

We remark that h̃(ζ, 0) = f
(

ϕx(ζ)
)

and ∂h̃(ζ, 0)/∂ζ = ∂f
(

ϕx(ζ)
)

/∂v. Hence
we can write

h̃(ζ, η) = f
(

ϕx(ζ)
)

+ η
∂f

∂v

(

ϕx(ζ)
)

+ o(|η|).

Set

h(ζ, η) = f
(

ϕx(ζ)
)

+ 1
2η
∂f

∂v

(

ϕx(ζ)
)

= f
(

ϕx(ζ)
)

+ η(1 − ζ)1/2g(ζ),

where g(ζ) = 1
2 (1 − ζ)−1/2∂f

(

ϕx(ζ)
)

/∂v. Since h is the arithmetic mean of
the first two partial sums of the power series expansion of h̃, it sends B into ∆.
Furthermore, 49 is equivalent to g(t) → 0 as t→ 1.

Choose ε > 0 and set c = β2/ε2(1− t0). We wish to estimate

lim sup
t→1

∣
∣g
(

t+ ic(1− t))∣∣.
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Set ζt = t + ic(1 − t); it is easy to check that (ζt, 0) ∈ B if (1 − t) ≤ 2(1 −
t0)/(1 + c2). Moreover

(1− t0)2 − |ζt − t0|2 > (1− t0)(1 − t)
if (1 − t) < (1 − t0)/(1 + c2); hence if t is sufficiently close to 1 we can find
ηt ∈ C such that

(1− t0)2 − |ζt − t0|2 > |ηt|2 > (1− t0)(1 − t) (50)

and
ηt(1− ζt)1/2g(ζt) ∈ R. (51)

In particular, (ζt, ηt) ∈ B if (1− t) < (1− t0)/(1 + c2). By definition,

|1− ζt| = (1− t)
√

1 + c2 ≥ c (1− t);
hence 50 yields

|ηt(1 − ζt)1/2g(ζt)| ≥ (1− t0)1/2c1/2(1− t)|g(ζt)|. (52)

Now, ζt ∈ K(1, 2
√

1 + c2) if (1−t) < (1−t0)/(1+c2); hence, by Lemma 5.7
and Proposition 2.12,

1− f(ϕx(ζt)
)

1− ζt = β + o(1)

as t→ 1, where without loss of generality we have assumed that the K-limit
of f at x is 1. Therefore

f
(

ϕx(ζt)
)

= 1− (β + o(1)
)

(1− ic)(1− t). (53)

Putting together 51, 52 and 53 we get

1 ≥ Re[h(ζ, η)] ≥ 1− (β + o(1)
)

(1− t) + (1− t0)1/2c1/2(1− t)|g(ζt)|,
that is

|g(ζt)| ≤ β + o(1)
(1 − t0)1/2c1/2

.

Therefore
lim sup
t→1

∣
∣g
(

t+ ic(1− t))∣∣ ≤ β

(1− t0)1/2c1/2
= ε.

Clearly the same estimate holds for ζ′t = t− ic(1− t). Since |g(ζ)| is bounded
in the angular region bounded by these two lines, it follows that

lim sup
t→1

|g(t)| ≤ ε.

Since ε is arbitrary, the assertion follows. �	
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[C2] C. Carathéodory, Theory of functions of a complex variable, II, Chelsea, New

York, 1960
[Ca] D.W. Catlin, Estimates of invariant metrics on pseudoconvex domains of

dimension two, Math. Z., 200 1989 429-466
[CK] J.A. Cima, S.G. Krantz, The Lindelöf principle and normal functions of
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Real Methods in Complex Dynamics

John Erik Fornæss

Mathematics Department, The University of Michigan,
East Hall, Ann Arbor, Mi 48109 USA
fornaess@umich.edu

1 Lecture 1: Introduction to Complex Dynamics
and Its Methods

1.1 Introduction

The main topic in this lecture series is complex dynamics in higher dimension,
see Figure 1. Our focus will be on the methods used. In particular we are
interested in real methods. We will interpret the term ”real methods” quite
broadly. First of all we will suppress to a large extent methods using complex
analytic arguments and concepts. This includes algebraic geometry which has
been used extensively recently in complex dynamics. On the other hand we
will stress concepts and tools from other parts of dynamics such as the study
of smooth diffeomorphisms. Topological dynamics and symbolic dynamics on
the other hand will play a lesser role as they go beyond what one might call
real methods. One topic which we will stress is random iteration.
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Saddle sets

Lecture 4

Saddle points

Lecture 3

Complex Dynamics in Dimension 1.

Lecture 1

Fatou sets in higher dimension

Lecture 2

Fig. 1. The Lectures

Complex dynamics, Figure 2, can be divided in two parts, the Julia theory
and the Fatou theory. With the Julia theory the focus is on the Julia set where
the dynamics has chaotic features. In the Fatou theory the focus is on the
orderly behaviour on the Fatou set. In addition there are sets which mix these
two features. These are sets where the dynamics is chaotic in some directions
and orderly in other directions, this is called saddle behaviour. In this lecture
series we will focus on the orderly behaviour and on saddle behaviour. This is
the part of the theory where we believe there are more basic open questions.

In the first lecture we start by making a few general remarks about dynam-
ics. I have been told on occasion by people that they can read and understand
papers on dynamics, but they don’t see what is the motivation for the prob-
lems that are investigated. My hope is that those few elementary remarks
will be useful. The motivations are to some extent the same these days as a
century ago. We will touch on that at the end of the lecture. Basically the
original motivations came from Newtons method and from Celestial mechan-
ics. And in the meantime there has been very little progress. Researchers are
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still struggling with basic problems about Newtons method and the question
of stability of the solar system is still as wide open as ever.

In the main part of this lecture, we will give a brief survey over complex
dynamics in one dimension. This serves to introduce a few basic concepts, but
the main purpose is to discuss methods used.

The second lecture introduces some topics about stable sets in complex
dynamics. This is the only lecture where we focus on complex analytic meth-
ods. The basic concept is that of a Fatou set. Not much is known about the
nature of Fatou sets. In one variable one has a complete description in the
case of rational maps on the Riemann sphere. We discuss this already in the
first lecture. For entire functions the situation is much less known. We focus
on the case of holomorphic maps in higher dimension. There are some results
known about what are possible types of Fatou components, but we will also
point out many open questions. In addition to the Fatou set which is open, the
iterates might be a normal family when restricted to certain low-dimensional
submanifolds. This occurs for example at a fixed saddle point, i.e. a fixed point
where some eigenvalues of the derivative have modulus strictly less than one
and the other eigenvalues are strictly larger than one. Basic concepts in our
discussion are saddle points and saddle sets. In such a setting it is natural to
introduce random iteration. Basically the normal behaviour can be along a
complex manifold which jumpes around under iteration.

In the third lecture the main focus is on a deep theorem by Bedford-
Smillie-Lyubich ([BLS]) concerning the distribution of saddle points for com-
plex Hénon maps. The proof uses real concepts and methods to a large extent.
If F is a Hénon map, there is a certain probability measure which is invariant
under F. This is the unique measure of maximal entropy. This measure is
ergodic and the map is measure hyperbolic on the support J∗ of the measure.
This allows one to use Oseledets and Pesin theory from the theory of dynam-
ics of real smooth diffeomorphisms to find compact Pesin boxes on which the
map is uniformly hyperbolic. With these tools together with complex analytic
methods, one can show that all saddle points are in J∗. The general theory of
smooth dynamics allows one to conclude using a theorem of Katok that the
saddle points are dense in J∗. This is the main result in this lecture and is
the main tool needed for the last lecture.

Finally, in the last lecture we apply the results in Lecture 3 to discuss
how one can prove uniform saddle behaviour for Hénon maps under suitable
hypotheses. This extends work in ([F3]). In ([F3]) we showed that under these
hypotheses the map is hyperbolic in J∗. One of the main open problems in the
theory of Hénon maps is the equality of J and J∗. In this lecture we show how
one can prove equality in some setting. It remains open if one can generalize
this and prove that in general if F is hyperbolic on J∗, then F is hyperbolic
on J (which would imply that J = J∗).
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FIXED MAP RANDOM MAP

JULIA THEORY FATOU THEORY

DYNAMICS

COMPLEX DYNAMICS

HIGHER DIMENSIONAL

Fig. 2. Overview
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1.2 General Remarks on Dynamics

Dynamics can be thought of as describing the interaction of 2 or more entities.
There is a feeling that with 3 or more entities the interaction might have
chaotic features. The reason is that the interaction between any two entities
is constantly influenced by the third and this influence from the third unit
keeps changing. It turns out that to actually prove that there are chaotic
features in such a situation is very difficult and very little has actually been
done.

One is particularly interested in how this interaction proceeds over time.

To make a scientific investigation, one can proceed by making a mathe-
matical model of the interaction of the entities. This typically leads to a set X
which describes at least approximately the relationship between the entities
at some specific time, see Figure 3. One might then model the interaction of
the entities by a map F : X → X . So if x ∈ X describes the situation at time
T1 then y := F (x) describes the situation at time T2. The time T2 might be
depending on x. This is the discrete version, there is a continuous version. In
this case X might be a manifold and the map F is the integral of some vector
field on X. So the dynamics is given by a flow. Also if one wants to model
that the background situation varies over time, one might use variable maps
F , perhaps varying randomly. Or one can replace F (x) by F (x) + δ, δ some
small error.

x

y

F

Fig. 3. Dynamical System

The computer is a tool in the investigation of dynamics. There are three
main ways in which computers are used. Using the computer one can make
approximate calculations, such as solving differential equations which are too
complicated to be solved exactly. Basic problems are long-term stability of the
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solar system and weather prediction. An example of a ”Theorem” ”proved”
in this way is the result of Laskar ([LM]). Laskar estimated that an error of
Earths orbit doubles every 3.5 Million years, so an unmeasurable error such
as a small fraction of the Planck length becomes as large as the radius of the
Earths orbit after 500 Million Years, i.e. 10 percent of the age of the Earth.

Another way to use a computer is as an experimental tool to indicate
conjectures that then can be proved rigorously. The Feigenbaum map is a
famous example. Feigenbaum, see ([M]), discovered that by iterating a certain
polynomial of the form x2 + c he got, after rescaling, functions that were close
to the original one. This lead to the theory of renormalization in the field
of complex dynamics in one variable. In fact rigorous proofs in this area all
use complexification. An analogous theory has not been developed in higher
dimension although computer pictures indicate that the phenomenon occurs
also for Hénon maps in R

2. The phenomenon is related to period doubling. In
the complex domain one can ask the same in the case of behaviour under for
example period tripling in the complex part of the Mandelbrot set. Although
computer experiments indicate that there is renormalization also in this case,
there is no rigorous proof yet.

A third way is to use computers to give rigorous proofs. An example is in
([FGa]). Here the authors investigate real Hénon maps. These Hénon maps
have a fixed saddle point. This point then has an unstable manifold Wu and a
stable manifold W s. As one varies the parameters of the map, it appears from
computer pictures that these two manifolds develop a tangency. The question
then is whether this can be proved rigorously and whether the tangency has
a generic nature, that is whether the tangency is quadratic and whether the
stable and unstable manifolds move through the tangency linearly when the
parameters change. This was proved using the computer in steps. The first step
was to locate the tangency precisely. This was done using computer graphics
and using gradually more digits of accuracy. The authors then observed that
when the accuracy was about 10−10 the stable and unstable manifold came
out as paralell lines on the computer pictures. After that it was necessary to
convert to the use of Newton’s method to locate the tangency. This process was
continued in steps until the tangency was located with the precision of about
10−20. At this point one could set up the equation for a generic tangency
as the solution of a system of equations. One then could use the close by
numerical values and calculate enough derivatives with enough precision that
one could prove that the equations had a root somewhere very close. This last
calculation was done using interval arithmetic in which only precise calcuation
with integers was used to determine small intervals in which wanted numbers
were located.

This has lead to theorems in complex dynamics in higher dimension, such
as the existence of holomorphic endomorphisms with infinitely many attract-
ing basins in P

2 ([G]).
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Next we turn to the important concept of phenomenology. In this context
we simply mean the study of various topics using simplified mathematical
models which (hopefully) capture the essential features. One can use dynam-
ics as a systematic tool to study all sorts of diverse phenomena. Famous ex-
amples are the Lorentz attractor and the Hénon maps. It is common practice
in science to study models of a situation. These models are always simplifica-
tions. In phenomenology one then makes even further simplifications to make
it easier to analyze essential features. In the study of iteration of the map
F : X → X one might reduce the dimension of the space X to a minimum
and make maximal simplifications in the shape of the map F. This was the
case for the Lorenz equations and the Hénon maps. These arose from sim-
plifictions of equations describing the weather. Another more recent example
is the controversial work by Wolfram ([W]) modeling the Universe by simple
computer programs. In ([W]) a point x ∈ X refers to a selection of colors on
a given collection of squares and F (x) is the next selection of colors.

The basic goals of a study of a dynamical system (F,X) can perhaps be
thought of as the following two: Understanding the nature of a system (is
the system predictable/unpredictable; is the description accurate/inaccurate)
and learning how to manipulate it. So the question then is what information
about the dynamical system would be useful towards these ends. In medical
treatment one might play with parameters in the map F = F (x, p) and change
p around to improve the long term result Fn(x), say administering a medicine
at different time intervals, change the size of the doses etc. In weather predic-
tion or calculation of orbits of satellites or planets, one calculates Fn(x). For
a satellite, one might in addition learn how to manipulate the answer Fn(x)
to a desired one. Basically one gives a rocket a small boost at a good time.
This amounts to replacing xk = F k(x) by a close by x′k and then continue
iterating to get F �(x′k).

A big problem in dynamics arises when Fn(x), Fn(y) become quite differ-
ent for x close to y. In practice x is only known up to some error. This makes
the system unpredictable except for small n. As the example of the weather
or its simplifications to Lorenz and Hénon maps show, unpredictability does
happen in important systems. This leads naturally to notions of disorderly or
chaotic systems. It might happen that X has two pieces, a chaotic piece and
an orderly piece. One might also have attractors. The Lorenz attractor and
the Hénon attractor are compact sets K ⊂ X to which {Fn(x)} converge. On
K the dynamics appers chaotic. Attractors have also been studied in complex
dynamics. Let (X, d) be a compact metric space and f a continuous map from
X to X . The sequence (xj)1≤j≤n is an ε-pseudo-orbit if d(f(xj), xj+1) < ε
for j = 1, . . . , n − 1. For a, b ∈ X , we write a � b if for every ε > 0 there is
an ε-pseudo-orbit from a to b. We also write a � a. We write a ∼ b if a � b
and b � a, and denote by [a] the equivalence class of a under this relation.
Define an attractor to be a minimal equivalence class for ∼. Attractors for
holomorphic maps on P

2 were first investigated in ([FW1]).



56 John Erik Fornæss

1.3 An Introduction to Complex Dynamics and Its Methods

After these brief general remarks about dynamics we discuss complex dynam-
ics from a historical perspective. Complex dynamics goes back to about 1871
with work by Schröder ([Sc]). Suppose that F is a holomorphic function near
0 in C, F (0) = 0. The question is whether one can change coordinates so that
F becomes a linear function. This leads to the Schröder functional equation
for the coordinate change φ.

φ ◦ F = λφ

where φ′(0) = 1 and λ = F ′(0). In the case when 0 < |λ| < 1, this was
resolved by the end of the century. The methods were purely complex, using
power series, so they fall outside of our main topic.

The case when F ′(0) = 1 is more difficult. One cannot solve the Schröder
equation in this case. In this case there is generically an open region which is
attracted to 0. The precise statement is usually called the flower theorem.

In the years up to 1920, Fatou and Julia developed the theory also in the
global case. Let R be a rational function on C. The Fatou set F is the largest
open set on which the sequence of iterates {Rn} is a normal family. The Julia
set J is the complement of the Fatou set. The main global method was normal
families arguments. Again this falls within complex analytic methods.

In 1942 Siegel solved the Schröder equation in certain cases when |λ| = 1.
Basically, λ had to be far enough from roots of unity. His methods were again
to use power series and fall within complex analytic methods.

In 1965, Brolin introduced the use of the Green’s function G. If P is a
polynomial on C, the Green’s function

G(z) := lim
n→∞

log+ |Pn(z)|
dn

,

d is the degree of P, measures the escape rate to infinity. This is a subharmonic
function, harmonic in some places. Again this qualifies as a complex analytic
tool.

The Mandelbrot set was introduced in 1978 by Brooks and Matelski and
Mandelbrot, using the computer to draw it. Let Pc(z) = z2 + c denote the
quadratic family of polynomials. The Mandelbrot set M measures how the
dynamics of Pc depends on the parameter c ∈ C. In particular, c ∈ M if and
only if the Julia set Jc of Pc is connected. This brings in other methods than
just complex analysis into complex dynamics.

In the 1980s real methods and concepts from the general real theory of
dynamics entered in a basic way into complex dynamics. We mention a few
such results.
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In 1983: Przytycki ([Pr]) found a formula for the Lyapunov exponent
of a polynomial map in one complex dimension. The Lyapunov exponent
measures the expansion of the mapping.

λ0 = log d+
∑

c,f ′(c)=0

lim
n→∞

1
dn

log+ |fn(c)|.

In ([FLM]) Freire, Lopes and Mañe and in ([Ly]) Lyubich showed that
rational maps have entropy log d.

In 1983 Lyubich and Mañe showed that µ = ddcG is the unique measure
of maximal entropy in C.

In 1983 ([MSS]), Mañe, Sad, Sullivan, showed that stable rational maps
are dense in the space of rational maps. The question of density of hyperbolic
rational maps is still open. A rational map R : C → C is said to be hyperbolic
if there are constants c > 0, λ > 1 so that |(Rn)′(z)| > cλn for all n ≥ 1, z ∈ J.
One can show that a rational map is hyperbolic if and only if the critical orbit
does not cluster on the Julia set. The similar question for holomorphic maps
in higher dimension is still open.

There are Julia sets with positive area for rational maps, but it is an open
question whether this is possible for the quadratic family.

In 1985, Sullivan completed the classification of Fatou domains with his
non-wandering Theorem, using quasiconformal maps, a complex method. Sul-
livans theorem implies that all Fatou components are preperiodic. The peri-
odic components are of 4 types.
(1) Periodic attracting basins.
(2) Periodic parabolic basins. Here there is a periodic point p, Fn(p) = p and
(Fn)′(p) is a root of unity. The periodic point in this case is on the boundary
of the basin of attraction.
(3) Siegel Discs.
(4) Herman rings.

In the last two cases the map is conjugate to rotation on a disc or an
annulus. Keeping in mind the possible generalization of this to higher dimen-
sion it is more reasonable to call these domains by the common name Siegel
domains.

Mary Rees ([R]), 1986 found a family of positive measure in the set of
rational maps which are ergodic with respect to Lebegues measure. This was
based on work in the real case by Benedicks-Carleson and Jacobsson. The
real case was an investigation into the real quadratic maps 1 − ax2 with a
close to 2. This was also a precursor to the important work by Benedicks
and Carleson proving that for some parameters the real Hénon maps exhibit
strange attractors. This lead to the work ([FGa]) mentioned above.
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Shishikura introduced the use of quasiconformal surgery in 1987. There
is no analogue yet of this in higher dimension. Quasiconformal maps can be
used to study small perturbations z2 + ε of z2 for example. In this case the
Julia set is a quasicircle. But it is not known how to make an analogous study
of (z2 + εw,w2 + δz) say.

1989: Eremenko-Lyubich showed that µ is the unique measure of maximal
entropy for rational maps on C.

One serious objection to the theory of iteration of a map is that in most
realistic situation the surroundings are always changing. One way to in-
vestigate situations more realistically is to use random iteration. This was
first done in complex dynamics in ([FS1]). A rational map R(z) : C → C

can be extended to a holomorphic map R(z, c) : C × ∆(0, ε) → C where
c is a parameter. Under random iteration one considers iterates of func-
tions Rn(z), z → R(z, cn) for a sequence {cn} ⊂ ∆(ε) and the composites
R(n) = Rn ◦ · · · ◦R1. Random iteration is a natural topic also when one inves-
tigates dynamics in higher dimension. A simple example is polynomial skew
products, R(z, w) = (P (z), Q(z, w)) where P and Q are polynomials. One can
view the dynamics in the w direction as a random iteration as the z variable
changes at each iteration. Random iteration in higher dimension was studied
in ([FW2]).

We end this lecture by discussing the original motivations for investigating
complex dynamics. And we revisit this from a more modern point of view.

There were two initial motivations for studying complex dynamics. One
was the study of Newtons method to find roots of polynomials. If P (z) is a
polynomial, let

R(z) = z − P (z)
P ′(z)

.

Then R(z) is a rational function on C. If z0 is a root of P, P (z0) = 0, then
R(z0) = z0 and |R′(z0)| < 1. Hence if z is in some neighborhood of z0, then
the iterates Rn(z) → z0. This was basically only successful for polynomials of
degree 2. In the quadratic case one can after a change of coordinates assume
that P (z) = z2−1. In that case the roots are ±1 and the corresponding basins
are the open left and right half planes. The rational function R = z2+1

2z which
maps the imaginary axis ∪∞ to itself chaotically. One searched in vain for a
smiliar simple description for higher degrees.

This problem was central in reviving complex dynamics around 1980 when
Hubbard rediscovered that the degree 3 case was extremely difficult. This
problem was a strong motivation in ([FS3]) for investigating rational maps in
higher dimension. The point is that although in one complex dimension, New-
tons method gives rise to a rational function, this function is still holomorphic,
i.e. has no singularities as a map on C, when one uses Newtons method in
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higher dimension, one gets quotients of polynomials as in one variable, but in
this case, the zero sets of the numerator and the denominator can no longer be
cancelled, and one gets points of indeterminacy. These are singularities when
one extends the map to projective space. Much of the work on this topic in
higher dimension is concerned with how to manage these singularities, such
as blowing up points etc.

The other motivation came from celestial mechanics. Poincare studied the
3-body problem, Figure 4, via a Poincare map describing how a massless
third body hit an imaginary plane after each rotation. This gave rise to a
planar endomorphism which is not given by an explicit formula. Hence the
idea was to learn about the situation by iteration of simple explicit maps such
as holomorphic polynomials.

Fig. 4. 3 Body Problem

More recently, KAM theory has been used to find invariant circles which
can trap the orbit of the third body. These are real versions of the Siegel discs
arising in the complex case. In particular, Hénon used computer graphics to
investigate this assuming that the Poincare map could be modelled by an
area-preserving real planar Hénon map.

In higher dimension one has Siegel domains that can trap orbits in the
complex but in the reals one only has invariant tori which do not trap points
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because of their high codimension. From a more modern viewpoint, one has
also to take into account that there are random disturbances from other celes-
tial bodies which are likely to kick a body from one orbit to another, so that
if the orbit is inside a KAM circle or a Siegel domain, it is likely to migrate
off over time, Figure 5.

Fig. 5. Random Migration off KAM circles

In ([FS4], [FS6]) the authors investigated the dynamics of holomorphic
symplectomorphisms, i.e. biholomorphic maps which preserve the symplectic
form

∑
dzj∧dwj . This generalizes the situation of the gravational many body

problem which are given by real symplectomorphims. The motivation from the
real situation prompted Michel Herman to ask about the long-term behaviour
of orbits in this complex setting. In fact Herman conjectured that there is a
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dense Gδ set of holomorphic symplectomorphisms of C
2 for which the set of

points with bounded orbit has empty interior. The main result in ([FS4]) was
the verification of this conjecture. This was generalized to higher dimension
in ([FS6]).

In the real gravitational setting it is known that in the case of 5 bodies it is
possible that the system explodes in finite time. i.e. at least one of the bodies
clusters at infinity in finite time. It was therefore natural to ask the prevalence
of this phenomenon in the complex setting. This was done in ([FGr]). There
it was shown that for a dense set of holomorphic Hamiltonian flows, the set
of points which explode is also dense.

Another development after the beginning of complex dynamics is progress
in physics. Instead of just stability questions of the solar system one has
many body problems on a wide ranging scale from subatomic to superclusters
of galaxies, from questions of origin and growth of structures to their stability.
In quantum mechanics one can study iteration of unitary maps on complex
Hilbert space. This leads naturally to the question of how to extend the the-
ory of complex dynamics to infinite dimension. In quantum mechanics there
are various notions of quantum chaos that have been explored. Since there
seems to be chaotic phenomena in classical mechanics, and since one expects
quantum mechanics to approach classical mechanics in the limit of higher en-
ergy, one expects some signs of this chaos in quantum mechanics. Complex
dynamics in the setting of infinite dimension has been explored in ([F2]). The
results in that paper were generalized by Weickert in ([We2]). Weickert dis-
cussed spectral properties for a unitary quantum map on Hilbert space, U(α)
depending on a real parameter α. Under a Diophantine condition on α,U(α)
has a pure point spectrum. However, the corresponding classical dynamics is
shown to be unbounded for all irrational α. A sufficient condition for purely
continuous spectrum is also provided in ([We2]). In ([FW3]) the authors inves-
tigated the quantization of Hénon maps and investigated the similarity of the
dynamics of the Hénon maps and their quantization. In ([FS9]) the authors
investigated more general unitary maps on Hilbert space from the viewpoint
of complex dynamics. In the papers ([F2]) and ([We2]) the main topic was to
give rigorous proofs of the phenomenon of localization. Localization is consid-
ered a situation where chaotic behaviour of the classical system is suppressed
in the quantized version. This still leaves open what is the better notion of
quantum chaos, or how to define chaotic behaviour in the setting of complex
dynamics in infinite dimension.

In ([BF]) the authors investigate the growth of structures. Let M be a
topological space and f : M → M a continuous map. Let ρ be a continuous
pseudometric on M and let µ be a probability measure on M. A distinguished
point p in M is said to absorb all points q ∈ M whose orbit get closer than
a given number, called radius, εp > 0, i.e., ρ(fn(p), fn(q)) ≤ εp for some
integer n ≥ 0. The basin of attraction, B(p) of p consists of those q which gets
absorbed by p. Hence a point p absorbs all points which at least once gets
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close to p. The authors investigate this phenomenon in the context of real and
complex dynamics, Figure 6.

M

Absorbed Point

.

.

.

Fig. 6. Basin

2 Lecture 2: Basic Complex Dynamics
in Higher Dimension

2.1 Local Dynamics

We recall the solution of the Schröder equation in the attracting case in one
complex dimension.

Theorem 2.1 (Koenig 1884, [Ko]) Let F : C0 → C0 be a germ of a holo-
morphic function fixing the origin. Suppose that 0 < |F ′(0)| < 1. Then there
exists a coordinate change φ so that φ ◦F = F ′(0)φ, i.e., in a new coordinate
system F is linear.

This works just as well if |F ′(0)| > 1.
In the case F (z) = αzk + · · · , α �= 0, k ≥ 2, the analogous Böttcher

equation φ ◦ F = φk is solvable with a coordinate change φ ([Bo]).
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Theorem 2.2 (Siegel 1942 ([Si1])) Let F : C0 → C0 be a germ of a holomor-
phic function fixing the origin. Suppose F ′(0) = a = e2πiω has modulus one.
Suppose also that there exist λ > 0, µ > 1 so that |ω−m

n | > λn−µ (diophantine
condition) for all integers m,n ≥ 1. Then there is a change of coordinates φ
so that φ ◦ F = F ′(0)φ, i.e. in a new coordinate system F becomes linear.

In 1952, Siegel ([Si2]) proved a similar result for vector-fields near equilib-
rium points. We are interested here in the higher dimensional case of these
results. We recall first from the proof of the theorem of Siegel the problem
of resonance. So write F (z) = a1z +

∑∞
j=2 ajz

j. We can rewrite the Schröder
equation as F ◦ φ(z) = φ(a1z). We look for a change of coordinates of the
form φ(z) = z +

∑∞
r=2 crz

r and get:

a1(z +
∞∑

r=2

crz
r) +
∑

j≥2

aj(z +
∞∑

r=2

crz
r)j = a1z +

∑

r≥2

cr(a1z)r

which reduces to
∑

k≥2

ck(ak1 − a1)zk =
∑

j≥2

aj(z +
∑

r≥2

crz
r)j .

We get inductive formulas for the coefficients ck.

c2 =
a2

a2
1 − a1

ck =
[· · ·]

ak1 − a1
.

In general we cannot expect the top to vanish, which leads to the resonance
condition ak1 �= a1 for all k ≥ 2. For convergence we need that the |ak1 − a1| =
|ak−1

1 − 1| are not too small. The rest are delicate power series estimates.
The theorem generalizes to C

n ([Ste], [He]).

Theorem 2.3 Let F : C
k
0 → C

k
0 be a germ of a holomorphic mapping fixing

the origin. Assume that F ′ is diagonalizable at the origin:
F (z1, z2, . . . , zk)= (λ1z1, . . . , λkzk)+F̂ , F̂ = O(‖z‖2), |λj | ≤ 1, j ≤ k. Suppose
that there exist constants λ > 0, µ > 0 so that

|λi11 · · ·λikk − λj | ≥ λ(i1 + · · ·+ ik)−µ ∀ 0 ≤ i1, · · · ik, i1 + · · · ik ≥ 2.

Then there is a change of coordinates so that the map equals the linear part
of F .

The proof in this case is an analogous power series estimate, and in this
case the resonance condition is that
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λi11 · · ·λikk − λj �= 0

and these expressions need to be not too small. One can find the proof in 1
complex dimension in ([CG]). Our proof is an adaption to several variables.

Poincaré ([Po]) proved this theorem in the attracting case, 0 < |λj | < 1
and nonresonant.
Proof: We consider the functional equation G = ψ−1 ◦ F ◦ ψ, ψ′(0) = Id,
where we would like to have

G = λz = (λ1z1, . . . , λkzk).

Write ψ = z + ψ̂.

ψ(λz) = F ◦ ψ
= [λ ·+F̂ ] ◦ ψ
= λψ + F̂ (ψ)

We will approach ψ stepwise in an inductive procedure, so we consider the
simplified equation:

ψ(λz) = λψ + F̂ (z)

λz + ψ̂(λz) = λz + λψ̂ + F̂

ψ̂(λz)− λψ̂ = F̂ (z)

We write

F̂ =
∑

|I|≥2

bIz
I , bI = (b1I , . . . , b

k
I )

ψ̂(z) =
∑

|I|≥2

cIz
I

ψ̂(λz)− λψ̂ =
∑

cI(λI − λ)zI

cI(λI − λ) = bI

cjI(λi1 · · ·λik − λj) = bjI

cjI =
bjI

λI − λj

The hypothesis of the Theorem implies that
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1
|λI − λj | ≤ C|I|

µ.

Assume next that we have the following estimate on F̂ defined on a slightly
larger polydisc than ∆k(0, r) :

max

∣
∣
∣
∣
∣

∂F̂ j

∂z�

∣
∣
∣
∣
∣

=: |Df̂ | ≤ δ

on ∆k(0, r).
We estimate next F̂ on ∆k(0, r(1 − η)), 0 < η < 1

5 .

F̂ (z) =
(

F̂ 1, . . . , F̂ k
)

=
(∑

b1Iz
I , . . . ,

∑

bkI z
I
)

∂F̂ j

∂z�
=
∑

i�≥1

bjIi�z
i1
1 · · · zi�−1

� · · · zikk

bjIi� =
1

(2πi)k

∫

|ζ1|=···=|ζk|=r

∂F̂ j

∂z�
(ζ)

ζi1+1
1 · · · ζi�� · · · ζik+1

k

dζ1 · · · dζk
∣
∣
∣b
j
I i�

∣
∣
∣ ≤ δ

rk

r|I|+k−1

∣
∣
∣b
j
I i�

∣
∣
∣ ≤ δ

r|I|−1

Next we estimate Dψ̂ on ∆(0, (1 − η)r).

∂ψ̂j

∂z�
=
∑

cjI i�z
i1
1 · · · zi�−1

� · · · zikk

=
∑ bjIi�

λI − λj z
Î�

∣
∣
∣
∣
∣

∂ψ̂j

∂z�

∣
∣
∣
∣
∣
≤
∑ δ

r|I|−1

[r(1 − η)]Î�

|λI − λj |
≤ δC

∑

|I|≥2

(1− η)|I|−1|I|µ

≤ 5δC
4

∑

|I|≥2

(1− η)|I||I|µ

There are at most |I|k terms for each i1 + · · ·+ ik = |I|.
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∣
∣
∣
∣
∣

∂ψ̂j

∂z�

∣
∣
∣
∣
∣
≤ 5δC

4

∑

n≥2

nk(1− η)nnµ

=
5δC

4

∑

n≥2

(1− η)nnk+µ

≤ 5δC
4

∑

n≥2

(1− η)nnk+[µ]+1

Next recall that
∑

n≥0(1− η)n = 1
η . Hence after differentiation:

(k + [µ] + 1)!
ηk+[µ]+2

=
∑

n≥k+[µ]+1

n(n− 1) · · · (n− (k + [µ]))(1 − η)n−(k+[µ]+1)

=
∑

n≥0

(n+ k + [µ] + 1) · · · (n+ 1)(1− η)n

≥
∑

n≥0

nk+[µ]+1(1 − η)n

≥
∑

n≥2

nk+[µ]+1(1 − η)n

∣
∣
∣
∣
∣

∂ψ̂j

∂z�

∣
∣
∣
∣
∣
≤ 5δC

4

∑

n≥2

(1 − η)nnk+[µ]+1

≤ 5δC(k + [µ] + 1)!
4ηk+[µ]+2

Assume next that δ and η are such that

5δC(k + [µ] + 1)!
4ηk+[µ]+2

≤ η

k
.

Then |Dψ̂| ≤ η
k . Let G = ψ−1 ◦ F ◦ ψ. By these estimates we have that ψ

maps ∆k(0, r(1−4η)) to ∆k(0, r(1−3η)) and if δ < η
k then F map ∆k(0, r(1−

3η)) to ∆k(0, r(1−2η)). Moreover, ψ must map∆k(0, r(1−η)) 1-1 to a domain
containing ∆k(0, r(1− 2η)) so ψ−1 is well defined on ∆k(0, r(1− 2η)). Hence
G maps ∆k(0, r(1− 4η)) into ∆k(0, r(1− η)). We write G = λz + Ĝ. Next we
estimate Ĝ.

G = ψ−1 ◦ F ◦ ψ
ψ ◦G = F ◦ ψ
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G+ ψ̂ ◦G = λψ + F̂ ◦ ψ
λz + Ĝ+ ψ̂ ◦G = λz + λψ̂ + F̂ ◦ ψ

Ĝ = −ψ̂ ◦G+ [λψ̂] + F̂ ◦ ψ
Recall: F̂ (z) = ψ̂(λz)− λψ̂

Ĝ = −ψ̂ ◦G+ [ψ̂(λz)− F̂ (z)] + F̂ ◦ ψ
Ĝ = ψ̂(λz)− ψ̂(λz + Ĝ) + F̂ (z + ψ̂)− F̂ (z)

Set M = maxj |Ĝj | on ∆k(0, r(1− 4η))

M ≤ max
j

∣
∣
∣ψ̂j(λz)− ψ̂j(λz + Ĝ)

∣
∣
∣+ max

j

∣
∣
∣F̂ j(z + ψ̂)− F̂ j(z)

∣
∣
∣

≤ k
η

k
M + kδmax

∣
∣
∣ψ̂�
∣
∣
∣

≤ ηM + kδkr
5δC(k + [µ] + 1)!

4ηk+[µ]+2

M ≤ 5δ2k2rC(k + [µ] + 1)!
4ηk+[µ]+2(1− η)

Next we do Cauchy estimates on ∆(r(1 − 5η)) to obtain:

∣
∣
∣DĜ
∣
∣
∣ ≤ 5δ2k2C(k + [µ] + 1)!

4ηk+[µ]+3(1− η)
=: δ̃.

We want to use an inductive argument where we pass from F to G. For
the induction to work we need good estimates on η and δ, δ̃. We summarize
the hypotheses we have used:

∣
∣
∣DF̂
∣
∣
∣ ≤ δ

5δC(k + [µ] + 1)!
4ηk+[µ]+2

≤ η

k
i.e.

Cδ ≤ 4ηk+[µ]+3

5k(k + [µ] + 1)!

δ <
η

k

We will determine a constant t > 0 so that these estimates hold inductively
with sequences δn, ηn. So assume that

Cδn <
4tηk+[µ]+3

n

5k(k + [µ] + 1)!
.
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Then with δn as δ and δ̃ as δn+1 and with the choice ηn+1 = ηn

2 we get

Cδn+1 = C
5δ2nk

2C(k + [µ] + 1)!

4ηk+[µ]+3
n (1 − ηn)

= [Cδn]2
5k2(k + [µ] + 1)!

4ηk+[µ]+3
n (1− ηn)

≤
[

4tηk+[µ]+3
n

5k(k + [µ] + 1)!

]2
5k2(k + [µ] + 1)!

4ηk+[µ]+3
n (1− ηn)

=
t2

1− ηn
4ηk+[µ]+3
n

5(k + [µ] + 1)!

≤ 2k+[µ]+3tk

1− ηn
4tηk+[µ]+3

n+1

5k(k + [µ] + 1)!

≤ t
5k2k+[µ]+3

4
4tηk+[µ]+3

n+1

5k(k + [µ] + 1)!

It follows that if t < 4
5k2k+[µ]+3 then the inductive estimate on Cδn holds.

It is also evident from this estimate that δn+1 <
ηn+1
k shrinking t again if

necessary.

We next set up the inductive procedure. So we define a sequence of maps
Fn defined on ∆k(0, rn) and ψn defined on ∆k(0, rn(1−ηn)). By the inductive
procedure above, rn+1 = rn(1−5ηn). Since the ηn decrease geometrically, the
rn decreases to a strictly positive limit r∞. We have the functional equations

Fn+1 = ψ−1
n ◦ Fn ◦ ψn

= (ψ0 ◦ · · · ◦ ψn)−1 ◦ F0 ◦ (ψ0 ◦ · · · ◦ ψn)

Passing to the limit we get a map ψ∞ and a map F∞ so that

λz = F∞
= ψ−1

∞ ◦ F ◦ ψ∞.

�	
We remark that the diophantine condition in the above theorems can be

relaxed to the Brjuno condition. In the one-variable case, let { pn

qn
} denote the

sequence of rationals approximating ω from the continued fraction expansion

Administrator
ferret
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of ω. The Brjuno condition ([B]) is that
∑∞
n=1

log qn+1
qn+1

<∞. This suffices for
the existence of linearizing coordinates. Similarly in higher dimension ([He]).

Yoccoz ([Y]) proved that in the case of quadratic maps in C, this condition
is also necessary.

The analogue of Yoccoz’s result is open in higher dimension.
In one variable one can show that if a subsequence of the expressions ak1

converges to 1 fast enough, then one can by choosing appropriate higher order
terms find a function which does not satisfy the Schröder equation. The reason
is that there is a sequence of periodic points converging to zero. Such points
are called Cremer points.

Cremer ([Cr]) showed that convergence of the formal solution φ breaks
down when

lim supm→∞

(

− 1
m

log
(

inf
2≤|I|≤m,1≤j≤k

|λI − λj |
))

= ∞.

Exercise 1. If λ1, · · · , λk are nonzero complex numbers for which λi11 · · ·λikk −
λj �= 0 always but some subsequence

|λi11 · · ·λikk − λj |
1

i1+···ik → 0

can we find higher order terms so that the map becomes non linearizable.

In the case there are resonances, one might still be able to find coordinates
in which the map is simplified.

Theorem 2.4 (Sternberg ([Ste]), Rosay-Rudin ([RR])) Let F : C
k
0 → C

k
0 be

a germ of a holomorphic mapping with the origin as an attracting fixed point.
We can assume that F ′(0) = A is lower triangular with diagonal entries: 1 >
|λ1| ≥ · · · ≥ |λk| > 0. Then there exists a triangular polynomial automorphism
G of C

k, g1 = λ1z1, gj = λjzj + hj(z1, . . . , zj−1), j ≥ 2, and for any m ≥ 2
a polynomial selfmap Tm : C

k → C
k, Tm(0) = 0, T ′

m(0) = Id such that
Tm ◦ F −G ◦ Tm = O(|z|m).

Remark 1. Rosay and Rudin ((RR]) didn’t need for their use to know whether
Tm could be chosen independent of m. However, this is true as was proved in
([JV]) in their generalization of the ([RR]) paper to be discussed below.

Exercise 2. Is there a similar result for the case of Siegel discs allowing
finitely many resonances and otherwise diophantine estimates. How about
if some eigenvalues are larger than 1?

Proof of the Theorem: We find Tm and lower triangular Gm inductively so
that Gm ◦ Tm − Tm ◦ F = O(|z|m). For m = 2, set G2 = A, T2 = Id. Suppose
next that for m ≥ 2
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Gm ◦ Tm − Tm ◦ F = O(|z|m)
= H +O(|z|m+1),

H homogeneous of degree m.

Suppose at first that m is such that there is no resonance of the form

λj = λi11 · · ·λikk , i1 + · · · ik = m.

[Resonance can only happen as long as |λ1|m ≥ |λn|, so only finitely times.]
Let D be the diagonal part of A. For any homogeneous H of degree m,

consider the expression D ◦ H − H ◦ D. This is composed of monomials of
the form λjz

I − (λz)I and the only way the expression can be zero is for
there to be a resonance. Hence the linear map H → D ◦H −H ◦D is 1 − 1
and hence bijective. Next after a linear change of coordinates, all the off
diagonal coefficients in A can be as small as you wish, hence the operator
H → A◦H−H ◦A is also surjective. Hence we can write H = A◦H ′−H ′ ◦A.

We get

Gm ◦ Tm − Tm ◦ F = H +O(|z|m+1)
= A ◦H ′ −H ′ ◦A+O(|z|m+1)
= Gm ◦H ′ −H ′ ◦ F +O(|z|m+1)

Gm ◦ (Tm −H ′)− (Tm −H ′) ◦ F = O(|z|m+1)

Set Tm+1 = Tm −H ′ and Gm+1 = Gm.

The next case is when there is a resonance for m. Then the argument is the
same except that H can in addition contain nonzero terms which are not in
the range of the commutator map. But then these terms are lower triangular
and can be absorbed by Gm. �	
Remark 2. If some eigenvalues λj are zero, the local dynamics is less well
understood, but see ([FJ]).

Next suppose that F : C
n
0 → C

n
0 is a holomorphic germ of a diffeomor-

phism. We say that 0 is a saddle point if the tangentspace at 0 has complemen-
tary subspaces Es, Eu each of dimension at least 1 so that F ′(Es/u) = Es/u

and all eigenvalues of F ′
|Es

have modulus strictly smaller than 1 and all eigen-
values of F ′

|Eu
have modulus strictly larger than 1. We call Es/u the stable

and unstable subspace respectively. We define the local (un)stable set W s
loc

(Wu
loc) to be the set of those points z for which Fn(z) → 0 (F−n(z) → 0)

while all points in the sequence stay close to 0 (Figure 7)
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Theorem 2.5 (Stable manifold Theorem) The set W s
loc (Wu

loc) is a closed
complex submanifold of a neighborhood of the origin and the tangentspace at
0 is Es (Eu).

Stable Manifold

Unstable Manifold

Fig. 7. Stable and Unstable Manifolds

Proof: We prove first that the local stable set is a complex manifold with
tangentspace Es. First we can make an affine change of coordinates so that
Es = {z1 = · · · = zr = 0} and Eu = {zr+1 = · · · = zn = 0}. For any point
p = (0, . . . , 0, z0

r+1, . . . , z
n
n) close to the origin consider the polydisc

∆p = {(z1, . . . , zr, z0
r+1, . . . , z

0
n); |zj | < δ, j ≤ r}.

By the expansion of F along Eu it follows that the images F k(∆p) contain
graphs over ∆p and they expand so that in the limit there is exactly one point
in ∆p which stays forever in these graphs. This point depends holomorphically
on q and this parametrizes the stable manifold. The tangency is clear.

Next we consider the local unstable manifolds. But these are simply the
limit graphs of the F k(∆p). �	

The theorem is still valid if some of the eigenvalues of F ′ vanish at the
origin.

2.2 Global Dynamics

Theorem 2.6 ([RR]) Let F be a global automorphism of C
k fixing 0 and

assume that 0 is an attracting fixed point. Then the basin of attraction of 0 is
biholomorphic to C

k and the map F is conjugate to G (as above) there.

Proof: The proof goes by showing that the sequence ofG−n◦Tm◦Fn converges
on the basin of attraction to a biholomorphic map onto C

k.
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We list some of the key lemmas to give an indication of how the proof
goes. See ([RR]) for the details.

Lemma 2.7 If the gj are polynomials, degree gj ≤ d, then G = (λ1z1, λ2z2 +
g1(z1), . . . , λkzk + gk(z1, . . . , zk−1)) is an automorphism of C

k. The inverse is
lower triangular with finite degree.

Lemma 2.8 If deg G <∞, then supk deg Gk <∞.
Lemma 2.9 There is a β <∞ so that Gk(∆k) ⊂ βk∆k, ∀k.
Lemma 2.10 Gk converges u.c.c. to 0.

There is a random version of this situation:

Question 1. Suppose that Fn is a sequence of automorphisms of C
k contained

in a compact family F of automorphisms fixing the origin and being uniformly
attracting, say |F (z)| ≤ λ|z|, |z| < ε, λ < 1, for all F ∈ F . Is the basin of
attraction of 0 of the sequence F(n) = Fn ◦Fn−1 ◦ · · · ◦F1 a Fatou-Bieberbach
domain (biholomorphic to C

k)?

The following question gives a good example how random dynamics is
relevant to dynamics in higher dimension.

Question 2. (Bedford) Suppose that F is an automorphism of C
3 and that K

is an invariant compact subset (i.e. F (K) ⊂ K) on which F is hyperbolic, more
precisely, the tangentspace of C

3 at points in K has two continuous invariant
complex subbundles, one of dimension 2, Es, the stable bundle and one, Eu,
the unstable bundle of dimension 1. Suppose that F is uniformly contracting
along Es and uniformly expanding along Eu. Then the stable manifold of any
point in K is a two dimensional complex manifold. Is it biholomorphic to C

2?

There is a partial result by ([JV]): The answer is yes for almost every p ∈ K
for any invariant probability measure on K. The proof in ([JV]) goes by using
a theorem of Oseledec to show that for a full measure of orbits, the eigenvalues
vary sufficiently slowly along the orbit that one can basically reduce it to a
modification of the Rosay Rudin case. The theorem is valid more generally.
The set K only needs to be measure hyperbolic and the result holds in any
dimension on any complex manifold. We will discuss the theorem of Oseledec
in the next lecture.

Let {Fn(z, w) = (z2 + anz, bnw)} be a sequence of polynomial automor-
phisms of C

2, let cn = max{|an|, |bn|}. Then an, bn �= 0 so cn > 0. Let
Ω := {z;F(n)(z) = Fn ◦ · · ·F1(z) → 0}, Figure 8.
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Theorem 2.11 ([F4]) Suppose that cn ≤ c2
n

for some c < 1. Then there is
a nonconstant bounded plurisubharmonic function on Ω. In particular, Ω is
not biholomorphic to C

2.

Fig. 8. Ω

Proof: We can write Fn = (fn1 , f
n
2 ). Set ψn = max{|fn1 |, |fn2 |, c2

n}. Then
φn := log φn

2n is plurisubharmonic on C
2.

We have immediately that φn+1 ≤ 2φ2
n. Hence we get that

ψn+1 =
logφn+1

2n+1
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≤ log 2
2n+1

+
logφn

2n

=
log 2
2n+1

+ ψn.

It follows that ψn converges essentially monotonically to a plurisubhar-
monic function ψ on C

2.

Lemma 2.12 Ω = {ψ < 0}.
Proof of the Lemma: Suppose that ψ(z) < 0. Then for large n, ψn < −d <
0. Hence logφn < −d2n, so φn < e−2nd. This implies that F(n) → 0. Hence
z ∈ Ω.

Suppose that z ∈ Ω. Then F(n)(z) → 0 so φn(z) < 1 for all large n. Hence
ψn(z) < 0 so ψ(z) ≤ 0. Next we observe that ψn(0) = log c so also ψ(0) =
log c < 0. But then it follows from the maximum principle that ψ(z) < 0 on
Ω. �	
Continuation of the Proof of the Theorem: We only need to show that
ψ is nonconstant on Ω. First we observe that Ω is a proper subset of C

2. We
see for example that the iterates of the point (10, 0) go to infinity, hence is
not in Ω. This means that B, the largest ball centered at 0 which is contained
in Ω has a boundary point p ∈ ∂B ∩ ∂Ω. Observe next that by the above
lemma ψ(p) ≥ 0. Next we use subaveraging on a small sphere centered at p
and upper semicontinuity of ψ to conclude that ψ cannot be constant equal
to log c on Ω. �	

One can also prove a partial converse.

Theorem 2.13 ([F4]) Suppose that Fn = (z2 + bnz, bnw), 0 < |bn| < c < 1
and that there is some t < 2 such that |bn+1| ≥ |bn|t. Then Ω is biholomorphic
to C

2.

Han Peters investigated Fn = (z2 + anw, anz), |an| ↗ 1. He showed that
in the case an are real, the basin of attraction of 0 is never open. However,
the basin can in some cases contain an open set biholomorphic to C

2.

2.3 Fatou Components

One of the more delicate Fatou components in one variable are the attracting
basins of indifferent fixed points. The higher dimensional analogue was first
studied by Ueda. Ueda ([Ue]) investigated the case of automorphisms F fixing
the origin with the property that F ′(0) has one eigenvalue equal to 1 and one
eigenvalue of modulus strictly less than one. He showed that the basin of
attraction of the origin contains a connected component biholomorphic to C

2.
His delicate proof showed that the basin of attraction had a natural fibration
as a line bundle with fiber and base both biholomorphic to C.
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Weickert ([We1]) investigated this for the case F ′(0) = Id and found that
in some cases the basin of attraction of the origin contains a biholomorphic
copy of C

2. It is however an open question whether there exists a case where
a component of the basin of attraction is biholomorphic to C

2. In Weickerts
situation it was necessary to make some hypothesis on higher order terms in
the Taylor series expansion. It is still an open question in how general a case
the result holds. But Hakim generalized the results of Weickert to cover more
cases.

Stensønes has an example in C
3 where the basin of attraction of a parabolic

boundary point is biholomorphic to C
2 × C

∗.

In the case of Siegel domains, a Fatou component can be bounded and
biholomorphic to a Reinhardt domain (([BBD]). It is an open question which
Reinhardt domains can be realized this way.

See ([FS1]) for the case of recurrent Fatou components. A Fatou component
Ω is said to be recurrent if there is a point z ∈ Ω and a sequence of iterates
Fnj (z) → w where w is an interior point of Ω. These generalize the attracting
basins and Siegel domains from one variable. In this case one can have a mix
of the two kinds. An example is a Fatou component which is a Siegel cylinder,
i.e. biholomorphic to ∆× C and the map is conjugate to (z, w) → (eiθz, aw)
for some |a| < 1.

See ([FS1]) for further discussions on Fatou components in higher dimen-
sion, for example the case of an automorphisms of C

2 with a wandering Fatou
component. This was known to exist for entire endomorphisms of the one
dimensional complex plane. See also Jupiter-Lilov ([JL]) for a discussion of
nonrecurrent periodic Fatou components of automorphisms of C

2. These gen-
eralize the parabolic Fatou components in one dimension. In their case the
iterates will converge to maps whose image lie in the boundary of the Fatou
component. These limits may be points, perhaps uncountable many or higher
dimensional complex varieties.

In the endomorphism case not much is known. But Ueda has found a way
to construct examples from one variable maps. His idea is to use the classical
map Φ : P

1 × P
1 → P

2 given by

Φ([z1 : z2], [w1 : w2]) = ([z1w1 : z2w2 : z1w2 + z2w1]).

This is a two to one map and if f is a rational function, then this induces
a holomorphic map F : P

2 → P
2 given by F (Φ(p, q)) = Φ(f(p), f(q)). In

particular, if U, V are Fatou components of f then Φ(U × V ) is a Fatou
component of F. This gives rise to the similar types of Fatou components as
in one variable.

Ueda proved a key theorem about Fatou components for endomorphisms
of P

k. We first introduce the notion of Kobayashi hyperbolicity. Let M be a
complex manifold, p ∈M and ξ ∈ Tp(M).
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P

Fig. 9. Kobayashi Metric

Definition 2.14 The Kobayashi pseudometric, Figure 9, dK(p, ξ) := inf{ 1
|c| ;

∃ f : ∆ → M ; f(0) = p, f ′(0) = cξ}. If dK(p, ξ) is locally bounded below for
unit vectors ξ, then we say that M is Kobayashi hyperbolic.

Theorem 2.15 ([Ue2]) Suppose that F : P
n → P

n is a holomorphic endo-
morphism of degree d ≥ 2. Then all Fatou components are Kobayashi hyper-
bolic.

Proof: We lift F to a homogeneous polynomial map

F̃ = (F1(z1, . . . , zn+1), . . . , Fn+1(z1, . . . , zn+1)).

More precisely, if π : C
n+1 \ (0) → P

n is the canonical projection mapping
a point to the complex line containing it, then π ◦ F̃ = F ◦ π. Since F is
holomorphic, the map F̃ only vanishes at the origin. Hence there exists a C
so that 1

C ‖z‖d ≤ ‖F̃ (z)‖ ≤ C‖z‖d, d the degree.

Let G be the Brolin-Hubbard escape function:

G(z) = lim
log ‖F̃m(z)‖

dm
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This is a continuous plurisubharmonic function on C
n+1 with a logarithmic

pole at 0 and it is pluriharmonic exactly over the Fatou set. By homogeneity,

G(rz) = G(z) + log r.

It follows that {G < 0} is the Fatou component of 0 and that this is a
bounded set with boundary {G = 0}. Next observe that every Fatou com-
ponent Ω of F has a covering Ω̃ in {G = 0}. Since {G = 0} is bounded it
follows that the covering is Kobayashi hyperbolic but thenΩ also is Kobayashi
hyperbolic. �	
Corollary 2.16 ([Ue2]) Suppose that F : P

n → P
n is a holomorphic endo-

morphism of degree d ≥ 2. If Ω is an attracting basin of an attracting fixed
point, then Ω contains critical points.

Proof: Suppose that the basin Ω of the attracting fixed point p does not
contain any critical points. Let B ⊂ Ω be a small ball containing p. Since
there are no critical points in Ω, F has a well defined inverse G on B with
G(p) = p. Since p is attracting we can assume that G(B) ⊃ B. But we can
repeat the process and define inductively Gn. Taking the images under Gn of
a small disc through p we get a contradiction to the Kobayashi hyperbolicity
of Ω. �	One can also prove:

Theorem 2.17 ([FS3],[Ue2]) Suppose that F : P
n → P

n is a holomorphic
endomorphism of degree d ≥ 2. Then all Fatou components are Stein mani-
folds.

Question 3. Are the Fatou components of a nonlinear holomorphic endomor-
phism of P

k taut (i.e. is the family of holomorphic maps from the unit disc
into a Fatou component a normal family) ?

Question 4. Classify the Fatou components of polynomial skew products,

F (z, w) = (P (z), Q(z, w)).

For example, can there can be wandering components in this case.

Notice that the above question is related to random iteration of one vari-
able maps.

3 Lecture 3: Saddle Points for Hénon Maps

In this lecture we discuss the basic result by Bedford-Lyubich-Smillie ([BLS])
that saddle points are dense in J∗ for Hénon maps. Our focus will be on the
ingredients of their proof coming from outside complex analysis. There are
many complex analytic estimates using tools like plurisubharmonic functions,
which lie outside the scope of this lecture series. Here we refer the reader to
the original paper. We follow ([BLS]) closely but stress the general dynamics
part.
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3.1 Elementary Properties of Hénon Maps

In this section we recall briefly some basic complex analytic properties of
Hénon maps.

A (complex) Hénon map on C
2 is a map of the form F (z, w) = (P (z) +

aw, z) where P is a polynomial of degree d ≥ 2. A generalized Hénon map is
a composition of finitely many such maps. Let d denote the algebraic degree
of the map, which means the degree of the highest order term in z.

We note that it is crucial for the theory that P is a polynomial. It would be
interesting to develop dynamics for entire maps such asH(z, w) = (ez+aw, z).

V

V

V

V

V

+
+

1

1

Fig. 10. Hubbard Filtration

The Hubbard-filtration, Figure 10, of C
2 decomposes space into three

pieces, V ± and V.

V − = {|z| > R, |z| ≥ |w|}
V + = {|w| > R, |z| < |w|}
V = {|z|, |w| ≤ R}

Here R is a large number depending on the generalized Hénon map F.
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Lemma 3.1

F (V −) ⊂ V −

F (V ) ⊂ V − ∪ V
p ∈ V + ⇒ Fn(p) ∈ V − ∪ V.

Proof: Observe that if 1 << R < |w| and |z| > |w|
2 then F (z, w) ∈ V −. On

the other hand if R < |w| and |z| ≤ |w|
2 then the w coordinate drops by a

factor of at least 2 as long as the orbit stays in V +. This implies the third
statement of the Lemma. The others are easier. �	

The situation is reversed for the inverse map F−1.

Definition 3.2 K± = {p; {(F±)n(p)}n≥0 is a bounded sequence}
Lemma 3.3 The sets K± are closed and unbounded. More precisely, K± ⊂
V ∪ V ±.

Definition 3.4

J± = ∂K±

K = K+ ∩K−

J = J+ ∩ J−

Following Brolin and Hubbard one defines escape functions:

Definition 3.5 G± = limn→∞ 1
dn log+ ‖F±n(z, w)‖.

Lemma 3.6 G± is a continuous plurisubharmonic function on C
2, plurihar-

monic and > 0 outside K± and 0 on K±. Moreover G± ◦ F± = dG±.

We define µ± = ddcG±. This is a (1, 1) current with measure coefficients
since G is plurisubharmonic, ([Le]). Using Lemma 3.5 we obtain:

Lemma 3.7 F ∗(µ+) = dµ+. Support of µ+ ≡ J+.

The function G− is continuous and µ+ has measure coefficients, hence
G−µ+ is a welldefined current, so we can define µ := µ+ ∧ µ− := ddc(G−µ+)
(Bedford-Taylor theory ([BT])). Then µ is an invariant probability measure.

3.2 Ergodicity and Measure Hyperbolicity

In this section we start introducing real methods into the theory of Hénon
maps. The first basic concept is that of ergodicity of a measure.
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Definition 3.8 Let ν be a probability measure on a space X and let F be a
measure preserving map on X. We say that ν (or F ) is ergodic if whenever
E is a measurable set and F (E) = E up to a set of measure 0, then ν(E) is
0 or 1.

Theorem 3.9 (Corollary 2.2 ([BS3]) The measure µ is ergodic.

To prove this one actually proves a stronger result, that the measure µ is
mixing, Figure 11.

.

Fig. 11. Irrational Rotation is Ergodic, not Mixing

Definition 3.10 A Borel measure ν is mixing for a measure preserving map
f if for any two Borel sets,

lim
n→∞ ν(A ∩ f−n(B)) = ν(A)ν(B).

To see that a mixing measure is ergodic, suppose F (E) = E modulo a
set of measure 0. Let A = B = E. Then the mixing property says that
ν(E) = (ν(E))2, hence ν(E) is 0 or 1.

Theorem 3.11 (Theorem 2.1 ([BS3]) The measure µ is mixing.

To prove mixing, it suffices to show that when φ and ψ are test functions,
then

lim
n→∞

∫

(Fn)∗φψµ =
∫

φµ

∫

ψµ.
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The proof goes by using integration by parts to split
∫

(Fn)∗φψµ into
pieces which can be estimated by complex analytic methods, see ([BLS]).
Proof:

∫

[(Fn)∗φ]ψµ =
∫

ψ[(Fn)∗φ][(Fn)∗µ], (µ = (Fn)∗µ)

=
∫

ψ[(Fn)∗(φµ)]

=
∫

ψ[(Fn)∗(φµ+ ∧ µ−)]

=
∫

ψ[(Fn)∗(φµ+)] ∧ [(Fn)∗µ−]

=
∫

ψ

dn
[(Fn)∗(φµ+)] ∧ µ−,

(

(Fn)∗µ− =
µ−

dn

)

=
∫

ψ

dn
[(Fn)∗(φµ+)] ∧ ddcG−]

Integration by parts:

=
∫
ddcψ

dn
[(Fn)∗(φµ+)] ∧G−]

+
∫
dψ

dn
[(Fn)∗(dcφ ∧ µ+)] ∧G−]

−
∫
dcψ

dn
[(Fn)∗(dφ ∧ µ+)] ∧G−]

+
∫

ψ

dn
[(Fn)∗(ddcφ ∧ µ+)] ∧G−]

Here the main term is the first of the four integrals. One needs to show
that (Fn)∗(φµ+)

dn → cµ+ where c =
∫

φµ. Once this is proved, the first integral
converges to

∫

cddcψ ∧G− =
∫

φµ

∫

ψµ.

To prove this one considers all weak limits of (Fn)∗(φµ+)
dn .

Then one shows by nontrivial complex analytic methods, that this class
is invariant under pull-backs and that each limit has a potential which is
plurisubharmonic and agrees with cG+.

To complete the proof one shows that the other three integrals converge
to zero. One uses the Schwartz’ inequality and complex analytic methods to
show that ∂ψµ+ has much smaller mass than ψµ+. �	

Next we measure the expansion of F. This is conveniently measured by
the Lyapunov exponent.



82 John Erik Fornæss

Definition 3.12 Let p ∈ C
2 and let v be a tangentvector at p. We define the

Lyapunov exponent λ(v, p) := limn→∞ 1
n log |DFn(v, p)| whenever the limit

exists.
Also we define Λ := limn→∞ 1

n

∫

log ‖Dfn(x)‖µ(x).

Since µ is already known to be ergodic, general real dynamics theory (Os-
eledets theory) gives that Λ is well-defined. Moreover, the general theory gives
that there are two cases: Either there are two distinct Lyapunov exponents
(independent of p a.e.dµ), λ1 > λ2 (and a corresponding measurable splitting
of the tangentbundle, or there is one exponent. Note that λ1 + λ2 = log |δ|
where δ = J(f). Since the leading term of the map F is of the form xd and
with the experience from the formula of Przytycki, one might expect that the
Λ is bounded below by log d just by using the expansion along the x direction.
Indeed this is the case:

Lemma 3.13 Suppose that K is a compact subset of C with Green function
GK(w) = log |w|+ o(1) = log |w|+O(1/w). Let P (w) = wN + · · · be a monic
polynomial. Set p = log |P |. Then

∫

pddcGK ≥ 0.

Proof: We can factor P so we may assume that p = log|w|. We can assume
that K has smooth boundary, not containing 0.

We get:
∫

C

log |w|ddcGK =
∫

∂K

log |w|dcGK

=
∫

∂K

(log |w| −GK)dcGK

=−
∫

∂(C−K)+∞
(log |w|−GK)dcGK+

∫

∞
(log |w|−GK)dcGK

= −
∫

C−K
d(log |w| −GK) ∧ dcGK

Recall: [du ∧ dv = −dcu ∧ du]

=
∫

C−K
dc(log |w| −GK) ∧ dGK

=
∫

C−K
GKd

c log |w|
= GK(0)
≥ 0.

�	
Theorem 3.14 Λ ≥ log d.

Proof: Let hp denote the unit horizontal vector. Let X = {w = 0} and
K+

0 = X ∩K+. Then
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∫

log ‖DF k‖µ ≥
∫

log ‖DF k(hp)‖µ

≥
∫

log ‖DF k1 (hp)‖µ

= lim
n→∞

∫

log ‖DF k1 (hp)‖ 1
dn

[FnX ] ∧ µ+

= lim
n→∞

∫

log ‖DF k1 (hp)‖Fn∗ [X ] ∧ F ∗
nµ

+

= lim
n→∞

∫

(Fn)∗(log ‖DF k1 (hp)‖)[X ] ∧ µ+

= lim
n→∞

∫

(log ‖DF k1 (hp) ◦ Fn‖)[X ] ∧ µ+

= lim
n→∞

∫

(log ‖DF k1 (hp) ◦ Fn‖)µK+
0

≥ k log d

by the previous Lemma, since DF k1 (hp) ◦ Fn = dk(z(dk−1)dn

+ · · ·). �	
Theorem 3.15 (Corollary 3.3 ([BS3]) λ1 > 0 > λ2.

Proof: We can suppose that |J(F )| = δ ≤ 1 otherwise we use the inverse.
Then λ1 ≥ log d and λ1 + λ2 = log δ, so λ2 ≤ − log d. �	

3.3 Density of Saddle Points

Once we have shown that the map is ergodic on µ and that the Lyapunov
exponents are nonzero, the powerful theory of Oseledec and Pesin applies.
This makes it possible to find compact subsets of the support of µ on which
the map is uniformly hyperbolic.

The main result is ([BLS]):

Theorem 3.16 If F is a generalized Hénon map, then all periodic saddle
points are contained in the support of µ.

We can then combine this result with a general theorem from real dynam-
ics:

Theorem 3.17 (Katok ([K]), Theorem 4.2) Let f be a C1+α (α > 0) dif-
feomorphism of a compact manifold M , and µ a Borel probability f− invari-
ant measure with non-zero Lyapunov exponents. If the measure µ is ergodic
and not concentrated on a single periodic trajectory then the support of µ is
contained in the closure of the set of periodic points of f which are saddle
hyperbolic and have a transverse homoclinic point.

The two above results then imply:
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Theorem 3.18 The support of µ equals the closure of the set of saddle points.

Let F be a generalized Hénon map. A measurable function r(x) on J∗ is
called ε slowly varying if

(1 + ε)−1r(x) < r(f(x)) < (1 + ε)r(x).

Theorem 3.19 ([Pe]) Oseledec Theorem: There is an invariant set R of full
µ measure and invariant measureable distributions Esx, E

u
x on R such that

lim
n→∞

1
n

logDfn(x)(v) = λu, v ∈ Eux \ (0).

lim
n→∞

1
n

logDf−n(x)(v) = 1/λs, v ∈ Esx \ (0).

There is a slowly varying function s(x) > 0 on R which is smaller than the
angle between the two bundles.

Next the theory of real dynamics give us corresponding stable and unstable
manifolds. We state the result for the stable case. The unstable case is similiar.
Let Bs(x, δ) denote the ball of radius δ in the stable subspace Esx.

Theorem 3.20 ([Pe]) For any ε > 0 there are ε slowly varying positive func-
tions C(x), r(x) on R and a family W s

loc(x) of smooth manifolds satisfying
the following:
(i) W s is a graph of a function Bs(x, r(x)) → Eu tangent to Es.
(ii) For any y ∈ W s

loc.

C(x)e−(λs+ε)n ≤ dist(Fn(x), Fn(y)) ≤ C(x)e−(λs−ε)n

F (W s
loc(x)) ⊂W s

loc(F (x)).

We next fix compact sets of positive µ measure with uniform bounds. We
also rotate coordinates suitably: First we give a rough description: Choose
a small compact set K ⊂ R on which we have uniform estimates. Then for
x ∈ K we can assume that Wu

loc(x) is a graph over the z− axis and W s
loc(x)

is a graph over the w− axis. Call the local stable and unstable manifolds for
x ∈ K, F sx , Fux . There are pairwise one-point transversal intersections of stable
and unstable local leaves. The intersections must be in J since both forward
and backward orbits are bounded. The collection of such intersection points is
called a Pesin box. After a suitable restriction, the Pesin box is homeomorphic
to a product P s × Pu where P s is homeomorphic to the intersection of some
W s
loc(x) with the collection of unstable local leaves from K and similiar for

Pu.

Next we make a more precise definition:
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If φ is a plurisubharmonic function and γ is a complex curve, then ddc(φ|γ )
is a measure on γ.We can apply this to the functionG+ and the curvesWu

loc(x)
for x ∈ K. This gives rise to measures on the local unstable manifolds. We
define a set Q1:

Q1 = {x ∈ R; r(x) ≥ r, and (i), (ii), (iii) below hold}.
The set R is a set of full measure in the support of µ given by the Oseledec
theorem.
(i) For m0 > 0, r0 = r/8, and x ∈ R such that r(x) ≥ r, we consider the
property

µ+
|Wu

r (x)
≥ m0.

(ii): dist (fn(x), fn(y)) ≤ Ce−nλ for n ≥ 1 and y ∈ W s
r (x).

(iii) dist (f−n(x), f−n(y)) ≤ Ce−nλ for n ≥ 1 and y ∈ Wu
r (x).

Let S = {x ∈ J ; fn(x) ∈ Q for infinitely many n}. Set Q = Q1 ∩ S.
Let F be a compact subset of Q. We assume that F ⊂ {x ∈ R; r(x) ≥ r.}.
Then W s/u

loc (F ) := W
s/u
r (F ) = ∪x∈FW s/u

r (x) and Fs/u = {W s/u
r (x);x ∈ F}.

Assume that the diameter of F is small enough. Then we can assume after
an affine coordinate change that every W s

r (x) is a graph over the vertical axis
and every Wu

r (x) is a graph over the horizontal axis. For every x ∈ F,W s
r (x)

is transversal to Fu, and Wu
r (x) is transversal to Fs. The set P := W s

r (F ) ∩
Wu
r (F ) is called a Pesin box.

On the Pesin box there is a natural (holonomy) map between any two local
unstable manifolds following the local stable manifolds. Using the fact that
this holonomy map perservesG+ one gets, using a complex analysis argument,
that the holonomy maps preserve the above measures on the Pesin box.

Lemma 3.21 If T is a closed current, 0 ≤ T ≤ µ+, then locally T has a
continuous potential.

Basically this is since µ+ has a continuous potential and µ+ − T ≥ 0 has
a plurisubharmonic potential.

Definition 3.22 If L1, L2 are uniformly laminar currents on ∆2, then one
can define

L1∧̇L2 =
∫

λ1(a1)
∫

λ2(a2)[Γa1 ∩ Γa2 ]

with [Γa1 ∩ Γa2 ] defined as the 0−current which puts unit mass on each point
of Γa1 ∩ Γa2 with the exception that [Γa1 ∩ Γa2 ] = 0 if Γa1 = Γa2 .
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Lemma 3.23 Let L,L′ be uniformly laminar currents [such as we have on
Pesin boxes] on ∆2 such that there is a continuous plurisubharmonic function
u with ddcu = L. [Such as we have on Pesin boxes.] Then L ∧ L′ = LΛ̇L′.

Pesin Box

Saddle point

Fig. 12. Support of µ near a saddle point
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Lemma 3.24 Let P be a Pesin box, and Γ u be the corresponding lamination.
If p is a saddle point, then W s(p) must intersect λs almost every disc of Γ u

and the tangential intersections is an isolated subset of W s(p).

Proof: Let D ⊂ W s(p) be a small disc containing p. Then µ−|D is a nonzero
measure. This implies that the pullbacks converge to cµ+ for some c > 0. Let
E denote a nontrivial collection of unstable manifolds in the Pesin box which
avoids W s. Then ν−E =

∫

a∈E λ
s(a)[Γ u(a)] = ddcH, H continuous. Hence,

H
(fn)∗[D]
dn

→ cHµ+

so,

ν−E ∧
(fn)∗[D]
dn

→ cν−E ∧ µ+.

The left side is zero, since the currents have disjoint support and the second
is bounded below by a fraction of the mass of µ. �	

Proof of Theorem 3.16: The stable manifold enters the Pesin box and there
is a compact subsetKu of positive λs measure of unstable leaves that it crosses
with angle bounded below, Figure 12. The high pullbacks of these unstable
leaves converge to a collection of leaves near p by the Λ Lemma. They have
positive measure using G− along W s to count them. Similarly, the unstable
manifold of p must also intersect the stable leaves of P in a set of positive
measure of leaves. Pullbacks give again a positive measure using G+ to count.
Here µ+ is uniformly laminated as ν+ =

∫

λs1(w)[Vw ] and µ− is uniformly
laminated as ν− =

∫
λu1 (z)[Vz]. Then

∫

near p
µ ≥ ∫ ν+ ∧ ν− > 0. �	

Question 5. What can be said about non-saddle points for Hénon maps?

4 Lecture 4: Saddle Hyperbolicity for Hénon Maps

4.1 J and J∗

We say that a generalized Hénon map F is (uniformly) hyperbolic if there
exists a continuous splitting of the tangent space of C

2 in two linebundles
Esx, E

u
x , x ∈ J where Es and Eu are stable and unstable repectively. It is an

open question whether hyperbolicity is equivalent to hyperbolicity of F on
J∗. (It is however known that if F is hyperbolic then J = J∗ ([BS1]).)

One can rephrase this question:

Question 6. If F is hyperbolic on J∗, does it follow that F is hyperbolic on
J?
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A more general question is whether J = J∗ for all Hénon maps.
In ([F3]) the author showed that if F is sustainable, it follows that the

Hénon map is hyperbolic on J∗. The proof uses very strongly real methods.
We show here that for area contracting Hénon maps this condition implies
that F is hyperbolic on J . This uses strongly that the map is already known
to be hyperbolic on J∗ so this is in this case a positive answer to the above
question.

In this lecture we will assume that F is a generalized Hénon map which is
hyperbolic on J∗. We will also assume that the map is sustainable. We recall
the definition:

Fig. 13. Desired Orbit
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Fig. 14. Random δ Disturbance

Fig. 15. ε corrected orbit
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Let x0 ∈ C
2 ⊂ P

2. Fix a smooth Hermitian metric on P
2. We denote by

{xn}n≥0 the orbit of x0, Figure 13. This notation is used throughout. Let
τn denote a tangent vector at xn. We are interested in the case when τn =
sn+ tn where the sn are random deviations, Figure 14 and the tn are carefully
selected corrections, Figure 15. This will be made more precise below. We
define tangent vectors ξn = ξn(s, t) inductively: ξ0 = 0, ξn+1 = F ′(xn)ξn + τn.
The purpose of the corrections is to keep the size |ξn| ≤ 1.

We set s = {sn}, t = {tn} and |s| = supn |sn|, |t| = supn |tn|. We consider
correction maps t = T (s). So let 0 < ε < δ. Let N > 1 be a function of the
ε, δ and the point x0. Then the domain of T = {s = {sn}n≥1; |s| ≤ δ, sn =
0, n ≤ N} and the range of T is {t = {tn}n≥1; |t| ≤ ε}.
Definition 4.1 We say that the orbit {xn} is sustainable if there is a δ >
0 so that for every 0 < ε < δ there is an integer N = N(x0, ε, δ) and a
corresponding map T such that |ξn| ≤ 1 for all n ≥ 0 and

t = T (s), t′ = T (s′) and sn = s′n, n ≤ N +m⇒ tn = t′n, n ≤ m.

If the constants δ, ε,N can be chosen independently of the point x0 ∈ K,
we say that F is uniformly sustainable on K.

Simple examples of sustainable maps are F1 : R → R, F1(x) = 2x and
F2 : R

2 → R
2, F2(x1, x2) = (2x1,

1
2x2). A simple example of a nonsustainable

map is F3 : R → R, F3(x) = x + x2. For F1(x), let tn = − sn+N

2N . In the

case of F2, write sn = (s1n, s2n). Then tn = (− s1n
2N , 0) works. To see that F3

is not sustainable, choose sn = δ, n > N for the orbit of x0 = 0. Then
|ξn+N | ≥ nδ − (n+N)ε→∞ as n→∞.

We fix notation: Let F : C
2 → C

2 be a generalized Hénon map. Let
K ⊂ C

2 be an invariant compact set. We denote by Bp the closed unit ball in
Lp := TC2 .

Define inductively, B0
z = {0}, B1

z = BF (z), B
n
z = F ′(Bn−1

z ) + BFn(z). Fur-
thermore, let Anz = BnF−n(z) and A∞

z = ∪Anz . Then one can easily show that
F ′(A∞

z ) +BF (z) = A∞
F (z).

Recall that the cluster set of {zn}n, n → ∞ is called the ω− limit set of
z0, ω(z0) and the cluster set of {zn}n, n → −∞ is called the α− limit set of
z0, α(z0).

Next let z0 ∈ J and set L = ω(z0). We recall from ([F3]):

Theorem 4.2 The map F is uniformly sustainable on L.

Theorem 4.3 There exists a sustainability constant δ > 0, so that if z ∈ L,
n ≥ 1, then

‖(Fn)′(z)‖ ≥ δ

4
.
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Theorem 4.4 If z ∈ L,

sup
n0,n1≥1

‖(Fn1)′(Fn0(z))‖ = ∞.

Lemma 4.5 Let C > 1. Then there exists an M(C) so that if z ∈ L and
n ≥M(C), then Diam(Bnz ) ≥ C.
Theorem 4.6 If z ∈ L, then Vol(A∞

z ) = ∞.

4.2 Proof of Theorem 4.10

The following result is known ([F3]).

Theorem 4.7 Let F denote a generalized Hénon map on C
2. Suppose that

all orbits in J∗ are sustainable. Then F is saddle hyperbolic on J∗.

Our main results are the following:

Theorem 4.8 Suppose that all orbits in J are sustainable. If |J(F )| < 1 then
F is hyperbolic on J.

Theorem 4.9 Let F be a generalized Hénon map on C
2 ⊂ P

2. If F is hyper-
bolic on J, then F is uniformly sustainable on C

2 with respect to the Fubini
Study metric.

Proof of Theorem 4.10: In this case ([BS1]) J = J∗. If |J(F )| ≤ 1, C
2 is

partitioned into the stable set J+ of J , the attracting basin of [1 : 0 : 0] and at
most finitely many attracting periodic basins of bounded attracting periodic
orbits. If |J(F )| > 1 the similar statement holds for F−1 ([BS1]).

Let R > 1 be large enough. Set

V − = {(z, w); |z| > R, |w| ≤ |z|}
V + = {(z, w); |w| > R, |z| < |w|}
V = {(z, w); |z|, |w| ≤ R}

By Lemma 3.1 F (V −) ⊂ V −, F (V ) ⊂ V ∪ V − and Fn(p) ∈ V ∪ V − for
every p ∈ V +, n ≥ n(p).

Lemma 4.10 There exists a constant c > 0 and a neighborhood U of [1 : 0 : 0]
in P

2 so that if p ∈ U ∩C
2 and ξ ∈ Tp then

‖F ′(p)(ξ)‖ ≤ c

2n
‖ξ‖, n ≥ 1.
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Fig. 16. Ṽ ± and W̃

Proof of the Lemma: Let H(z, w) = (P (z) + aw, z) be a Hénon map,
P (z) =

∑d
j=0 ajz

j, d ≥ 2, ad �= 0. We express H in homogeneous coordinates.

[z : w : t] → [
d∑

j=0

ajz
jtd−j + awtd−1 : ztd−1 : td].

Near [1 : 0 : 0] we can use (w, t) as local coordinates. The map takes the
form:

H̃(w, t)=
(

td−1

ad + ad−1t+. . . a0td+awtd−1
,

td

ad + ad−1t+. . . a0td+awtd−1

)

.

If d > 2 then H̃ ′(0, 0) = 0 so we are done by continuity. If d =
2, H̃ ′(0, 0)(ξ1, ξ2) =

(
d−1
ad
ξ2, 0
)

. Hence if H1, H2 are Hénon maps, then
(

H̃1 ◦ H̃2

)′
(0, 0) = 0, so we are done again. �	

If (Z,W ) = H(z, w) = (P (z) + aw, z) then z = W,aw = Z − P (z) so

H−1(Z,W ) =
(

W,−P (z)
a

+
1
a
Z

)
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is of the same form as H. We can hence apply the above Lemma to H−1 as
well. For r >> R, 0 < ε << 1, define, Figure 16,

Ṽ − := {|z| > r, |w| ≤ ε|z|}, Ṽ + := {|w| > r, |z| < ε|w|}. We have the
following immediate consequence:

Lemma 4.11 Let F be a generalized Hénon map. Then there exist r, ε, c so
that:
(i) If p0 ∈ Ṽ −, ξ ∈ Tp0 , then

‖(Fn)′(p0)(ξ)‖ ≤ c

2n
‖ξ‖, n ≥ 1.

(ii) If pn ∈ Ṽ +, ξ ∈ Tp0 , then

‖(Fn)′(p0)(ξ)‖ ≥ 2n

c
‖ξ‖, n ≥ 1.

If we pick r1 > r large enough, then it follows that if ‖(z, w)‖ ≥ r1, (z, w)
not in Ṽ +, then F (z, w) ∈ Ṽ − and if (z, w) is not in Ṽ − then F−1(z, w) ∈ Ṽ +.
Let W̃ = {‖p‖ ≥ r1, p not in Ṽ + ∪ Ṽ −}.

By compactness there exists an integer N1 > 1 so that if p ∈ V + \
Ṽ +, ‖p‖ ≤ r1, then there exists a minimal n, 1 ≤ n ≤ N1 so that Fn(p) ∈
V ∪ V −. Moreover, if p ∈ V −, then there exists a minimal n, 0 ≤ n ≤ N1 so
that Fn(p) ∈ Ṽ −.

Next, we use the hypothesis that F is hyperbolic on J. There exist con-
stants λ > 1, c > 0 and two continuously varying line bundles Ls(p), Lu(p), p ∈
J , the stable and unstable bundle respectively with the following properties:
(i) The line bundles are subbundles of the tangent space and they span the
tangent space at every point.
(ii) F ′(p)(Ls(p)) = Ls(F (p))
(iii) F ′(p)(Lu(p)) = Lu(F (p))
(iv) ‖(Fn)′(p)(ξu)‖ ≥ cλn‖ξu‖ for all p ∈ J, ξu ∈ Lu,
(v) ‖(F−n)′(p)(ξs)‖ ≥ cλn‖ξs‖ for all p ∈ J, ξs ∈ Ls.

In order to find estimates valid on some neighborhood of J it is more
convenient to use cone fields. So we replace the line field Ls (Lu) be a small
cone in the tangent space centered at Ls (Lu). Then we get:

Lemma 4.12 There exists a neighborhood U ⊂ V of J and for every p ∈ U
small closed cones Csp, C

u
p , C

s
p ∩Cup = (0) in the tangent space varying contin-

uously with p and containing the stable and unstable line fields respectively in
their interior on J. There exists an integer m > 1 and a constant λ > 1 so
that:
(i) If p ∈ U,Fn(p) ∈ U, n ≥ m, then (Fn)′(p)(Cup ) ⊂ CuFn(p), ‖(Fn)′(p)(ξ)‖ ≥
λn‖ξ‖ ∀ ξ ∈ Cup .
(i) If p ∈ U,F−n(p)∈U, n ≥ m, then (F−n)′(p)(Csp)⊂CsF−n(p), ‖(F−n)′(p)(ξ)‖
≥ λn‖ξ‖ ∀ ξ ∈ Csp .
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Case (i). |J(F )| ≤ 1 :

V

U

J

W

W

J

+

Fig. 17. Neighborhoods near J

There is a neighborhood W , Figure 17, of [∂K+ ∩ V ] \ U and an integer
� ≥ 1 so that for any point p ∈ W , F �(p) ∈ U and F−�(p) ⊂ V −. Next we
observe that V \ [U ∪W ] = V1 ∪ V2 where V1 consists of points in attracting
basins of finitely many attracting periodic orbits in V and V2 belongs to the
attracting basin of [1 : 0 : 0].
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Let N > 1 be some integer. We give a prescription for how to find t as a
function of s. After that the uniform sustainability of F on C

2 will be clear.

The easiest orbits to deal with are those in V − where F is expanding, the
orbits in J which are saddles and the orbits in V + which are contracting. The
complications arise when orbits pass from one region to another.

Suppose at first that pn+N ∈ Ṽ −. Then we define tn = 0. The same applies
if pn+N ∈ W̃ . If pn+N ∈ Ṽ +, we let tn be the vector given by

(FN )′(pn)(tn) = −sn+N .

From now on we can assume that the orbit {pn} never enters W̃ .

Suppose next that pn+N ∈ V +. We assume that N > N1. Then
pn, . . . , pn+N−N1 ∈ Ṽ + where the map is uniformly expanding. We define tn
by (FN )′(pn)(tn) = −sn+N . Then

‖tn‖ ≤ c‖sn+N‖
2N

.

Moreover for 1 ≤ j ≤ N,

‖(F j)′(pn)tn‖ = ‖(F j)′(pn)[(F−N )′(pn+N )]sn+N‖
= ‖(F−(N−j))′(pn+N )(sn+N )‖
≤ c

‖sn+N‖
2N−j .

Hence the corrections add up to something small. We can next use the
same definition of tn if pn+N−2�−2m ∈ V −. The last 2�+ 2m iterates will not
seriously affect the sizes of the corrections.

Next we restrict to orbits for which pn+N−2�−2m is not in V +.

We divide into two cases depending on whether or not pn+N+j ∈ W ∪
U,−2�− 2m ≤ j ≤ m.

Assume at first that pn+N+j ∈W ∪ U,−2�− 2m ≤ j ≤ m so we are close
to J . Then pn+N+j ∈ U,−� − 2m ≤ j ≤ m. Let 0 ≤ j1 ≤ N − � − 2m be
minimal so that pn+j ∈ U for any j, j1 ≤ j ≤ N. Let j2,m ≤ j2 ≤ ∞ denote
the sup over all integers so that pn+N+j ∈ U for all integers 1 ≤ j ≤ j2.

Let ξs be a unit vector in Cspn+N
so that (F j)′(pn+N )(ξs) ∈ Cspn+N+j

for
any integer j,m ≤ j ≤ j2. Also let ξu be a unit vector in Cupn+N

so that
ξu = (FN−j1)′(pn+j1)ξ̃u for some ξ̃u ∈ Cupn+j1

. Then we can write sn+N =

aξs + bξu. Next we define tn+j1,n+N := bξ̃u. Then ‖tn+j1,n+N‖ ≤ C δ
µN−j1 for

some constants C, µ > 1. Hence the size decreases geometrically.
We call tn+j1,n+N a contribution to tn+j1 . The value of tn+j1 will be the

sum of all contributions to tn+j1 . The key point why these values of tn work is
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that the contributions to the random disturbances from the components aξs

decrease exponentially under iteration.
Finally we deal with the case when pn+N−2�−2m is not in V + and for some

j,−2�− 2m ≤ j ≤ m, pn+N+j is not in W ∪ U. There is a uniform constant
k ≥ 1 (independent of N) so that if q is not in V + ∪W ∪ U , then F j(q) is in
V − or in any prescribed small neighborhood of the finitely many attracting
periodic orbits of F for any j ≥ k. In particular this holds for F j(pn+N ) for
any j ≥ m+ k. In this case it suffices to choose tn = 0.

Case (ii). |J(F )| > 1 :

In this case there might be finitely many repelling periodic orbits. These
are all in J+ = ∂K+. In this case we let W be the same as before after
removing small neighborhoods of the repelling periodic points. The rest of
the argument is the same. �	

4.3 Proof of Theorem 4.9

Here we prove Theorem 4.9, improving Theorem 4.8 from ([F3]). Some of the
arguments are similar to the ones in ([F3]), but we include them in this basic
course, for the ease of the reader. Let z0 ∈ J and set L = ω(z0) or L = α(z0).
We assume that the orbit of z0 is sustainable.

Lemma 4.13 If F is saddle hyperbolic on L, then L ⊂ J∗.

J

*

Fig. 18. Homoclinic intersections belong to J∗

Proof: Since L is an ω or α limit set, it follows that L is chain recurrent, i.e.,
for every point z0 ∈ L and every ε > 0 there is an ε pseudo orbit {zn} ⊂ L



Real Methods in Complex Dynamics 97

with zn = z0 for some n ≥ 1. But then it follows from ([S]) that saddle points
are dense in K. [They might not be in L.] Since all saddle points of F are in
J∗ ([BLS]), it follows that L ⊂ J∗. �	
Lemma 4.14 If F is saddle hyperbolic on J∗, then J∗ has local product struc-
ture.

Proof: Suppose that p ∈ W s
loc(J

∗) ∩Wu
loc(J

∗), p /∈ J∗. Then set K := J∗ ∪
{pn}∞n=−∞. Then F, F−1 are saddle hyperbolic on K as we see using local
cone fields, and every point in K is chain recurrent. Hence there are periodic
saddle points arbitrarily close to p. This is impossible since all periodic saddles
are contained in J∗ by ([BLS]). This shows that in fact J∗ has local product
structure. �	

A result of Shub ([S]) then implies that

Lemma 4.15 If F is saddle hyperbolic on J∗, W s(J∗) = ∪x∈J∗W s(x) and
similiar for the unstable set.

Lemma 4.16 ([BLS], Lemma 6.4) Suppose a stable and an unstable manifold
for points in J∗ are tangent at p. Then after an arbitrarily small change in p,
the intersection will be transverse.

Proof: We remind the reader of the proof in ([BLS]). Assume at first that
all nearby intersections are tangential. We minimize the local tangency. Then
we have a stable manifold of the form w = 0 and an unstable manifold of the
form w = zk, k ≥ 2 minimal in some local coordinate system. Next, consider
the unstable manifold of a close by point in J∗. In the local coordinate system,
this will by minimality still be tangent to w = 0 of order k. So it has the form
w = (z − a)kφ. Then φ must be close to one on a given fixed disc. Hence we
can take roots and write w = [(z − a)ψ(z)]k, ψ close to one. Now since the
unstable manifolds w = zk and w = [(z − a)ψ]k are disjoint, there can be no
roots of zk = [(z − a)ψ]k. But if ω �= 1 is a primitive root of unity, we get
z = ω(z − a)ψ which must have a root. �	
Lemma 4.17 Suppose that p ∈ W s(J∗) ∩Wu(J∗) and that F is hyperbolic
on J∗. Then p ∈ J∗.

Proof: See Figure 18. By the previous Lemma we can assume after a small
change in p that p is a transverse intersection between a stable and an unstable
manifold for points in J∗. But then K := J∗∪{pn}n∈Z is a compact invariant
set. Moreover, F is saddle hyperbolic on K and K is chain recurrent. Hence
by Shub, K ⊂ J∗. �	
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The next result is the analogue of Proposition 4.2 of ([F3]). The condition
that saddle points are dense in J∗ is here replaced by contraction of the
mapping.

Fig. 19. Bn
z along the unstable direction

Proposition 4.18 Let F be a generalized Hénon map with |J(F )| = λ < 1.
Suppose that F is uniformly sustainable on L = ω(z0), z0 ∈ J, with uniform
constants 0 < δ < 1, N(ε, δ). Let rn(z) denote the radius of the largest ball
B(0, r) ⊂ Bnz . Then rn(z) ≤ 1

δ for all n ≥ 1, z ∈ L, Figure 19.

Proof: If not, pick w ∈ L,m ≥ 1 so that rm(w) > 1+σ
δ , σ > 0. Let Λ > 1, to

be chosen below. Let ε, 0 < ε < δ, to be chosen below and set N = N(ε, δ).
Let n ≥ 1 be the smallest integer so that 4λn

δ < δ
Λ . Set z0 = w−n−N .

Before we proceed we need the following immediate Lemma:

Lemma 4.19 We can diagonalize (Fn)′(w−n) by using suitable orthonormal
bases {A,B} at w−n and {ξ1, ξ2} at w0. The largest diagonal entry satisfies
|Enz | ≥ δ

4 (Theorem 4.4), the other satisfies |Fnz | ≤ 4λn

δ . [(Fn)′(z)(A) =
Enz ξ1, (F

n)′(z)(B) = Fnz ξ2.]

We diagonalize (Fn)′(w−n) as in the Lemma.
Let ξ̃ be the image (Fm)′(w0)(ξ1). We choose ṽ ⊥ ξ̃ of norm 1+σ

δ . Then
there exist vectors s̃1, . . . , s̃m of norm ≤ 1 so that

ṽ = F ′(wm−1) · · ·F ′(w1)s̃1
+ · · ·+ F ′(wm−1)s̃m−1 + s̃m.

We set

sj = 0, j ≤ n+N, sj = δs̃j−n−N , n+N < j ≤ n+N+m, sj = 0, j > n+N+m.

By sustainability there is |t| ≤ ε, so that |ξ�(s, t)| ≤ 1 for the orbit of z0.

At first, we observe that |ξN (s, t)| ≤ 1. Next we observe that

ξN+n(s, t) = [(Fn)′(zN (s, t))(ξN )]
+ [F ′(zn+N−1) · · ·F ′(zN )tN + · · ·+ tn+N ]



Real Methods in Complex Dynamics 99

ξN+n+m(s, t) = [(Fm)′(w)(Fn)′(zN )(ξN )]
+ [F ′(zn+N+m−1) · · ·F ′(zN )tN + · · ·+ tn+N+m]
+ δṽ

Let [·]1 denote the component of a vector parallel to ṽ. Then we get

1 ≥ ‖ξN+n+m(s, t)‖
≥ ‖[ξN+n+m(s, t)]1‖
≥ δ‖ṽ‖ − ‖[(Fm)′(w)(Fn)′(zN )(ξN )]1‖
− ‖[F ′(zn+N+m−1) · · ·F ′(zN )tN + · · ·+ tn+N+m]1‖

≥ 1 + σ − ‖(Fm)′(w)‖4λn

δ
−
n+m∑

j=0

(‖F ′‖L)j |t|

Let C := max{2, supp∈L‖F ′(p)‖}. We get:

1 ≥ 1 + σ − Cm δ
Λ
− Cn+mε.

Next we choose Λ so that Cm δ
Λ <

σ
2 . This determines n. Next we choose ε

so that Cn+mε < σ
2 . It then follows that ‖ξN+n(s, t)‖ > 1, a contradiction. �	

Proposition 4.20 Assume that |J(F )| < 1. Then there is a unique continu-
ous invariant line field {Lz}, z ∈ L,Lz ⊂ A∞

z .

Proof:
A∞
z = ∪n≥1A

n
z ⊃ · · ·Akz ⊃ · · · ⊃ A1

z

where Anz = BnF−n(z).

By constructionBnF−n(z) ⊃ B2(0, 1).However, by Proposition 4.19,BnF−n(z)

has a boundary point in B2(1, 1/δ). Each Anz is a convex, complete Reinhardt
domain. Hence A∞

z is a convex, complete Reinhardt domain and A∞
z has a

boundary point in B2(1, 1/δ) while A∞
z ⊃ B2(0, 1). Moreover, by Theorem 4.7,

Vol(A∞
z ) = ∞. Therefore A∞

z is an unbounded set. Let {zn} ⊂ A∞
z , zn →∞.

Then there exist radii Rn →∞ so that

{τ zn
‖zn‖ , τ ∈ C, |τ | < Rn} ⊂ A∞

z .

By passing to a limit we find that there exists a complex line Lz through
0 so that Lz ⊂ A

∞
z . Since A∞

z contains an open neighborhood of the origin,
it follows from convexity that Lz ⊂ A∞

z .
The continuity of the line field follows from the fact that Anz varies contin-

uously with z for all n and the fact that the volume of Anz = BnF−n(z) grows
uniformly by Lemma 4.6. �	
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We prove a contraction estimate similar to ([FS3, Proposition 4.6]) and
include the details for the readers convenience.

Define {ξ̃s}z∈L, ‖ξ̃sz‖ = 1, ξ̃sz ⊥ Lz. Then for ξuz a unit vector in Lz:

Proposition 4.21 Assume |J(F )| < 1. Write (F k)′(z)(ξ̃sz) = αkz ξ̃
s
Fk(z) +

βkz ξ
u
Fk(z). Then |αkz | ≤ Cµk, C > 1, µ < 1, z ∈ L arbitrary, k ≥ 1.

We will first prove some Lemmas.
We know from Proposition 4.21 that A∞

z = {τ ξ̃sz ; |τ | < rz} + Lz, 1 ≤
rz ≤ 1

δ . We have that F ′(z)(ξ̃sz) = αz ξ̃
s
F (z) + βzξ

u
F (z). Hence F ′(z)(rz ξ̃sz) =

rzαz ξ̃
s
F (z) + rzβzξ

u
F (z).

This implies

Lemma 4.22 rF (z) = rz |αz|+ 1.

We can apply this Lemma repeatedly to the orbit {zk}k≥0 :

rz1 = rz0 |αz0 |+ 1
rz2 = rz1 |αz1 |+ 1

= [rz0 |αz0 |+ 1]|αz1 |+ 1
= |αz1 ||αz0 |rz0 + |αz1 |+ 1

Lemma 4.23

rzk
= |αzk−1 | · · · |αz0 |rz0 + |αzk−1 | · · · |αz1 |+ · · ·+ |αzk−1 |+ 1.

Since 1 ≤ rz0 and rzn ≤ 1/δ we get after replacing k by k + 1 :

Corollary 4.24 If k ≥ 0,

|αzk
| · · · |αz0 |+ |αzk

| · · · |αz1 |+ · · ·+ |αzk
|+ 1 ≤ 1/δ.

Let j =
[

2
δ

]

+ 1. Then j ≥ 2
δ .

Lemma 4.25 If k ≥ j, then there is an m(k), k − j < m(k) ≤ k so that
|αzk

| · · · |αzm(k) | ≤ 1
2 .

Proof:
|αzk

|+ |αzk
||αzk−1 |+ · · ·+ |αzk

| · · · |αzk−j+1 | ≤
1
δ
.

There are j terms, so the smallest one is at most 1
δ

1
j ≤ 1

δ
δ
2 = 1

2 . �	
Set C = supz∈L |αz| ∨ 1.

Lemma 4.26 Let k = �j + r, 0 ≤ r < j. Then |αzk
| · · · |αz0 | ≤ 2Cj

(
1
2

) k
j .
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Proof: Set k = k1, k2 = m(k1)−1, . . . , kn = m(kn−1)−1, kn < j. Then n ≥ �
and we get

|αzk
| · · · |αz0 | =

[

|αzk1
| · · · |αzm(k1) |

]

∗
[

|αzk2
| · · · |αzm(k2) |

]

· · ·
[

|αzkn−1
| · · · |αzm(kn−1) |

]

∗ |αzkn
| · · · |αz0 |

≤
(

1
2

)n

Cj

≤
(

1
2

)�

Cj

Since �j ≥ k − j, � ≥ k−j
j = k

j − 1. �	
Proof of the Proposition: The estimate follows from the identity |αkz | =
|αFk(z)| · · · |αz | and by the above Lemma. �	

We set (F k)′(ξuz ) = γkz ξ
u
Fk(z). Theorem 4.4 implies:

Lemma 4.27 Let z ∈ L. Assume that |J(F )| < 1 Then, |αnz | ≤ Cµn, C >
1, µ < 1,max{|βnz |, |γnz |} ≥ τ > 0 for each n ≥ 1. The constants C, µ, τ are
independent of z.

The next Lemma is the same as ([FS3], Lemma 4.11). We still include the
proof here for the benefit of the reader.

Lemma 4.28 There exists an increasing sequence {Cn}, 1 < C1 < C2 <
· · · < limCn <∞ so that |βnz | ≤ Cn|γnz | for all z ∈ L.
Proof: We get if n ≥ 1 and C′ := supq∈L |β1

q | :

βn+1
p = αnpβ

1
Fn(p) + βnp γ

1
Fn(p)

γn+1
p = γ1

Fn(p)γ
n
p

Hence:
|βn+1
p | ≤ Cµn|β1

Fn(p)|+ Cn|γnp ||γ1
Fn(p)|

|βn+1
p | ≤ CC′µn + Cn|γn+1

p |.
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Suppose at first that |γn+1
p | ≥ τ. Then we have

CC′µn =
(
CC′

τ

)

µnτ

≤
(
CC′

τ

)

µn|γn+1
p |

Hence:

|βn+1
p | ≤

[

Cn +
CC′

τ
µn
]

|γn+1
p |

≤ Cn

[

1 +
CC′

τ
µn
]

|γn+1
p |

Assume next that |γn+1
p | < τ. Then by Lemma 4.27, |βn+1

p | ≥ τ. We get:

|βn+1
p | ≤ Cn|γn+1

p |+
(
CC′

τ

)

µnτ

≤ Cn|γn+1
p |+

(
CC′

τ

)

µn|βn+1
p |

Hence, if n ≥ n0, n0 large enough,

|βn+1
p | ≤ Cn

1− CC′
τ µn

|γn+1
p |.

Hence we first define C1, . . . , Cn0 so that 1 < C1 < · · · < Cn0 and |βjp| ≤
Cj |γjp| for all j = 1, . . . , n0, p ∈ L : This is possible since the functions |γjp| :
L→ R

+ are strictly positive continuous functions. Then for n ≥ n0, we define

Cn+1 = max

{

Cn

1− CC′
τ µn

, Cn

[

1 +
CC′

τ
µn
]}

=
Cn

1− CC′
τ µn

.

Since µ < 1 the Lemma follows. �	
Let C∞ = limCn.

|βnz | ≤ C∞|γnz | ∀ z ∈ L, n ≥ 1.

Since max{|βnp |, |γnp |} ≥ τ , we have |γnp | ≥ τ
C∞ . From this we immediately

get:
‖(Fn)′(z)(ξuz )‖ ≥ τ

C∞
‖ξuz ‖

for any z ∈ L and any n ≥ 1.
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Proposition 4.29 Suppose that F is a generalized Hénon map,
|J(F )| < 1. Suppose z0 ∈ J is sustainable and let L := ω(z0). Then F is
saddle hyperbolic on L.

Proof: We show first that F is uniformly expanding on the line field Lz. If
not, there is a point z ∈ L so that

‖(Fn)′(z)(ξuz )‖ ≤ ‖ξuz ‖
for all n ≥ 1. Let T > C be a constant to be fixed later, C as in Lemma 4.28.
Then there exists by Theorem 4.5 integers n0, n1 ≥ 1 so that the norm of the
matrix (Fn1)′(Fn0(z)) is at least 3T. Since |αn1

Fn0(z)| ≤ Cµn1 ≤ C < T we
obtain that

max{|βn1
Fn0(z)|, |γn1

Fn0(z)|} ≥ T.
We also know that |γn1

Fn0(z)| ≥ T
C∞

by Lemma 4.29. Since we know by
Lemma 4.28 that |γn0

z | ≥ τ
C∞ , we conclude that

|γn1+n0
z | = |γn1

Fn0(z)||γn0
z | ≥

Tτ

C2∞
.

This contradicts that |γn1+n0
z | = ‖(Fn1+n0)′(z)ξuz ‖ ≤ 1 if we choose T >

C2
∞
τ .

Hence we have shown that F is uniformly expanding on {Lz}, z ∈ L, i.e.
there are constants C3 > 0, λ > 1 so that

|γnz | ≥ C3λ
n, z ∈ L, n ≥ 1.

Next we find a stable invariant continuous line field on L by a standard
argument. Fix a k ≥ 1 so that |γkz | > 2, |αkz | < 1

2 for all z ∈ L. Also, let
A = supL |βkz |.

We start for any z with a disc of candidates for stable vectors,

∆z0 = {ξ̃sz + τξuz ; |τ | < 2A}.
After k iterates this disc expands to cover {αkz ξ̃sFk(z) + σξuFk(z); |σ| < 3A}.

We let ∆z1 consist of the relatively compact subdisc of ∆z0 whose image covers
{|σ| < 2A}. We repeat the process. The intersection of the discs ∆zj define
the line field Lsz. It is easy to see that Lsz is invariant and varies continuously
and is stable. �	
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J *

Fig. 20. α and ω limit sets

Completion of the Proof of Theorem 4.9: Let p ∈ J \ J∗. By the above
Lemma F is saddle hyperbolic on ω(p). By Shub ([S]) there are saddle points
clustering everywhere on ω(p). This implies by Lemma 4.14 that ω(p) ⊂ J∗.
By Lemma 4.18 it suffices to show that α(p) ⊂ J∗ because this would imply
that p ∈ J∗, a contradiction, Figure 20.

By the shadowing Lemma it follows that there is a neighborhood U(J∗) so
that if p ∈ J \ J∗ and α(p) is not contained in J∗ then α(p) is not contained
in U.

Let p ∈ J \J∗, α(p) not a subset of J∗. Let q ∈ α(p)\U, then α(q) ⊂ α(p).
Notice that if α(q) ⊂ U , then again it follows that q ∈ J∗, a contradiction,
so α(q) can never be contained in U. Next pick q ∈ α(p) \ U so that α(q) is
minimal. Then for every z ∈ α(q) \U , α(z) = α(q). It follows that F (α(q)) ⊂
α(q) since if z ∈ α(q), then there is a sequence nj so that F−nj (z) → z.

Let z ∈ α(q). Since ω(z) ⊂ J∗, there is a minimal n(z) so that for every
n ≥ n(z), we have Fn(z) ⊂ U. Let Km = {z ∈ α(q);n(z) ≤ m}. Then Km

is closed. Moreover Km is nowhere dense in α(q) outside U. By a category
argument there is a point z in α(q)\∪Km. But this contradicts that ω(z) ⊂ J∗.
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[Cr] Cremer, H; Űber die Ha̋ufigkeit der Nichtzentren, Math. Ann. 15 (1938), 573–

580.
[DJ] Diller, J., Jonsson, M; Topological Entropy on saddle sets in P

2, Duke Math.
J. 103 (2000), 261–278.

[FJ] Favre, C., Jonsson, M; Manuscript
[F1] Fornæss, J. E; Dynamics in Several Complex Variables, CBMS 87, (1996).
[F2] Fornæss, J. E; Infinite dimensional complex dynamics, Discrete and Contin-

uous Dynamical Systems, Millenium Issue, 6 (2000), 51–60.
[F3] Fornæss, J. E; Random Iteration and Shadowing, preprint.
[F4] Fornæss, J. E; Short C

k, preprint.
[FGa] Fornæss, J. E., Gavosto, E; Existence of Generic Homoclinic Tangencies for

Henon mappings, Journal of Geometric Analysis, 2 (1992), 1–16.
[FGr] Fornæss, J. E., Grellier, S; Exploding Orbits of Hamiltonian and Contact

Structures, Lecture notes in pure and applied math, 173 (1996), 155–172.
[FS1] Fornæss, J. E., Sibony, N; Random Iterations of Rational Functions, Ergodic

Theory and Dynamical Systems, 11 (1991), 687–708.



106 John Erik Fornæss

[FS2] Fornæss, J. E., Sibony, N; Complex Hénon mappings in C
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1 Global and Local Equivalence Problems

There is a classical theorem in complex analysis, called the Riemann mapping
theorem, which states that any simply connected domain in C is either holo-
morphically equivalent to C or to the unit disk. For more general domains
in C, He-Schramm showed [HS] that if ∂D has countably many connected
components, then D is holomorphically equivalent to a circle domain whose
boundaries are either points or circles. These results give a nice picture on
the holomorphic structures for domains in C. When one goes to higher di-
mensions, a natural question is then to investigate the complex structure for
domains in Cn for n ≥ 2. More precisely, given two domains in Cn, one would
like to know if there is a biholomorphic map between them. This the so-called
global equivalence problem in several complex variables. Along these lines of
investigations, substantial progress has been made in the past 30 years ([Fe],
[CM], [BSW], etc.). However, we are still a certain big distance away from
getting a relatively complete picture as in the one complex variable.

An approach to the study of the equivalence problem is to attach holomor-
phic invariants to each given domain. Since domains in Cn are open complex
manifolds, many (interior) invariants which are crucial for the study of com-
pact complex manifolds are difficult even to define. As already observed by
Poincaré about 100 years ago, the interior complex structure of a domain
D in Cn for n > 1 is closely related to the partial complex structure in its
boundary, which is the so-called CR structure. Hence, the classification of
� Supported in part by NSF-0200689 and a grant from the Rutgers University

Research Council
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the complex structures for domains in Cn may be reduced to the equivalence
problem for the boundary CR structures. Indeed, this idea has been proved to
be fundamental through the work of Cartan, Tanaka, Chern-Moser, etc. And
it indeed led to the solutions to many questions.

To illustrate what we said above, we give the following classical example
of Poincaré:

Proposition 1.1: Let Bn = {z ∈ Cn : |z| < 1} and ∆n = ∆ × ... × ∆ :=
{(z1, · · · , zn) : |zj| < 1}. Bn and ∆n are diffeomorphic to each other. But Bn

is not biholomorphic to ∆n.

Proof of Proposition 1.1: Suppose that there is a biholomorphic map f from
∆n to Bn. Let p = (p1, ..., pn) ∈ ∆n be such that f(p) = 0. Let σj ∈ Aut(∆)
be such that σj(0) = pj . Write σ(z1, ..., zn) = (σ1(z1), ..., σ(zn)) and F = f ◦σ.
Then F is also a biholomorphic map from ∆n to Bn with F (0) = 0.

Write F (z) = zA+
∑
aαz

α. Write τθ for the map sending z to eiθz, and de-
fine Fθ = τ−1

θ ◦F ◦τθ : ∆n → Bn. Then Fθ has the following Taylor expansion
at 0: Az+

∑
ei(|α|−1)θaαz

α. Since Bn is convex, the map 1
2π

∫ 2π

0 Fθ(z)dθ = Az
still maps ∆n to Bn. Applying the same argument to F−1, we similarly con-
clude that the A−1z maps Bn to ∆n. Hence, Bn and ∆n are holomorphically
equivalent through the linear map Az. This yields a contradiction; for Bn has
a smooth boundary, while the boundary of ∆ is only Lipschitz continuous.

�	

The key step in the proof of the above proposition is to find a better be-
haved map so that it induces a nice boundary map. Hence the existence of
the holomorphic equivalence map imposes the ‘match-up’ of certain boundary
geometry. In the case considered above, the group structure of the domains
allows us to get a very rigid map, which can be actually made to be linear. In
general, since most domains have trivial automorphism groups (see [GK], for
instance), it is unrealistic to conjecture that the holomorphic equivalence of
two domains must induce the linear equivalence of their boundary. A funda-
mental result by the work of C. Fefferman [Fe] and Bochner (see, e.g. [Ho] or
[Kr]) asserts that for two bounded smooth strongly pseudoconvex domains,
they are holomorphic equivalent if and only if their boundaries are CR equiv-
alent. To state precisely the result of Bochner and Fefferman, we recall the
following definition [Kr].

Let D ⊂⊂ U be a bounded domain in Cn with defining function r ∈
Cα(U), where α ≥ 2. Namely, we assume that r < 0 in D, r > 0 in U \ D̄ and
dr|∂D �= 0. (We call D a domain with Cα-smooth boundary.) Define the Levi
form of r by

Lr,p(ξ, ξ) =
∑ ∂2r

∂zj∂zk
|pξjξk.

We callD is pseudoconvex (or strongly pseudoconvex) at p ∈ ∂D if Lr,p(ξ, ξ) ≥
0 (or, Lr,p(ξ, ξ) ≥ C|ξ|2 with C > 0, respectively) for any ξ = (ξ1, · · · , ξn) with
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∑n
j=1 ξjrzj (p) = 0. D is called a pseudoconvex domain (or, a strongly pseudo-

convex domain) ifD is pseudoconvex (or, strongly pseudoconvex, respectively)
at any boundary point p.

More generally, for a real submanifold M ⊂ Cn of real codimension k. We
define CTpM to be the collection of vectors: L =

∑
(aj ∂

∂zj
+ bj

∂
∂zj

)|p, such
that L(g) = 0 for any function g, which is smooth in a neighborhood of M
and is constant along M . CTpM is called the complex tangent vector space of
M at p. We define the holomorphic and conjugate holomorphic tangent vector
space of M at p to be

T (1,0)
p M = CTpM ∩ T (1,0)

p Cn, T (0,1)
p M = CTpM ∩ T (0,1)

p Cn, respectively.

Write CRp(M) = dimC T
(1,0)
p M . CRp(M) is called the CR dimension of M

at p. It is easy to see that CRp(M) is an upper semi-continuous function
in p, which is the simplest holomorphic invariant that one can attach to the
germ of a real submanifold in Cn. When CRp(M) is identically 0, we call
M a totally real submanifold. When CRp(M) is a positive constant, we call
M a CR submanifold of Cn. Notice that in case M is a real hypersurface,
CRp(M) ≡ n− 1 and thus M must be a CR submanifold for n ≥ 2.

Let M and M ′ be two CR submanifolds of Cn for n ≥ 2. We call M
and M ′ to be CR equivalent if there is a smooth diffeomorphism F from M

into M ′ such that F∗(T (1,0)
Z M) = T

(1,0)
F (Z)M

′ for any Z ∈ M . Such a map F

is called a smooth CR diffeomorphism from M to M ′. We call two germs
of real submanifolds (Mj , pj) with pj ∈ Mj to be CR equivalent if there
is a CR diffeomorphism from a small neighborhood of p1 in M1 to a small
neighborhood of p2 in M2, which maps p1 to p2. The following theorem, called
the Bochner-Fefferman theorem, is crucial to reduce the equivalence problem
for domains to the study of the boundary CR equivalence problem:

Theorem 1.2 (Bochner-Fefferman [Fe] [Ho]): Let D1 and D2 be bounded
strongly pseudoconvex domains in Cn with C∞ boundaries. Then D1 and D2

are biholomorphically equivalent if and only if there is a smooth CR equiva-
lence map from ∂D1 to ∂D2.

For any real submanifolds M and M ′ in Cn, we call M and M ′ to be holo-
morphically equivalent if there is a biholomorphic map Φ from a neighborhood
of M to a neighborhood of M ′ in Cn such that Φ(M) = M ′. Apparently, when
M and M ′ are holomorphically equivalent, then they are automatically CR
equivalent. By the work of many people (see [CM], [Le], [Pi], [BJT], etc.), it is
now clear that when M and M ′ are real analytic CR submanifolds with some
extra geometric restrictions, the CR equivalence of M with M ′ implies their
holomorphic equivalence. For instance, the following is a special case of the
Baouendi-Jacobowitz- Treves theorem: (For more references on this matter,
we refer the reader to the book of Baouendi-Ebenfelt-Rothschild [BER1] or
the survey paper [Hu1]):
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Theorem 1.3 (Baouendi-Jacobowitz-Treves [BJT]): Let M1 and M2 be two
real analytic hypersurfaces in Cn. Suppose that M1 and M2 do not contain
any non-trivial holomorphic curves. Then any smooth CR equivalence map
from M1 to M2 is actually a holomorphic equivalence map from M1 to M2.

We notice that by a result of Diederich-Fornaess [DF], any compact real-
analytic submanifold in Cn does not contain any non-trivial germs of complex
analytic curves. We also mention that Theorem 1.3 follows from the more
general theory of Chern-Moser, when both Mj are Levi non-degenerate. (See
the next section for more notation on this matter.)

Different from the situation in one complex variable, in the 70′s, Pinchuk
and Vitushkin first showed that germs of local holomorphic equivalences be-
tween strongly pseudoconvex hypersurfaces can be extended to the global
holomorphic equivalence maps under certain geometric assumptions for the
hypersurfaces. (See [Vit] for references). This gives the evidence that for many
important classes of domains, the local CR structures of their boundaries es-
sentially determine their interior global complex structures. There have been
many developments along these lines of research. Here, we only state the fol-
lowing theorem recently obtained in [HJ1] and refer the reader to [HJ1] for
more references on this matter:

Thereon 1.4 (Huang-Ji [HJ1]): Let D be a bounded strongly pseudoconvex
domain in Cn defined by a real polynomial. If there is a point p ∈ ∂D such
that a small piece of ∂D near p is CR equivalent to a small piece of the unit
sphere ∂Bn, then D must be biholomorphic to the unit ball Bn.

With the above discussions, it is also natural to study the local holomor-
phic equivalence problem for real submanifolds in complex spaces. Namely,
one can consider the following two problems:

Question 1.5: Let (Mj, pj) be real submanifolds in Cn. When is there a
biholomorphic map F from a neighborhood U1 of p1 ∈ M1 in Cn into a
neighborhood of p2 ∈M2 in Cn such that f(M1 ∩ U1) ⊂M2 ?

Question 1.6: Let (Mj , pj) be CR submanifolds in Cn and CN , respectively,
with N ≥ n. Classify all CR embeddings from (M1, p1) to (M2, p2) up to the
CR automorphism groups: Aut(M1) and Aut(M2).

Question 1.6 is more along the lines of CR rigidity problems, which, un-
fortunately, we can only briefly touch in §2 of this lecture notes, due to the
time limit. In the following sections, we will mainly address some of the recent
work on Question 1.5.

Acknowledgment: The present notes grew out of the lectures I gave in the
summer graduate school held at Martina Franca, Italy, June-July, 2002. The
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materials discussed are from the research work carried out in [CM] [Ch] [Mos]
[MW] [HJ2] [EHZ1], etc.. Also, we mention to the reader the books by Krantz
[Kr], Baouendi-Ebenfelt-Rothschild [BER1] and R. Gardner [Ga], where one
can find most of the necessary prerequisites. We thank G. Zampieri and D.
Zaitsev for their invitation and hospitality during my pleasant stay in Italy
in the summer of 2002. Thanks are also due to S. Ji and D. Zaitsev for their
generous help provided during the preparation of the notes.

2 Formal Theory
for Levi Non-degenerate Real Hypersurfaces

Let (M,p) be the germ of a real hypersurface in Cn (n > 1) near p. We will
construct the holomorphic invariants of M at p such that we can distinguish
the hypersurfaces by reading off their invariants. In this section, we will use
the formal power series method. There is a more geometric approach based
on the ideas of E. Cartan, that we will address in §5. In the power series
method, we will try to find good representation for the hypersurfaces, called
their normal form. The invariants are then embedded in the coefficients of
their normal form. This section is based on the papers [CM] [EHZ1].

2.1 General Theory for Formal Hypersurfaces

We let (M,p) be a germ of real (formal) hypersurface in the complex n-space
with n ≥ 2. First, after a local change of coordinates, we assume that p = 0,
TM = {v = 0}, T (1,0)M = {w = 0}, where we use (z, w) ∈ Cn−1 × C for
the coordinates of Cn and write w = u + iv. Then M near 0 is defined by
an equation of the form: v = ρ with ρ(0) = dρ(0) = 0. Notice that ρ is
real-valued. Write

ρ =
∑
aklzkz� +

∑
bklzkzl +

∑
bklzkzl

+
∑
ekzku+

∑
ekzku+ du2 +O(|(z, w)|3).

Then we have on M :

Re{−iw− 2
∑

kl

bklzkzl − 2
∑

k

ckzku} =
∑

aklzkzl + du2 +O(|(z, w)|3).

Define {

w′ = w − 2i
∑

kl bklzkzl − 2i
∑

k ckzkw − diw2,
z′ = z.

In the (z′, w′) coordinates, M can be expressed as the graph of the following
function:

v′ =
∑

aklz
′
kz

′
l +O(3) = z′Az′

t
+O(3)
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where A = A
t

is a matrix. Write

A = Γ







λ1 0 ... 0
0 λ2 . . . ...
...

...
...

0 0 ... λn−1






Γ
t

= ΓΛΓ
t
,

Then
v′ = z′ΓΛ(z′Γ )

t
+O(3).

Let z′′ = z′Γ , w′′ = w′. We have v′′ =
∑
λj |z′′j |2 + O(3). We say that p = 0

is a Levi non-degenerate point of M if λj �= 0 for each j.
Assume, for the rest of this section, that M is Levi non-degenerate at 0.

Then without loss of generality, we can assume that

v′′ =
∑

εj

∣
∣
∣
∣

√

|λj |z′′j
∣
∣
∣
∣

2

+O(3),

where εj = −1 if j ≤ �; and εj = 1 if j > �. With z′′′j =
√|λj |z′′

j , w′′′ = w′′.
Then in the (z′′′, w′′′) coordinates, M is the graph of the following function:

v′′′ =
∑

εj |z′′′j |2 +O(3).

Still write z for z′′′ and w for w′′′. Then M is defined by:

(2.0) v = −
�∑

j=1

|zj|2 +
n−1∑

j=�+1

|zj|2 +O(|(z, w)|3).

In the above expression and for the rest of this section, when � = 0, we
regard the first term after the equality sign to be zero. Replacing (z, w) by
(z�+1, · · · , zn−1, z1, · · · , z�,−w) if necessary, we can assume that � ≤ n−1

2 .
The pair (�, n − 1 − �) is called the signature of M at 0. The model of Levi
non-degenerate hypersurfaces with signature (l, n− 1− l) is the hyperquadric
defined as follows:

(2.0)′ Hn
� = {v = −

�∑

j=1

|zj |2 +
n−1∑

j=�+1

|zj |2}.

Notice that the pair (�, n − 1 − �) is completely determined by �. Hence, in
what follows, for brevity, we call � the signature of the above hypersurface M .

When � = 0, we callM strongly pseudoconvex. Also, when � = 0, Hn
0 = Hn

reduces to the classical Heisenberg hypersurface. Let

(2.0)′′ Sn� := {v > −
�∑

j=1

|zj |2 +
n−1∑

j=�+1

|zj |2},



Local Equivalence Problems 115

which is called the Siegel upper half-space and has Hn
� as its real analytic

boundary. Let

(2.0)′′′ Bn
� := {1 + |z1|2 + ...+ |z�|2 ≥ |z�+1|2 + ...+ |zn−1|2 + |w|2}.

Define Ψn =
(

2z
i+w ,

i−w
i+w

)

. Then

Φn = Ψ−1
n =

(
2z

1 + w
,
i− iw
1 + w

)

.

Both Ψn and Φn are called the Cayley transformations. It is easy to verify the
following properties:

Lemma 2.1: Ψn is a bimeromorphic map from Sn� to Bn
� ; and Ψn bimero-

morphically maps Hn
� = ∂Sn� to ∂Bn

� . In particular, Ψn is a holomorphic
equivalence map from (Hn

� , 0) to (∂Bn
� , 0).

For convenience of the discussion, we set up some notation to be used for
the rest of this section.

For two m-tuples x = (x1, · · · , xm), y = (y1, · · · , ym), we write < x, y >�=∑m
j=1 δj,�xjyj , and |x|2� =

∑n
j=1 δj,�|xj |2. Here δj,� is defined to be −1 for

j ≤ � and to be 1 otherwise. We define the matrix E�,n−1 to be the diagonal
matrix with its first � diagonal elements −1 and the rest 1.

Parameterize Hn
� by (z, z, u) through the map (z, z, u) → (z, u+ i|z|2�). In

what follows, we will assign the weight of z and u to be 1 and 2, respectively.
For a nonnegative integer m, a function h(z, z, u) defined over a small ball
M of 0 in Hn

� is said to be of quantity owt(m), if h(tz,tz,t2u)
|t|m → 0 uniformly

for (z, u) on any compact subset of U as t(∈ R) → 0. (In this case, we write
h = owt(m)). By convention, we write h = owt(0) if h → 0 as (z, z, u) → 0).
For a smooth function h(z, z, u) defined over U , we use h(k)(z, z, u) for the
sum of terms of weighted degree k in the weighted expansion of h up to order
k. If h is not specified, we use it to denote a weighted homogeneous polynomial
of weighted degree k. For a weighted homogeneous holomorphic polynomial
of degree k, we use the notation: (·)(k)(z, w), or (·)(k)(z) if it depends only on
z.

Next returning to (2.0), we would like to simplify terms in O(|(z, w)|3) by
further changes of coordinates. These changes of coordinates should have the
following properties:
(i). Preserves the origin and the real tangent space {v = 0} of the hypersur-
faces at the origin.
(ii). Preserves the complex tangent space {w = 0} at the origin.
(iii). Preserve the hyperquadric Hn

� up to weighted order 3.
Let (z′, w′) = F = (f, g) be such a map. Then the general form that F

can take, with the properties in (i)-(iii), is as follows:
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(2.1) f = zA+ aw +O(|(z, w)|2), g = λw +O(|(z, w)|2)

with λ ∈ R \ {0}.
Since F preserves v = |z|2� up to the third order, it follows that λ > 0

if � < n−1
2 and AE�,n−1A

t
= λE�,n−1 in general. The following proposition

indicates that we can further limit down our transformation group to make
calculations more accessible:

Proposition 2.2: For any transformation F of the form in (2.1), there is a
unique T ∈ Aut0(Hn

� ) such that F = T ◦ F0 with F0 = (f0, g0) having the
following properties:

(2.2) f0 = z +O(|(z, w))|2), g0 = w +O(|(z, w))|2), Re

(
∂2g

∂w2
(0)
)

= 0.

In fact, by a straightforward verification, we can set T = T1 ◦ T2. Here,
(a) If l = n−1

2 and λ < 0, then T2(z, w) = (z�+1, · · · , zn−1, z1, ..., z�,−w).
Otherwise T2 is always set to be the identity.
(b)When λ > 0, we have

T1 =
(

(z + a · w)A
q(z, w)

,
λw

q(z, w)

)

where q(z, w) = 1−2i〈z,a〉�+(r− i|a|2� )w. For λ < 0, one can similarly define
T1.

We next normalize (M, 0) by transformations satisfying (2.2). Of course,
the invariants we get in this way are still subject to the action of Aut0(Hn

� ),
which is a finite dimensional Lie group.

By induction, suppose that we have found a coordinates system: (z, w), in
which M has been normalized up to the weighted order s. We then want to
see how to choose the new coordinates (z′, w′) to get the invariant form at
the level of weighted order (s+ 1).

We first mention that for a formal power seriesN(z, z, w,w) = N(z, z, u, v),
we have the decomposition N =

∑∞
s=0N

(s)(z, z, u, v), where
N (s)(tz, tz, t2u, t2v) = tsN (s)(z, z, u, v) for t ∈ R.

Suppose that in (z, w)-coordinates, M is given implicitly by

(2.3) v = |z|2� +N1(z, z, u, v)

and in (z′, w′) = (f(z, w), g(z, w)) coordinates system , M is given by

v′ = |z′|2� +N2(z′, z′, u′, v′).

By what we mentioned above, we want to keep what we have already achieved.
Namely, we want to haveN (σ)

2 (z, z, u, |z|2�) = N
(σ)
1 (z, z, u, |z|2�) for σ ≤ s. Since

we have assumed that (f, g) satisfies the normalization in (2.2), we have
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(2.4) (f − z)(1) = 0, (g − w)(2) = 0.

Write the weighted expansion of (f, g) as follows:

(2.5) f = z +
∑

σ≥2

f (σ)(z, w), g = w +
∑

σ≥3

g(σ)(z, w),

where f (σ)(tz, t2w) = tσf (σ)(z, w); g(σ)(tz, t2w) = tσg(σ)(z, w). Then we have

(2.6)
Im
(

w +
∑

σ≥3 g
(σ)(z, w)

)

=

= |z|2� + 2Re
∑

σ1≥2 < z, f (σ1)(z, w) >� +
∑

σ1,σ2≥2 < f (σ1), f (σ2) >� +

+N2

(

z +
∑
f (σ), z +

∑
f (σ), u+ Re(

∑

σ≥3 g
(σ)), Im(w +

∑

σ≥3 g
(σ)(z, w))

)

where (z, w) satisfies (2.3). Suppose that f (τ−1) and g(τ) have been deter-
mined for τ < σ ≤ s+ 1, we want to find f (σ−1) and g(σ) for any σ ≤ s+ 1.
In particular, we would like to find f (s), g(s+1), and N

(s+1)
2 . Substituting

w = u+ iv and v = |z|2� +N1(z, z, u, v) in (2.6), we have

(2.7)
Im(g(σ)(z, u+ i|z|2�))= 2Re < z, f (σ)(z, u+ i|z|2�) >�

+N (σ)
2 (z, z, u, |z|2�)−N (σ)

1 (z, z, u, |z|2�) +G(σ)(z, z, u),

where G(σ) is completely determined by f (τ−1) and g(τ) for τ ≤ σ − 1 and is
zero if (f − z)(τ−1), (g − w)(τ) = 0 for τ ≤ σ − 1. To proceed further, we
make the following definition:

Definition 2.3: Let f = (f1, · · · , fn−1) and g be (formal) holomorphic func-
tions in a neighborhood of 0 in Cn. Suppose that

(2.8) (f, g) = O(|(z, w)|2) with Re(g
′′
ww(0)) = 0.

Then the map L�, which sends the above (f, g) to the real-valued (formal)
analytic function over Hn

� defined below:

(2.8)′ L�(f, g) := Im
(

g(z, w)− 2i < z, f(z, w) >� |w=u+i|z|2�

)

is called the Chern-Moser operator.

Returning to (2.7), we get for σ ≥ 3

(2.9) L�(f (σ−1), g(σ)) = N
(σ)
2 (z, z, u, |z|2�)−N (σ)

1 (z, z, u, |z|2�) +G(σ)(z, z, u).

Since our � is always fixed, we will write L instead of L� to simplify the
notation. Later we will see that L has the following uniqueness property: If
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L(f (σ−1), g(σ)) = 0 with Re(∂
2g(σ)

∂w2 )|0 = 0 and σ ≥ 3, then it follows that
(f (σ−1), g(σ)) ≡ 0.

Since we assumed that N
(σ)
2 = N

(σ)
1 for σ ≤ s, we conclude that

(f (σ−1), g(σ)) ≡ 0 for σ ≤ s and thus G(s+1) ≡ 0. At the level of weighted
degree s+ 1, we have

(2.10) L(f (s), g(s+1)) = Ns+1
2 (z, z, u, |z|2�)−N (s+1)

1 (z, z, u, |z|2�).
Notice that N (s+1)

1 (z, z, u, |z|2�) is known from the induction assumption. Our
purpose is then to choose

f (s)(z, w), g(s+1)(z, w)

appropriately so that we can makeN (s+1)
2 as simple as possible. (2.10) suggests

us to pick N (s+1)
2 (z, z, u, v) so that N (s+1)

2 (z, z, u, |z|2�) is in the ‘complement’
of the range of the Chern-Moser operator L.

Definition 2.4: LetA(s) be a collection of real-valued polynomials of weighted
degree s in (z, w) for s ≥ 4. Let A = ⊕s≥4A(s). Assume that 0 ∈ A.
(a) We call A a uniqueness set for the Chern-Moser operator L if L(f, g) =
G|w=u+i|z|2� with G ∈ A is only solvable when G = 0 and (f, g) = 0. (As
in Definition 2.3, for (f, g) in the domain of the Chern-Moser operator, we
always assume that (f, g) = O(|(z, w)|2) with Re(g

′′
ww(0)) = 0.)

In (b) and (c), we assume further that Hn
� is a uniqueness set for A in

the sense that for any G1, G2 ∈ A, G1 ≡ G2 if and only if G1|w=u+i|z|2� =
G2|w=u+i|z|2� .
(b) A is called an admissible space for L if for any G1, G2 ∈ A, the equation
L(f, g) = (G2 − G1)|w=u+i|z|2� has solution (f, g) only when (f, g) ≡ 0 and
G1 ≡ G2.
(c). A is called a normal space if A is admissible and for any real-valued
polynomial B(s)(z, z, u) of degree s ≥ 4, there is a unique G(s) ∈ A(s) such
that L(f (s−1), g(s)) = G(s)|w=u+i|z|2� −B(s)(z, z, u) is solvable.

We remark that it can be easily proved that any weighted homogeneous
polynomial of weighted degree 3, when restricted to Hn

� , is in the range of the
Chern-Moser operator. Hence, in Definition 2.4, we take s ≥ 4.

Summarizing the above, we have the following:

Theorem 2.5: (a) SupposeA is a normal space for the Chern-Moser operator.
Then any formal real hypersurface (M, 0) can be transformed by a formal
power series to a formal hypersurface defined by v = |z|2� + N with N ∈ A.
(b) Suppose thatA is an admissible space. Let (Mj, 0) be formal hypersurfaces
which are in the A-normal form, namely, Mj are defined by an equation of the
form v = |z|2� + Nj with Nj ∈ A. Let F be a formal holomorphic map from
(M1, 0) to (M2, 0) satisfying the normalization condition (2.2). Then F ≡ Id
and N1 ≡ N2.
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2.2 Hk-Space and Hypersurfaces in the Hk-Normal Form

To be able to make good use of Theorem 2.5, we need to construct the normal
space for the Chern-Moser operator. Apparently, the normal space associ-
ated to the Chern-Moser operator is not unique. And it is the case that for
different problems, one has to use different normal or admissible spaces. In
the following, we present two different admissible spaces for the Chern-Moser
operator, following the work in [CM] and [EHZ1]. Unfortunately, the one ob-
tained in [EHZ1] is not a normal space and the normal form obtained in terms
of that is in the implicit form. However, it is invariant under the action of the
group Aut0(Hn

� ). This makes it very convenient to use in working on certain
problems.

We first discuss the space S0
k (The Sk defined in [EHZ1] is slightly more

general than the one defined below):

Definition 2.6: For s ≥ 4, S0(s)
k is the collection of all real-valued weighted

homogeneous polynomials of degree s in (z, z, w,w) with the following prop-
erty: For each A(z, z, w,w) ∈ S0(s)

k , there is a set of weighted homogeneous
holomorphic polynomials

E = {φj(z, w), ψj(z, w)}j≤k∗ with k∗ <∞,
degwt(φj) = pj ≤ s/2, degwt(ψj) = qj ≥ s/2 and pj + qj = s

(j ≤ k∗) such that
(A): φj(z, w) and ψj(z, w) have no linear and constant terms in (z, w) for any
j;
(B): for each τ ≤ s/2, there are at most k φ′js in E with degwt(φj) = pj = τ
(C): A(z, z, w,w) is real valued for any (z, w) ∈ Cn, and has the following
decomposition:

(2.11) A(z, z, w,w)) =
∑

qj=pj

φj(z, w)ψj(z, w) + 2
∑

qj>pj

Re(φj(z, w)ψj(z, w)).

We define S0
k := ⊕∞

s=4S0(s)
k

What makes S0
k convenient to use is the so-called Hk-class contained in

S0
k , which is defined to be the collection of all real-valued formal power series
A(z, z, w,w) (for (z, w) ∈ Cn−1 ×C) such that

(2.11)′ A(z, z, w,w) =
k∑

j=1

φj(z, w)ψj(z, w)

where φj , ψj are formal holomorphic power series in (z, w) which do not
contain any constant and linear terms.
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As we will see, the Hk-normal form is invariant under the action of
Aut0(Hn

� ). This makes it very convenient to apply in applications. More pre-
cisely, let T ∈ Aut0(Hn

� ). Then we can write

(2.12) T (z, w) = (λ(z−aw)U
q(z,w) , σλ

2w
q(z,w) ),

with q(z, w) = 1 + 2i < z, a >� +(r − i < a, a >�)w,

where λ is a non-zero real number, a ∈ Cn−1 and U is a certain (n−1)×(n−1)
matrix such that

(2.13) UE�,n−1U
t

= σE�,n−1, σ = ±1.

Let M be a formal real hypersurface which is in the Hk-normal form. Namely,
M is defined by an equation of the form:

v = |z|2� +N(z, z, w,w), with N ∈ Hk.
The following lemma, which can be proved easily, makes the Hk-normal form
convenient to apply:

Lemma 2.7: Under the above notation and assumption, T (M) is also in the
Hk-normal form. In fact, T (M) is defined by an equation of the form:
(2.14)

v = |z|2�+N2(z, z, w,w), with N2(z, z, w,w) =
σλ2

|q ◦ T−1|2N1◦T−1(z, w) ∈ Hk.

The following result from [EHZ1] is basic for the application of Lemma 2.7
and Theorem 2.5 to work on various local equivalence problems:

Theorem 2.8 (Ebenfelt-Huang-Zaitsev)([EHZ1]) (a): S0
k is a uniqueness set

for the Chern-Moser operator for k ≤ n− 2. (b). S0
k is an admissible space for

the Chern-Moser operator for k ≤ n−2
2 .

The S0
k (or the Sk in [EHZ1]) is far from being a normal space. It is an open

problem how to complete Hk or S0
k for k ≤ n−2

2 into a normal space. This
problem is closely related to the study of the embeddability problem for real
analytic Levi non-degenerate hypersurfaces into hyperquadrics.

We refer the reader to the paper [EHZ1] for a proof of Theorem 2.8. Here,
we give a proof of the part that Hn

� is a uniqueness set for S0
k when k ≤ n−2

2 .
We notice that

c1S0
k1 + c2S0

k2 ⊂ S0
k1+k2

for any complex numbers c1 and c2.

Proposition 2.8′: Let A(z, z, w,w) ∈ S0
k with k ≤ n− 2. Assume that
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A0(z, z, u) := A(z, z, u+ i < z, z >�, u− i < z, z >�) ≡ 0

as a formal power series in (z, z, u). Then A(z, z, w,w) ≡ 0 as a formal power
series in (z, z, w,w). In particular, Hn

� is a uniqueness set for S0
k with k ≤ n−2

2 .

We first observe that if A(z, z̄, w, w̄) is weighted homogeneous of degree σ,
then A0(z, z̄, u) is weighted homogeneous of degree σ. Hence, if we decompose
a formal power series A(z, z̄, w, w̄) into its weighted homogeneous components

A(z, z̄, w, w̄) =
∑

σ

A(σ)(z, z̄, w, w̄)

then the decomposition of A0(z, z̄, u) is given by

A0(z, z̄, u) =
∑

σ

(A0)(σ)(z, z̄, u),

where, in the terminology introduced above,(A0)(σ) = (A(σ))0. Moreover, if
A ∈ S0

k , then A(σ) ∈ S0
k .

Proof of Proposition 2.8′: It is enough to prove the lemma when A is a weighted
homogeneous polynomial of degree s ≥ 4 and

A(z, z, w,w) =
k∗∑

j=1

φj(z, w)ψj(z, w),

where φj , ψj are weighted homogeneous holomorphic polynomials, without
constant or linear terms, of weighted degree pj and qj = s− pj , respectively,
and where for each τ there are at most k terms with pj = τ . Let us expand
φj and ψj as follows:

φj =
∑

νj+2νj
w=pj

a
(νj)
j (z)wν

j
w , ψj =

∑

µj+2µj
w=s−pj

bµ
j

j (z)wµ
j
w .

Then, if we expand A(z, z̄, w, w̄) in powers of w, w̄, we can write

A(z, z̄, w, w̄) =
∑

m,l

cm,l(z, z̄)wmw̄l,

where

cm,l(z, z̄) =
k∗∑

j=1

a
(pj−2m)
j (z)b(qj−2l)

j (z)

and pj + qj = s. By isolating the terms in cm,l(z, z̄) of bidegree (α, β) in (z, z̄)
(denoted cm,l,α,β(z, z̄)), we conclude that A(z, z̄, w, w̄) ≡ 0 if and only if, for
every 4-tuple of nonnegative integers (m, l, α, β),
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cm,l,α,β(z, ξ̄) :=
∑

j∈J(m,l,α,β)

a
(α)
j (z)b(β)

j (z) ≡ 0,

where the index set J(m, l, α, β) consists of those j ∈ {1, . . . , k∗} for which

pj = α+ 2m, qj = β + 2l.

Observe that, since A ∈ S0
k , there are at most k ≤ n − 2 indices in the set

J(m, l, α, β) for each (m, l, α, β).
Now, we use the fact that A0(z, z̄, u) ≡ 0 is equivalent to A(z, z̄, w, w̄)

vanishing on the quadric Hn
� , and the usual complexification argument, to

conclude that
A(z, ξ̄, w, η̄) = 0

whenever w = η + 2i < z, ξ̄ >�; or, equivalently,
∑

m,l

ck,l(z, ξ̄)(η + 2i < z, ξ̄ >�)mη̄l ≡ 0.

Assume, in order to reach a contradiction, that A(z, z̄, w, w̄) �≡ 0. Then, there
is a smallest nonnegative integer l0 such that cm,l0,α,β(z, ξ̄) �≡ 0 for some
m,α, β. Hence, we can factor out ηl0 (of course, if l0 = 0, then we do not need
to factor anything) from the identity above and get

∑

m,l≥l0
cm,l(z, ξ̄)(η + 2i < z, ξ̄ >�)mη̄l−l0 ≡ 0.

By setting η = 0, we conclude that
∑

m

cm,l0(z, ξ̄)(2i < z, ξ̄ >�)m ≡ 0.

Isolating the terms of bidegree (α, β) above, we deduce
∑

m

cm,l0,α−m,β−m(z, ξ̄)(2i < z, ξ̄ >�)m ≡ 0.

It now follows from [Lemma 3.2, Hu2], [Lemma 3.2, EHZ1] that, for every
m, γ, µ,

cm,l0,γ,µ(z, ξ̄) ≡ 0,

which contradicts the choice of l0. This completes the proof of Lemma 3.3.
�	

Making use of Lemma 2.7 and Theorem 2.8, one has the following:

Corollary 2.9 ([EHZ1]): Let (M1, 0) and (M2, 0) be two germs of formal real
hypersurfaces in the Hk1 and Hk2 -normal form defined, respectively, by
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v = |z|2� +Nj .

Assume that k1+k2 ≤ n−2. Then (M1, 0) is equivalent to (M2, 0) by a formal
holomorphic map if and only if there is an automorphism T ∈ Aut0(Hn

� ) such
that

(2.15) N2 =
σλ2

|q ◦ T−1|2N1 ◦ T−1, or N1 = σλ−2|q(z, w)|2N2 ◦ T (z, w).

Here, we write T (z, w) = (λ(z−aw)U
q(z,w) , σλ

2w
q(z,w) ), with q(z, w) = 1 + 2i < z, at >�

+(r − i < a, a >�)w, UE�,n−1U t = σE�,n−1, σ = ±1, λ > 0, r ∈ R, and
with a a certain (n− 1)-tuple. In particular, when M1 is equivalent to M2, it
must hold that N1 ∈ Hk2 . And the set of all equivalence maps from (M1, 0)
to (M2, 0) is precisely the collection of the automorphisms T of Aut0(Hn

� )
which make (2.15) hold. (Hence, any formal equivalence map from (M1, 0) to
(M2, 0) is given by a convergent power series.)

LetM be in theHk-normal form, namely, letM be defined by v =< z, z >�
+N with N =

∑k
j=1 φjψj ∈ Hk, where φj , ψj have no constant and linear

terms in (z, w). Let R(M,N) be the minimum k to get such an expression
for N . Then as an application of Corollary 2.9, we have the following weak
invariant property for R(M,N):

Corollary 2.10: (I). LetM1 andM2 be in theHk-normal form for a certain k.
If R(M1, N1) +R(M2, N2) ≤ n− 2 and (M1, 0) is equivalent to (M2, 0), then
R(M1, N1) = R(M2, N2). (II). If in the expression N =

∑k
j=1 φjψj ∈ Hk,

both {φj} and {ψj} are linearly independent over C, then R(M,N) = k,
where M := {v =< z, z >� +N}. Moreover, if N =

∑k
j=1 AjBj for Aj , Bj

satisfying the same property as φj , ψj do, then there is an invertible constant
k × k matrix C such that (φ1, · · · , φk) = (A1, · · · , Ak)C, and (ψ1, · · · , ψk) =
(B1, · · · , Bk)(Ct)−1.

Proof of Corollary 2.10: The first part apparently follows from Theorem 2.9
and Equation (2.15). Let {φj , ψj} be as in Part (II) of the corollary and
assume that

∑k
j=1 φjψj =

∑k′

j=1AjBj , where Aj , Bj are holomorphic in
their arguments Z = (z, w). Since {φj} is a linearly independent finite set,
it is easy to see that the set {φlj}, where φlj are the truncation of φj up
to order l, must be also independent for k sufficiently large. Hence, there
exits {Zj}kj=1 such that the matrix D :=

(

({φlj(Z1)})t, · · · , ({φlj(Zk)})t) is

invertible. Since
∑k
j=1 φ

l
jψj =

∑k′

j=1 A
l
jBj , it follows clearly that {ψ1, · · · , ψk}

is a linear combination of {B1, · · · , Bk′}. Hence, k′ ≥ k. The last statement
can also be similarly seen. �	

Remark 2.11: Corollary 2.10 can be further used to simplify the equation
(2.14). To see this, let M1 := {v =< z, z >� +

∑k1
j=1 φjψj} and M2 :=
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{v =< z, z >� +
∑k2
j=1 φ̃jψ̃j} be in the Hk-normal form (k = max{k1, k2})

such that R(M1, N1) = k1 and R(M2, N2) = k2, where N1 =
∑k1

j=1 φjψj and

N2 =
∑k1

j=1 φ̃j ψ̃j . Assume that k1 + k2 ≤ n − 2 and (M1, 0) is equivalent to
(M2, 0). Then, by Corollary 2.10, it holds that: (I) k1 = k2 = k; (II) There are
a k × k constant invertible matrix C, an automorphism T ∈ Aut0(Hn

� ) with
its associated data q, σ, λ as given in Theorem 2.9 such that

(2.16) σλ−2q(z, w) · (φ̃1, · · · , φ̃k0) ◦ T = (φ1, · · · , φk0 ) · C,
σλ−2q(z, w) · (ψ̃1, · · · , ψ̃k0) ◦ T = (ψ1, · · · , ψk0) · (Ct)−1.

Immediately, we have from (2.16) the following conclusions:
(A). If all φ̃j , ψ̃j , φj ψj are polynomials, and at least one of them is not zero,
then q ≡ 1 and T = (λ(z − aw)U, σλ2w).
(B). If {φ̃j , ψ̃j} are rational functions, then so are {φj , ψj}.
(C). If at least one of {φ̃j , ψ̃j} is a transcendental function, then at least one
of φj and ψj is transcendental, too.

Example 2.12: Let M1 = H3
0 and let M2 := {(z, w = u + iv) ∈ C3 : v =

|z|2 + | 2z21(1−iw)
(1+iw)2 |2 + | 2z1z2

(1+iw) |2}. Then R(M1) = 0, R(M2) = 2. Also, M1 is
equivalent to M2. Notice that R(M1) + R(M2) = 2 > n − 2 = 1. Hence,
the assumption that R(M1) + R(M2) ≤ n − 2 in Corollary 2.10 can not be
weakened.

2.3 Application to the Rigidity and Non-embeddability Problems

we now first present a discussion on how to apply the materials in §2.2 for the
study of the rigidity problem for mappings between the hyperquadrics.

Theorem 2.13 ([EHZ1]): Let F = (f1, · · · , fn−1, φ1, · · · , φN−n, g) be a for-
mal holomorphic mapping sending Hn

�1
into HN

�2
with F (0) = 0, ∂g

∂w |0 �= 0,
where g is the normal component of F and N ≥ n > 2. Suppose that
�2 ≥ �1 and �1 + �2 ≤ n − 1. Suppose that N ≤ 2n − 2. Then there is a
linear fractional holomorphic embedding T from Hn

�2
to HN

�1,�2
:= {(Z,W ) ∈

CN : Im(W ) = −∑j≤�1 |Zj|2 +
∑

�1<j≤n−1 |Zj |2−
∑

n−1<j≤n−1+�2−�1 |Zj |2+
∑

n−1+�2−�1<j≤N−1 |Zj |2} and T0 ∈ Aut0(Hn
�1

) such that T ◦ F ◦ T0(z, w) =
(z, φ∗, w) with φ∗ = O(|(z, w)|2). Moreover, when �2 = �1, T is a self-map and
φ∗ = 0. (For �1 = �2 = �, HN

�1,�2
is understood as HN

� .) Also, when �1 < n−1
2 ,

T0 can be taken to be the identity map.

Proof of Theorem 2.13: Let F = (f, φ, g) = (f̃ , g) be a formal holomorphic

mapping from (Hn
�1
, 0) into (HN

�2
, 0) with ∂g

∂w |0 �= 0. Then Im(g) =< f̃, f̃ >�2
along Hn

�1
as a formal power series. Collecting the coefficients of weighted de-

gree 1 and 2, we see that g = σλ2w+owt(2), f̃ = λzU+σλ2aw+O(|zw|+|z|3+
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|w|2). Here σ = ±1, λ > 0, a is a certain complex vector, U = (Et1, · · · , Etn−1)t

with Ej = 1
λ
∂f̃
∂zj

(0), and < Ej , Ek >�2= σδkj δj . Since < Ej , Ej >�2 �= 0 for

j ≤ n − 1, we can extend {Ej}n−1
j=1 to an orthogonal basis {Ej}N−1

j=1 (with
respect to the Hermitian product < ·, · >�2). Let Ũ = (Et1, · · · , EtN−1)t, then

ŨE�2,N−1Ũ = diag(< E1, E1 >�2 , · · · , < EN−1, EN−1 >�2), where E�2,N−1 is
defined, as before, by < X,X >�2= XE�2,N−1Xt. In particular, we see that

< Ej , Ẽj >�2 �= 0 for any j. Without loss of generality, we can assume that

< Ej , Ẽj >�2= cj = ±1 for j ≥ n, too. (Notice that cj = −σ for j ≤ �1 and
cj = σ for �1 < j ≤ n− 1.) After changing the position of E′

js for j > n− 1,

we can assume that ŨE�2,N−1Ũ t = σB∗, where σB∗ is determined by the
following Hermitian product:

< Z,Z >�1,�2 := −∑�1
j=1 ZjZj +

∑

�1<j≤n−1 ZjZj−
−∑n−1<j≤�2−�1+n−1 ZjZj +

∑

N−1>j≥�2−�1+n−1 ZjZj ,

Apparently, when �1 + �2 <
n−1

2 , σ must be 1. Otherwise, �1 = n−1
2 = �.

In this case, composing F with T0(z, w) = (z�+1, · · · , zn−1, z1, · · · , z�,−w) ∈
Aut0(Hn

� ), if necessary, we can also make σ = 1.
In the following, we assume that σ = 1. Letting

(2.17) T (z, w) = (
λ−1(Z − aW )Ũ−1

q(Z,W )
,
λ−2W

q(Z,W )
),

where q(Z,W ) = 1 + 2iZE�2,N−1a
t + (r − i < a, a >�2)W, with r =

1
2λ

−2Re( ∂
2g

∂w2 |0). Write F ∗ = T ◦ F := (f∗, φ∗, g∗). Then (f∗, g∗) satisfies
the normalization condition (2.2), and φ∗ = O(|(z, w)|2). Notice that T bi-
holomorphically maps Hn

�2
to HN

�1,�2
. Namely, Im(g∗) = σf∗B∗f∗

t
along Hn

�1
.

Now, we can inductively apply Theorem 2.8 to prove that f∗ = z, g∗ = w.
Indeed, we first notice that by collecting terms of weighted degree ≤ 4 in
the equation Im(g∗) = f∗B∗f∗t, we see by Theorem 2.8 and the normaliza-
tion condition that f∗(j−1) = 0, g∗(j) = 0, for 3 ≤ j ≤ 4. Suppose that
f∗(τ−1), g∗(τ) = 0 for τ ≤ K0. Collecting terms of weighted degree K0 + 1,

(2.17)′ L(f∗(K0), g∗(K0+1)) = 2
k∑

κ=1

[K0/2]∑

j=2

εκRe(φ∗(j)
κ φ∗(K0−j)

κ ),

where εj is the (n − 1 + j)-th element in the diagonal matrix σB∗. Since
k ≤ n − 2, the right hand side of (2.17′) is in S0

n−2. Hence, it follows from
Theorem 2.8, that f∗(K0) = 0, g∗(K0+1) = 0. By induction, we see that
f∗ = 0, g∗ = 0.

Returning to φ∗, we get
∑k
j=1 εj |φ∗j |2 ≡ 0. Assume that �2 = �1. Since

we assumed that �1 ≤ (n − 1)/2, all εj then must have fixed sign. Hence,
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φ∗ ≡ 0. as remarked above, σ must be 1 when �1 = �2 < (n − 1)/2; and σ
can be made to be 1 by replacing F with F (z�+1, · · · , zn−1, z1, · · · , z�,−w), if
necessary, when �1 = �2 = (n− 1)/2.

When �2 > �1, write

(2.18). ΦI = (φ∗1, · · · , φ∗κ) with κ = �2 − �1 and ΦII = (φ∗κ+1, · · · , φ∗N−1).

We also see ‖ΦI‖2 = ‖ΦII‖2 over Hn
�1

. �	

We give some applications of Corollary 2.9 to the problem of embedding
a non-degenerate formal hypersurface M ⊂ Cn of signature � into HN

�′ with
N ≤ 2n− 2 (N−1

2 ≥ �′ ≥ �, �+ �′ ≤ n− 1).
Let M = {v =< z, z >� +N} be a formal non-degenerate hypersurface of

signature � with N = owt(3). Assume that F is a formal holomorphic embed-
ding from (M, 0) into (HN

�′ , 0). As we see above, after replacing F by F ◦T0, if
necessary, and then composing it with a certain holomorphic linear fractional
map from (HN

�′ , 0) to (HN
�,�′ , 0) , we can write F = (f, ΦI , ΦII , g), where (f, g)

satisfies the normalization condition (2.2) and ΦI , ΦII = O(|(z, w)|2) as de-
fined in (2.18). Applying the implicit function theorem, we conclude that M
is equivalent through F0 = (f, g) to the following hypersurface:

M̃ = {v =< z, z >� −‖ΦI ◦ F−1
0 ‖2 + ‖ΦII ◦ F−1

0 ‖2 =< z, z >� +HN−n}.

Notice that HN−n ∈ HN−n and F0 satisfies (2.2). Conversely, by Corollary
2.9, we have the following

Proposition 2.14: Let M := {v =< z, z >� +N} where N ∈ Hk. Suppose
that N ≤ 2n− 2− k. Then (M, 0) can be formally embedded into HN

�,�′ if and
only if there are vector valued holomorphic functions ΦI(z, w), ΦII(z, w) =
O(|(z, w)|2) with �′− � and N −n− �′ + � components, respectively, such that

(2.19) σ∗N(z, z, w,w) = −‖ΦI(z, w)‖2 + ‖ΦII(z, w)‖2,

where σ∗ is either identically 1 or identically −1. In particular, when � = �′,
then M can be embedded into HN

� with N ≤ 2n− 2− k if and only there are
(N − n) formal holomorphic functions {φj}N−n

j=1 such that

(2.20) N(z, z, w,w) = σ∗
N−n∑

j=1

|φj(z, w)|2.

where σ∗ must be 1 when � < n−1
2 .

More generally, assume that �′ = � and let M be given by M := {v =<
z, z >� +N (s) + owt(s)} with N (s)(�≡ 0) ∈ S0(s)

k . Let F = (f, φ, g) be a formal
embedding of M into HN

� with (f, g) satisfying (2.2) and φ = O(|(z, w)|2).
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When N ≤ 2n − 2, an inductive use of Theorem 2.8 shows that (f, g) =
(z + f (s−1) + owt(s), w + g(s) + owt(s+ 1)) and φ = (φ(σ)

1 , · · · , φ(σ)
N−n) = 0 for

2σ < s. In particular, it follows from Theorem 2.8 that s = 2s′ must be even if
N ≤ 2n−2 and k ≤ n−2. Assume this. For terms of weighted degree s, we have
L(f (s−1), g(s)) = ‖φ(s′)‖2 − N (s). Since ‖φ(s′)(z, u + i < z, z >�1)‖2 ∈ S0

N−n,
it follows that if k +N − n ≤ n− 2 then

(2.21) N (s)(z, z, u, v)|v=|z|2� ≡ ‖φ(s′)(z, u+ i < z, z >�)‖2.

Therefore, we have

Corollary 2.15: Let M = {v =< z, z >� +N (s) + owt(s)} be a formal non-
degenerate hypersurface of signature � with N (s)(�≡ 0) ∈ S0(s)

k , k ≤ n−2, s ≥
4. Assume that k ≤ n − 2 and N ≤ 2n − 2 − δesk with δes = 0 for s odd and
equal to 1 otherwise. Suppose that there is no holomorphic solution φ(s′) to
(2.21). Then (M, 0) cannot be formally embedded into HN

� , when � < n−1
2 .

For � = n−1
2 , if there is no solution to

N (s)(z, z, u, v)|v=|z|2� ≡ ±‖φ
(s′)(z, u+ i < z, z >�)‖2.

Then (M, 0) cannot be formally embedded into HN
� .

Example 2.16: Let M(⊂ Cn) := {v = |z|2 + Re(ws−1h(z)) + owt(2s)} be
the germ of a formal non-degenerate hypersurface of signature 0, where s > 2
and h(z) is a non-zero homogeneous polynomial of degree 2. Then there is no
vector valued weighted holomorphic polynomial φ(s) of weighted degree s such
that Re((u + i|z|2)s−1h(z)) = ‖φ(s+1)(z, u + i|z|2)‖2 ≥ 0 over w = u + i|z|2.
Notice that k = 2. Hence, when N ≤ 2n − 4, (M, 0) can never be formally
holomorphically embedded into HN . Also notice that M0(⊂ Cn) := {v =
|z|2 + Re(ws−1h(z))} can be holomorphically embedded into Hn+2

1 through
the map F = (1

2 (ws−1 − h(z)), z, 1
2 (ws−1 + h(z)), w).

To conclude this subsection, we present one more application to the study
of a rigidity problem, which asks if two CR embeddings of a strongly pseu-
doconvex hypersurface M in Cn into the Heisenberg hypersurface HN are
the rigid motion of each other. Namely, if F, Ψ are two Cl-smooth CR em-
beddings from M into HN , is there a T ∈ Aut(HN ) such that T ◦ F = Ψ?
Here l is a certain positive number. This problem has been answered in the
work of Webster [We2] when N = n+ 1 ≥ 4. The reader can find a geometric
approach along the lines of Webster [We2] on this problem in [EHZ2] when
N − n ≤ n−2

2 . The arguments here are essentially those in [EHZ1].
Let M = {v =< z, z >� +N} be a formal non-degenerate hypersurface

of signature � with N = owt(3). Assume that F, Ψ are formal holomorphic
embeddings from (M, 0) into (HN

�′ , 0) and (HN ′
�′′ , 0), respectively. (Assume that

N ′ ≥ N . Also, for simplicity, assume that �+�′ < n−1). After composing F, Ψ
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with certain holomorphic linear fractional maps from (HN
�′ , 0) to (HN

�,�′ , 0) and
from (HN ′

�′ , 0) to (HN ′
�,�′ , 0), respectively, we can write F = (f, ΦI , ΦII , g) and

Ψ = (f∗, Φ∗
I , Φ

∗
II , g

∗) where (f, g) (f∗, g∗) satisfy the normalization condition
(2.2) and ΦI , ΦII , Φ∗

I , Φ
∗
II = O(|(z, w)|2) as defined in (2.18). Therefore, M is

equivalent through F0 = (f, g) or Ψ0 = (f∗, g∗) to the following hypersurfaces
M̃ , M∗, defined, respectively by:

v =< z, z >� −‖ΦI ◦ F−1
0 ‖2 + ‖ΦII ◦ F−1

0 ‖2,
v =< z, z >� −‖Φ∗

I ◦ Ψ−1
0 ‖2 + ‖Φ∗

II ◦ Ψ−1
0 ‖2.

Notice that F0 ◦Ψ−1
0 is a normalized formal biholomorphic map from (M∗, 0)

to (M̃, 0) satisfying (2.2), and M̃ , M∗ are in the HN−n, HN ′−n-normal form,
respectively. By Theorem 2.8, we see that when N + N ′ ≤ 4n − 2, F0 ≡ Ψ0

and −‖ΦI‖2 + ‖ΦII‖2 ≡ −‖Φ∗
I‖2 + ‖Φ∗

II‖2 along M as formal power series. In
particular, when �′ = �′′ = �, there is a constant matrix U with U · U t = Id
such that Φ∗

II = ΦII · U by a result of D’Angelo [Da] and by noting that
Φ∗
I = ΦI = 0. Hence, after applying another T ∈ Aut0(HN ′

l ) to Ψ , we see that
the new F and Ψ satisfy the relation: Ψ = (F, 0).

2.4 Chern-Moser Normal Space NCH

The space Hk we presented in the above subsections is indeed very convenient
to apply due to its invariant property under the action of Aut0(Hn

� ). However,
it is not a normal space and thus can only be used to model a very limited class
of germs of real hypersurfaces. For the study of general Levi non-degenerate
hypersurfaces, we need to make use of the normal space NCM discovered by
Chern-Moser in [CH]. The Chern-Moser normal space is not invariant under
the action of Aut0(Hn

� ). Thus a hypersurface which is in the NCH -normal
form is still subject to the action of this group. However, it can be used to
model any germ of hypersurface.

Since the discussion on the Chern-Moser normal form is available in many
nice expositions ([Vit], [BER2], etc.), we here just give a brief account on this
theory. Define
(2.23)

∆� := −∑j≤�
∂2

∂zjzj
+
∑n−1

j≥�+1
∂2

∂zj∂zj
,

NCH := {h =
∑

k,l≥2 Fkl(z, z, u), with Fkl =
∑

|α|=k,|β|=l aαβ(u)zαzβ

h = h, ∆�F22 = ∆2
�F23 = ∆3

�F33 = 0}
The following is a fundamental result of Chern-Moser in this subject:

Theorem 2.17(Chern-Moser [CM]): Assume the above definition and nota-
tion. Then (a). NCM is a normal space. (b). Any germ of Levi non-degenerate
real analytic hypersurface (M, 0) with signature � can be transformed by the
germ of a biholomorphic map to a convergent Chern-Moser normal form. (c).
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Let (Mj , 0) be germs of formal real hypersurfaces at 0 defined by v = |z|2�+Nj
with Nj ∈ NCM . Then (M1, 0) and (M2, 0) are equivalent by a formal holo-
morphic map F , satisfying the normalization (2.2), if and only if F ≡ Id and
N1 ≡ N2.

The proof of Theorem 2.17 can be found in [§3, 4, CM], which we skip
here. However, we mention that one of the significant features in the above
theorem is that a convergent germ of hypersurface has a convergent Chern-
Moser normal form.

In terms of the above theorem, the general procedure to see if two germs
(Mj , 0), which are already in the Chern-Moser normal form, are equivalent to
each other, is as follows: First apply T ∈ Aut0(Hn

� ) to M2 to obtain T (M2).
Then by solving infinitely many times the Chern-Moser equation (2.10) to find
a new normal form for T (M2) : v = |z|2� +N2,T . Finally, (M1, 0) is equivalent
to (M2, 0) if and only if N1 ≡ N2,T for a certain T . The major difficulty here is
that it is extremely difficult in general to find N2,T from the defining equation
of T (M2). Indeed, it is the purpose to get rid of this difficulty that motivated
us to find an invariant normal form (with respect to Aut0(Hn

� )) in [EHZ1].
Unfortunately, the admissible space we obtained in [EHZ1] only works for a
very small class of real hypersurfaces, which are actually those which can be
formally embedded into the hyperquadrics with restricted codimension. The
interested reader is referred to the paper [EHZ1] for more on this matter.

We notice that S0
k is not a subclass of the Chern-Moser normal space. For

instance, for σ > 1, h = Re(z2σ
1 wσ) contains a term of the form uσz2σ

1 . While
h is in H2, it is not in the Chern-Moser normal space.

3 Bishop Surfaces with Vanishing Bishop Invariants

In this section, we study the holomorphic equivalence problem for submani-
folds in Cn with higher codimension. There have been many generalizations
of the Chern-Moser theory to the so-called generic strongly pseudoconvex CR
submanifolds. (See the survey paper [BER2] for some references in this regard
and the recent paper [BRZ] for some other related studies). In this notes, we
would like to focus on the normal form problem for Bishop surfaces [Bis] in
C2. The study of Bishop surfaces has attracted considerable attention since
the work of E. Bishop in 1965. (See [BG], [KW], [Mos], [MW] [HK]). These
surfaces are interesting, due to the following reasons: First, from the point of
view of complex analysis, they can be viewed as the simplest higher codimen-
sional analogy of strongly pseudoconvex hypersurfaces; secondly, they have
a rich complex structure at the complex tangent and have trivial complex
structure elsewhere, namely they can also be viewed as the simplest models
where one sees the CR singularity; thirdly, from the work of Moser-Webster
[MW], which we will discuss in the next section, one sees a tremendous inter-
action of complex analysis with the classical dynamics problems encountered
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in Mechanics [SM]– An understanding of such a problem may provide useful
information and motivation to many converge problems in Mechanics. The
basic references to this section include the papers [MOS] [MW] and [HK].

To be more specific, we let M be a real surface in C2. Then for any p ∈M ,
CRM (p) can be only 0, 1. When CRM (p) = 0, we say M is totally real at p.
By the semi-continuity of the CR dimension function, we conclude that M
must be totally real in a neighborhood of p in M . When M is further real
analytic, then an easy application of the complexification shows that (M,p) is
holomorphically equivalent to (R2, 0), where R2 := {(x, y) ∈ C2, x, y ∈ R}.
On the other hand, if CRM (q) ≡ 1 for q ≈ p, then apparently (M,p) ≈
(C× {0}, 0). Hence, from the equivalence point of view, only points with CR
dimension 1 but not constantly 1 nearby are interesting. Among such points,
only those which have CR dimension 1 but 0 nearby are stable under small
perturbation. Such points are called isolated CR singular points.

Now, let p ∈ M be a point with a non-trivial complex tangent. Namely,
we assume that CRM (p) = 1. After a holomorphic change of coordinates, we
can assume that p = 0 and T (1,0) = CTpM = {w = 0}, where we use (z, w)
for the coordinates of C2. Then M near 0 can be defined by an equation of
the form: w = h(z, z) + o(|z|2). Here h(z, z) = az2 + bzz + cz2. Replacing w
by w − (a− c)z2, if necessary, we can assume that a = c. Assume that b �= 0.
Replacing w by w/b and replacing z by zeiθ for a suitable θ, we can assume
that h = zz + λ(z2 + z2) with λ ≥ 0. By a straightforward verification, one
can see that λ is a biholomorphic invariant, called the Bishop invariant.( See
Lemma 3.2 below). When λ < 1

2 , we call p = 0 an elliptic complex tangent
of M . When λ > 1

2 , we call p = 0 a hyperbolic complex tangent point of
M . When λ = 1/2 or when b = 0 but c �= 0, we say p = 0 is a parabolic
complex tangent. An elliptic, parabolic or hyperbolic complex tangent point
is called a non-degenerate complex tangent point. In the other case, we say
0 is a degenerate complex tangent point. A real surface M is called a Bishop
surface if all of its complex tangents are non-degenerate. In this notes, we are
mainly concerned with the equivalence problem of M at an elliptic complex
tangent point. Hence, we have λ ∈ [0, 1/2). In this section, we discuss the
formal theory of Moser [Mos] when the surface is formally equivalent to the
model surface M0 := {w = |z|2}. In the next section, we discuss the Moser-
Webster theory for Bishop surfaces with non-vanishing Bishop invariants.

The understanding to the general Bishop surfaces with vanishing Bishop
invariant is still not complete. It is an open question to get a complete set of
invariants for analytic Bishop surfaces with vanishing Bishop invariant.

We first state a general result along these lines proved in [HK]:

Theorem 3.1 (Huang-Krantz [HK]): Let M be a real analytic Bishop surface
with vanishing Bishop invariant at 0. Then (M, 0) can be flattened in the
sense that there is a biholomorphic change of coordinates such that in the new
coordinates, it holds that M ⊂ C×R. More precisely, in the new coordinates,
M near 0 can be defined by an equation of the form:
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(3.1) w = |z|2 + E(z, z), E(z, z) = E(z, z).

We start with the following statement on invariance of the Bishop invari-
ant.

Lemma 3.2: Suppose that Mj for j = 1, 2 are Bishop surfaces with only
CR singular point at pj, respectively. Then the Bishop invariant of M1 at p1
is the same as the Bishop invariant of M2 at p2, if M1 is biholomorphically
equivalent to M2.

Proof of Lemma 3.2: Without loss of generality, we can assume that pj = 0.
Let F = (f, g) be a biholomorphic map from M1 to M2. Then F (0) = 0, for
F preserves the CR dimension. After a change of coordinates, we can assume
that

Mj : w = zz + λj(z2 + z2) +O(|z|3), 0 ≤ λj ≤ ∞.
When λj = ∞, we regard Mj as a surface defined by an equation of the form:
w = z2+z2+o(|z|2). For simplicity of calculation, we assume, in the following,
that λj <∞.

Notice that F must preserve the complex tangent space of Mj at 0. We
can write F = (f, g) with f = az + bw +O(|(z, w)|2) and g = cw + d(2)(z) +
O(|w|2 + |zw|+ |z|3). Using the equation of M2, we get

c(zz + λ1(z2 + z2)) + d(2)(z) = |az + bw|2 + λ22Re(az + bw)2 +O(|z|3),

where (z, w) ∈M1. Collecting the coefficients of zz, z2, z2, we get

(3.2) c = |a|2, d(2) = d2z
2, cλ1 + d2 = λ2a

2, cλ1 = a2λ2.

Hence it follows that

(3.3) c > 0, λ1 = λ2, a ∈ R, d(2) = 0

This completes the proof of Lemma 3.2. �	

3.1 Formal Theory for Bishop Surfaces
with Vanishing Bishop Invariant

We now focus on the case λ = 0 and present the formal theory of Moser [Mos].
Let M be a real analytic Bishop surface with vanishing Bishop invariant at
0. By Theorem 3.1, after a change of coordinates, we can assume that M is
defined by an equation of the form:

w = |z|2 + E(z, z) with E(z, z) = E(z, z) = E(z, z).
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We notice that M near 0 bounds a family of holomorphic disks defined by

{(z, w) : v = 0, u = r2, r2 ≥ |z|2 + E(z, z)}.
Namely, let σr be a Riemann mapping from the unit disk in C to the domain

(3.4) Dr := {z ∈ C : r2 > |z|2 +R(z, z)}.

Then the map φr from the unit disk ∆ := {z ∈ C : |z| < 1}, which sends z to
(σr(z), r2), is holomorphic in ∆, real analytic up to the unit circle and maps
the unit circle to M . Such a φr is called a holomorphic disk attached to M .

Conversely, for any holomorphic map φ = (φ1, φ2) from the unit disk to
C2, which is continuous up to ∂∆, if it is attached to M (namely, φ(∂∆) ⊂M)
and if ‖φ‖ << 1, then φ(∆) = Dr for a certain r. This can be seen easily by
noticing that for such a map, φ2 must be constant; for its imaginary part has
boundary value 0.

Next, let (Mj , 0) (j = 1, 2) be two real analytic surfaces defined, respec-
tively, by an equation of the form:

w = |z|2 + Ej(z, z) with Ej(z, z) = Ej(z, z) = Ej(z, z).

And let F = (f, g) be a biholomorphic map from (M1, 0) to (M2, 0). Then F
must send a holomorphic disk attached to M1 to a holomorphic disk attached
to M2. From this, it follows easily that g(z, w) = g(w) with g(r2) > 0 for
0 < r << 1. Also, f(z, r2) for each fixed r must be a conformal map from the
disk |z|2 + E1(z, z) ≤ r2 to the disk |z|2 + E2(z, z) ≤ g(r2).

In particular, when both M1 = M2 = Mλ = {w = |z|2 + λ(z2 + z2)} with
λ = 0, f(z, r2) must be a conformal map from |z|2 ≤ r2 to |z| ≤ √g(r2).
Hence

f(z, r2) =
√

g(r2)eiθ(r)
z − ra(r)
r − a(r)z

for certain θ(r), a(r).
Since f is analytic in (z, w), we can conclude that f(0, u)=−√g(u)eiθ(r)a(r)

is real analytic in u. Write g(w) = w(g∗(w))2 with g∗(r2) > 0, g∗(0) > 0. Then

f(0, u) = −√ug∗(u)eiθ(
√
u)a(

√
u),

we see that
√
ua(
√
u)eiθ(

√
u) is analytic.

In particular, we see that u|a(
√
u)|2 and thus |a(

√
u)|2 is analytic.

Next, ∂f
∂z (0, u) = g∗(u)eiθ(

√
u)(1 − |a(

√
u)|2). We conclude that eiθ(

√
u) is

also analytic, and thus
√
ua(
√
u) is analytic too. In this manner, we can write

f(z, u) = g∗(u)Λ(u)
z − c(u)u
1− c(u)z
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where c(u) = a(
√
u)√
u

is analytic in u with |c(u)| ≤ 1√
u

,or |c(u)u| < √u; g∗(u)
and Λ(u) are analytic in u with g∗(0) > 0. Summarizing what we did and
with a further straightforward verification, we have

Proposition 3.3([MW] [Mos]): Aut0(Mλ) with λ = 0 consists of the following
transformations:

(3.5)

{

w′ = wa(w)a(w),
z′ = a(w) z−wb(w)

1−b(w)z

with a(0) �= 0, a(w), b(w) holomorphic functions in w.

Still let M be defined by w = |z|2+E(z, z) with E(z, z = E(z, z) = O(|z|3)
real analytic in z. We subject to M a transformation of the form: F = (f, g)
where f = az + bw +O(|z, w|2), g = g(w) with g(r2) > 0 for r > 0.

Lemma 3.4: There is a unique T ∈ Aut0(Mλ) such that T ◦ F = (f̃ , g̃)
satisfies the following normalization condition:

(3.6) f̃ =
∞∑

j=0

zjfj(w) with f0 = 0, f1(u) > 0 f1(0) = 1 , g̃ = w.

Proof of Lemma 3.4: First, we can easily make F = (f, g) = (z + O(w +
|z|2), w + O(w2)). Choose T0 ∈ Aut0(M0): T0(z, w) = (a(w)z, a2(w)w), with
a(0) �= 0, a(u) > 0 for u ≥ 0. We like to have T0 ◦ F = (·, w). For this, we
need the function relation: a2(g(w))g(w) = w. Hence, a(g(w)) = 1

g∗(w) , where,
as before, g(w) = wg∗(w) with g∗(0) �= 0. Apparently, such an a(w) can be
uniquely solved.

Still write F for T0 ◦ F . Let

T1 =
(

Λ(w)
z − c(w)w
1 − c(w)z

, w

)

∈ Aut0(M0).

Write F = (
∑∞

j=0 fj(w)zj , w) and letting c(w) = f0(w)
w . Then

T1 ◦ F =
(

Λ(w)

∑∞
j=1 fj(w)zj

1− c(w)f(z, w)
, w

)

= (
∞∑

j=1

f̃j(w)zj , w).

Then

f̃1(w) =
Λ(w)f1(w)

(1− c(w)wc(w))
.
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Notice that f1(0) = 1. Also, we can apparently choose Λ such that f̃1(u) > 0
for u ≥ 0. We proved the existence of T ∈ Aut0(Mλ) such that the T ◦ F
satisfies the normalization (3.6) in the lemma.

We next prove the uniqueness of T . Suppose that there are T1 = (φ1, ψ1)
and T2 = (φ2, ψ2) such that both T1 ◦ F and T2 ◦ F satisfy the normalization
condition in (3.6). Then one can see easily that it must hold ψ1 = ψ2 when
restricted to M0. We leave it to the reader to verify that φ1 = φ2 along M0.

There is another normalization used in [Mos] for F :

Lemma 3.4′([Mos]): There is a unique T ∈ Aut0(Mλ) with λ = 0 such that
(3.7)

T ◦F =
( ∞∑

j=0

zjfj(w), g(w)
)

with f0(w) = 0, f1(w) ≡ 1, g(w) = w+ o(|w|).

Proof of Lemma 3.4′: We choose T1 to be of the form
(

z−c(w)w
1−c(w)z , w

)

. Let

c(w) = f0(w)
w . Then T1 ◦ F =

(
∑∞

j=1 fj(w)zj , g(w)
)

.

Next we take T2 = (g∗(w)Λ(w)z, w(g∗(w))2) with g∗(u) > 0 if u ≥ 0.
Then, we can choose Λ(u) with |Λ(u)| ≡ 1 such that g∗(u)Λ(u)f1(u) ≡ 1.
Then T2 ◦T1 ◦F has the normalization as in Lemma 3.4′. The uniqueness part
can also be done easily. �	

We now derive the Moser pseudo-formal norm for (M, 0), where M is
defined as in (3.1). We will subject to M the transformation of the following
form:

(3.8)
{
z′ = F = z + f(z, w), w′ = w with
f(z, w) =

∑∞
l=1 fl(w)zl, f1(u) > 0, f1(0) = 1.

Proposition 3.5: With the above notation, there is a unique formal holo-
morphic transformation (z′, w′) = F (z, w) as in (3.8) such that in the (z′, w′)
coordinates, F (M) is given by the following pseudo-normal form:

(3.9) w′ = z′z′ + φ(z′) + φ(z′)

where φ(z′) =
∑∞

j=s≥3 aj(z
′).

In the above lemma, if all aj = 0, then M is formally equivalent to the
model M0. Otherwise, we can assume that as �= 0. In fact, replacing (z′, w′) by
(κz, κ2w) for a suitable κ, we can further make as = 1. It can be verified that s
is then also a biholomorphic invariant of (M, 0), which we call the s-invariant.
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When (M, 0) is formally equivalent to the model, we say the s-invariant of
(M, 0) is ∞.
Proof of Proposition 3.5: Substituting (3.8) into (3.9), we have

w = (z + f(z, w))(z + f(z, w)) + φ(z + f(z, w)) + φ(z + φ(z, w)),

for w = |z|2 + E(z, z). Collecting terms of degree s in (z, z), we get

E(s) = zf (s−1)(z, zz) + f (s−1)(z, zz)z + φ(s)(z) + φ(s)(z) +G(s)(z, z)

where G(s) is completely determined by f (σ−1)(z, zz), g(σ)(z, zz) and φ(σ) for
σ < s. Moreover, G(s) is 0 when f (σ−1)(z, zz) = g(σ)(z, zz) = φ(σ)(z) = 0 for
σ < s. We will also assign the weight of u to be 2.

We will inductively determine F and φ. Suppose F (σ) and φ(σ) have been
solved for σ < s. Write Γ (z, z) = E(s)−G(s). We then see that φ(s) = Γ (z, 0).
Write Γ (z, z) − Γ (z, 0)− Γ (0, z) = Γ0(zz) +

∑∞
l=1(zlΓl(zz) + zlΓl(zz)) with

Γl = Γl, Γ0 = Γ0. Since f1(u) > 0, f0 = 0, we obtain
(3.10)






f
(2s′)
1 (u) = Γ

(2s′+2)
0 (u)−Γ (2s′+2)

0 (0)
2u ,

f
(2s′)
l (u)u = Γ

(2s′+2)
l−1 (u) or f (2s′)

l (u) =
Γ

(2s′+2)
l−1 (u)−Γ (2s′+2)

l−1 (0)

u , l > 1.

Let f (s), g(s) be the unique solutions given as above. Let F (s) = (z+
∑
f (s), w).

Then F satisfies the normalization as in (3.6). Now, the composition of such
a map formally transforms (M, 0) into a special form as in (3.9).

Similarly, one also has the following:

Proposition 3.5′ ([Mos]): Let (M, 0) be given as in (3.1). Then there is
a unique formal holomorphic transformation (z′, w′) = F (z, w), that satisfies
the normalization in (3.7), such that in the (z′, w′) coordinates, F (M) is given
by a pseudo-normal as in (3.9).

A surface defined by an equation of the form in (3.9) is said to be presented
in the Moser pseudo-normal form. It should be mentioned that the coefficients
embedded in the Moser pseudo-normal form are far from being holomorphic
invariants. Indeed, the Moser pseudo-normal form is still subject to the action
of a huge group: Aut0(M0), which, different from the real hypersurface case,
is of infinite dimension. It has been an open question how to simplify the
Moser peudo-normal form further to get a more invariant representation for
Bishop surfaces with vanishing Bishop invariant. It is also an open question
if a real analytic (M, 0) can be transformed into a convergent Moser pseudo-
normal form through a convergent power series. In the following subsection,
we will show that if M is formally equivalent to the model M0, then it is
biholomorphic to M0. We will follow essentially the argument in [Mos] for
this purpose.
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3.3. Bishop surfaces which are formally equivalent to (Mλ, 0) with
λ = 0: In this section, we give the proof of the following theorem of Moser:

Theorem 3.6( Moser)[Mos]: Suppose (M, 0) is formally equivalent to (Mλ, 0)
with λ = 0. Then (M, 0) is biholomorphic equivalent to (Mλ, 0).

Let M : w = zz + E(z, z) with E = O(|z|3) real valued be formally
equivalent to Mλ with λ = 0. E(z, ξ) can be assumed to be holomorphic in
the polydisc |z|, |ξ| ≤ 1, sup|z|,|ξ|<1 |E(z, z)| < η0. Replacing (z, w) by (ε, ε2w)
for ε << 1, we can always make η0 sufficiently small.

We will seek the transformation of the form z′ = z + f(z, w), w′ = w as
in (3.6), such that

w = (z + f(z, w))(z + f(z, w)), or

zf(z, w) + zf(z, w) = E − |f(z, w)|2, w = zz + E(z, z).

Consider its lineariztion:

zf(z, zz) + zf(z, zz) = E

which may not be solvable in general. However, as what we did above, we can
solve the following

zf(z, zz) + zf(z, zz) + φ(z) + φ(z) = E(z, z)

where f(z, w) =
∑∞
j=1 fj(w)zj with f0 = 0, f1(u) > 0 and f1(0) = 1. Still

write

(3.11) E = E0(zz) +
∞∑

l=1

(E�(zz)zl + El(zz)zl) + E(z, 0) + E(0, z).

Then as in (3.10), we have the following

(3.12)







φ(z) = E(z, 0),
f1(u) = E0(u)−E0(0)

2u

f�(u) = El−1(u)−El−1(0)
u , l = 2, 3, · · · .

For the rest of this section, for 1/2 < r < 1, we write

(3.12)′ ∆r = {(z, w) : |z| < r, |w| < r2}, Dr = {(z, w) : |z| < r, |w| < r}.

We will also use cj , c′j to denote certain absolute constant.

Proposition 3.7: Suppose that E(z, ξ) ∈ Hol(Dr). Let ρ ∈ (1/2, r). Write

‖E‖r = sup
|z|<r,|ξ|<r

|E(z, ξ)|, |f |r = sup
|z|<r,|w|<r2

|f(z, w)|.
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Then f, φ are holomorphic over Dr with following estimates:

(3.13)







|f |ρ < c1(r − ρ)−1‖E‖r;
|fz|ρ + |fw|ρ ≤ c1(r − ρ)−2‖E‖r,
sup|z|<r |φ(z)| ≤ ‖E‖r.

Proof: Note that z�E�(zξ) = 1
2πi

∫ 2π

0 E(eiφz, e−iφξ)e−ilθdθ. By the maximum
principle,

sup
|w|≤r2

|E�(w)| ≤ sup
|w|=r2

|E�(w)| = r−l‖E‖r, sup
|w|≤r2

|f�(w)| ≤ 2r−|�|−2‖E‖r.

Hence,

|f |ρ ≤
∞∑

�=1

ρ� sup
|w|≤ρ2

|f�(w)| ≤
∞∑

�=1

ρ�2r−|�|−2‖E‖r =
c0
r − ρ‖E‖r,

sup
|z|<r

|φ(z)| ≤ ‖E‖r.

This, in particular, shows that f is holomorphic in any Dρ for ρ < r. Thus we
see f, φ ∈ Hol(Dr).

To get the estimates for derivatives, we set τ = r+ρ
2 . By the Cauchy

estimates, we obtain:

|f |τ ≤ c′1
r − τ ‖E‖r, |fz|ρ ≤

|f |τ
τ − ρ ≤

c′1‖E‖r
(r − ρ)2 , |fw|ρ ≤

c′1‖E‖r
(r − ρ|2 .

This completes the proof of the proposition. �	

The following is basic for applying the rapidly convergent power series
method to prove Theorem 3.6.

Lemma 3.8: Suppose that M : w = zz+E(z, z) with the s-invariant s = ∞.
(Namely, suppose that M is formally convergent to the model M0). Assume
that ord(E) ≥ d. Then the transformed surface F (M) : w′ = zz′+E′ obtained
above has ord(E′) ≥ 2d− 2.

Proof of Lemma 3.8: We have the equation:

(3.14) zf(z, w) + zf(z, w) = E − |f(z, w)|2 − E′(z + f, z + f(z, w)).

Apparently, when ord(E) = d, by (3.12), we have ord(f) = d − 1 and thus
ord(|f(z, w)|2) ≥ 2d − 2. Notice that ord(f(z, w) − f(z, zz)) ≥ 2d − 3. Since
we assumed that s = ∞, it must hold that ord(φ(z)) ≥ 2d − 2. (Otherwise,
E′(z′, z′) = Re(bs0z′s0)+o(|z′s0 |) with 2 < s0 < 2d−2 and bs0 �= 0.) Therefore
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it is easy to conclude that ord(E′) ≥ 2d− 2 by the way f, φ were constructed.
(See (3.12)). �	

Now let M ′ = F (M) be as above defined by: w′ = |z′|2 + E′(z′, z′). We
will estimate E′. After complexification, namely, after replacing z by a new
variable ξ, we have

(3.15) E′(z′, ξ′) = −ξ(f(z, w)− f(z, zξ))− z(f(ξ, w)
−f(ξ, zξ))− f(z, w)f(ξ, w) + φ(z) + φ(ξ)

where z′ = z + f(z, w), ξ′ = ξ + f(ξ, w), w = zξ + E(z, ξ).
Let r′ and r be such that 1

2 < r′ < r < 1 and choose σ, ρ ∈ (r′, r) such
that r − ρ = ρ− σ = σ − r′ = 1

3 (r − r′).

Lemma 3.9: Let M be as above with ord(E) ≥ d. Then, there exists an
absolute constant 1 > δ > 0 such that if ‖E‖r < δ(r − r′)2, the above
defined mapping F : (z, w) → (z′, w′) = (z + f(z, w), w) takes every value
in ∆σ exactly once from ∆ρ, and takes M into M ′ = F (M) with E′(z, z′)
holomorphic in z′, ξ′ ∈ Dr′ and

(3.16) ‖E′‖r′ ≤ c2‖E‖r
{ ‖E‖r

(r − r′)2 +
(
r′

r

) d
2
}

.

Proof of Lemma 3.9: Write Ψ(z′, w′) = F−1(z′, w′) = (ψ(z′, w′), w′). We need
to show that for each fixed w with |w| < σ2 and z′ with |z′| < σ, we can solve
uniquely the equation z′ = z + f(z, w) with |z| < ρ. For this purpose, we let
δ be sufficiently small so that |fz|τ + |fw|τ < 1

20 and |f |ρ ≤ 1
20 (r − r′) with

τ = r+r′
2 . Let z1 = z′ and zj+1 = z′ − f(zj, w) for j = 2, · · ·. By the standard

argument on the Picard iteration procedure, one can verify that |zj | < ρ and
zj → z with |z| < ρ, too. Apparently, z is the solution that we want.

This proves that Ψ biholomorphically maps ∆σ into its image contained in
∆ρ. Notice that for (z, ξ) ∈ Dσ, |w(z, ξ)| = |zξ + E(z, ξ)| ≤ |σ|2 + ‖E‖r < ρ2

provided that ‖E‖r < ρ2 − σ2, which holds automatically by the way we
choose δ above. Hence, we conclude that E′ is holomorphic in Dσ. Moreover,

‖E′‖r′ ≤ ‖Q‖σ,
where

(3.17)
Q(z, ξ) = −ξ(f(z, w)− f(z, zξ))−

−z(f(ξ, w)− f(ξ, zξ))− f(z, w)f(ξ, w) + φ(z) + φ(ξ)

To estimate ‖Q‖σ, recall that for (z, ξ) ∈ Dσ, |w| ≤ σ2 + ‖E‖r < ρ2.
Hence,

|f(z, w)− f(z, zξ)| ≤ sup
∆ρ

|fw|‖E‖σ ≤ c1(r − ρ)−2‖E‖2r,
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|φ(z)| ≤ ‖E‖r for |z| < r. Also, by the Schwarz Lemma, |φ(z)| ≤
(

σ
r

)d

‖E‖r
for |z| < σ. Notice that

|f(z, w)f(ξ, w)| ≤ c21(r − ρ)−2‖E‖2r

Hence, ‖Q‖σ ≤ c′2{(r − ρ)−2‖E‖2r +
(

σ
r

)d

‖E‖r}. To complete the proof of

the lemma, we just need to notice that r− ρ = r−r′
3 and thus (σr )2 ≤ r′

r . �	.

Proof of Theorem 3.6: We start withM : w = zz+E(z, z) with ord(E) ≥ 3 and
assume that the s-invariant of M is ∞. Choose {rv}∞v=1 with rv = 1

2 (1+ 1
v+1 ),

ρv = rv − 1
3

(rv − rv+1), σv = rv − 2
3

(rv − rv+1).

We mentioned that we can a priori make ε′ := ‖E‖r1 arbitrarily small. Our
goal will be proving that when ε′ is chosen to be sufficiently small, then the
Ev(z, ξ) obtained successively will be biholomorphic in Drv and ‖Ev‖rv → 0
as v →∞. Moreover, Φv = Ψ1◦Ψ2◦· · ·Ψv converges uniformly in ∆1/2. Hence,
it follows that Φ−1

v (M) = Mv converges to w = zz. Namely, the inverse of
the limit of {Φv} biholomorphically maps (M, 0) into (M0, 0). In details, we
explain as follows:

Note that ord(Ev) ≥ dv = 2v + 2 for v ≥ 1. Set

εv = (rv − rv+1)−2‖Ev‖rv .

Suppose εv is smaller than the δ required in Lemma 3.9. Then by (3.16),

(3.18) εv+1 ≤
(
rv − rv+1

rv+1 − rv+2

)2

c2εv

(

εv + (
rv+1

rv
)

dv
2

)

.

Hence

(3.19) εv+1 ≤ c3εv(εv + λv).

Here

λv =
(

1− 1
(v + 2)2

) dv
2

→ 0.

Now, we have the following:

Lemma 3.10: Suppose a positive sequence {εv} with ε1 << 1 satisfies (3.19).
Then when ε1 is sufficiently small, εv ≤ 2−v. Moreover, for any c′ < 1, by
making ε1 sufficiently small, one also has εv < c′
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Proof of Lemma 3.10: Notice that λv < e−(v+2)22v−1
< c′5e

−v2 . We first choose
N >> 1 and ε1 << 1 such that λv < 2−v for v ≥ N , εN < 2−N < (4c)−1.
Then εN+1 ≤ 2−N−1. By an induction, one sees that εv < 2−v for any v ≥ N .
The rest of the proof is apparent. �	

Hence, once we start with ε′ << 1, then Lemma 3.10 says that Proposition
3.9 can always be applied. We see that ‖Ev‖rv ≤ εv ≤ 2−v → 0. The reader
can easily verify the uniform convergence of {Φv} as v →∞ over ∆1/2.

Now the mapping Φ = limΦv defines a biholomorphic mapping from
(C2, 0) to C2, 0). Its inverse maps M into the model w′ = |z′|2. By Lemma
3.4 or Lemma 3.4′, we can also make Φ−1 satisfy the normalization in (3.6)
or (3.7), respectively. �	

4 Moser-Webster’s Theory on Bishop Surfaces
with Non-exceptional Bishop Invariants

Now we turn to real analytic elliptic Bishop surfaces with non-vanishing
Bishop invariant. Let M be defined by

(4.1) w = qλ(z, z) + o(|z|2),

where qλ(z, z) = zz+λ(z2 + z2) with 0 < λ < 1
2 . Write Mλ = {w = qλ(z, z)}.

Then Mλ is still foliated near 0 by closed analytic curves which bound holo-
morphic curves. Hence, a similar argument as in §3 can be used to show that
Aut0(Mλ) consists of precisely the maps of the form:

(4.2) z′ = a(w)z, w′ = a2(w)w with a = a, a(0) �= 0.

More generally, we call 0 ∈M a non-exceptional complex tangent if 0 ∈M is
a non-degenerate complex tangent with Bishop invariant λ �= 0, 1

2 ,∞ and if
the quadratic equation: λγ2 − γ + λ = 0 has no roots of unity. It is shown in
[MW] that for the general model Mλ with λ non-exceptional, Aut0(Mλ) also
consists precisely of the maps of the form in (4.2). (See [Corollary 3.5, MW]).

One might also want to use the methods in the previous sections to nor-
malize Bishop surfaces near general non-degenerate Bishop complex tangents.
However, one would find out that even the linear algebra involved for the
linearized equation will immediately become a lot of more complicated. Up
to now, no one seems to have succeeded in obtaining a complete set of in-
variants in this way. In the paper of Moser-Wester [MW], they reduced the
normalization problem to the normalization problem for a pair of involutions
intertwined by a conjugate holomorphic involution. This reduction enables
them to completely settle the local equivalence problem for elliptic Bishop
surfaces with non-vanishing Bishop invariant. In the following, we present a
quick discussion on the theory of Moser-Webster. The reader is referred to
their original paper [MW] for more details.
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4.1 Complexification M of M and a Pair
of Involutions Associated with M
Assume that M is defined by an equation of the form

w = zz + λ(z2 + z2) +H(z, z) with H(z, z) = o(|z|2).

Replacing z by ξ and w by η, we obtain a complex surface M in C4 near the
origin defined by

(4.3) (w, η) = Ψ0(z, ξ) :=
{

w = zξ + λ(z2 + ξ2) +H(z, ξ),
η = zξ + λ(z2 + ξ2) +H(ξ, z)

.

Consider the projections π1 and π2 from M to the (z, w) and (ξ, η) spaces,
respectively. Then πj are two-to-one branched covering maps. Write τ̂j for
the deck transformations of πj . Namely, for p, q ∈ M τ̂j(p) = q if and only if
πj(p) = πj(q). One sees that τ̂j extend to biholomorphic self-maps of (M, 0).
Also, write ρ̂ for the conjugate holomorphic self-map of (M, 0): ρ̂(z, w, ξ, η) =
(ξ, η, z, w). Then, the following relations are fundamental:

(4.4) τ̂j
2 = τ̂j , ρ̂2 = ρ̂, τ̂2 = ρ̂ ◦ τ̂1 ◦ ρ̂,

In what follows, we call (τ̂j , ρ̂) the Moser-Webster triplet. Notice that M
is parameterized by (z, ξ) by (4.3). We can define the following self-maps of
(C2, 0):
(i): τ1(z, ξ) := (z, ξ′) if and only if π1(z, w, ξ, η) = π1(z, w, ξ′, η′) for a certain
(z, w, ξ′, η′) ∈ M.
(ii): τ2(z, ξ) := (z′, ξ) if and only if π1(z, w, ξ, η) = π1(z′, w′, ξ, η) for a certain
(z′, w′, ξ, η) ∈ M.
(iii): ρ(z, ξ) := (ξ, z)

A direct computation shows that τ2 and τ1 are given, respectively, by:

(4.5)
{

z′ = −z − 1
λξ + h1(z, ξ),

ξ′ = ξ,

(4.6)
{
z′ = z,
ξ′ = − 1

λz − ξ + h2(z, ξ)

where hj(z, ξ) = o(|(z, ξ)|).
τj are naturally associated to τ̂j by (4.3):

(4.7) τj = Ψ−1
0 ◦ τ̂j ◦ Ψ0, ρ = Ψ−1

0 ◦ ρ̂ ◦ Ψ0.

The following lemma can be proved by a direct construction:

Lemma 4.1: Bishop surfaces (M, 0) and (M̃, 0) with Bishop invariant λ �=
0, 1

2 ,∞ are holomorphic equivalent if and only if there is a biholomorphic map
Ψ from (M, 0) to (M̃, 0) such that Ψ ◦ τ̂j = ˆ̃τj ◦ Ψ and Ψ ◦ ρ̂ = ˆ̃ρ ◦ Ψ .
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Suppose that we have a general pair of holomorphic involutions τ1 and τ2,
together with a conjugate holomorphic involution from (C2, 0) to (C2, 0). Let
M be the complexification of the Bishop surface in (4.1). Suppose that there
is a biholomorphic map Φ from (C2, 0) to (M, 0) such that

Φ ◦ τj = τ̂j ◦ Φ, and Φ ◦ ρ = ρ̂ ◦ Φ.

Then we say {(M, 0), τ̂j , ρ̂} is parameterized by {(C2, 0), τj , ρ} through Φ.
Notice that it then always holds that τ2 = ρ ◦ τ1 ◦ ρ.

The following is a fundamental fact in the theory of Moser-Webster, whose
proof can be reduced to the proof of Lemma 4.1

Proposition 4.2: Let (M, 0) and (M̃, 0) be two Bishop surfaces with Bishop
invariant λ �= 0, 1

2 ,∞. Suppose that the Moser-Webster triplet of their com-
plexifications are parameterized by {τj , ρ} and {τ̃j , ρ̃}, respectively. Then
(M, 0) is holomorphically equivalent to (M̃, 0) if and only if there is a bi-
holomorphic map ψ from (C2, 0) to (C2, 0) such that

τ̃j = ψτjψ
−1, ρ̃ = ψρψ−1.

4.2 Linear Theory of a Pair of Involutions Intertwined
by a Conjugate Holomorphic Involution

Assume that we have two involutions τj : (C2, 0) to (C2, 0) and an anti-
holomorphic involution: ρ : (C2,0) → (C2,0) such that τ2 = ρτ1ρ. We always
assume that the linear parts Tj of τj satisfy the following properties:

(4.8)
{
T1, T2 have no common non-trivial eigenvectors;
det(Tj) + 1 = trTj = 0.

Notice that this is always the case for the holomorphic involutions obtained
from Bishop surfaces with Bishop invariant λ �= 0, 1

2 ,∞. Indeed, for such
involutions,

(4.9) T2 =
(−1 − 1

λ
0 1

)

, T1 =
(

1 0
− 1
λ −1

)

.

We first present the linear theory for these involutions.
Assume τj , ρ are linear. Let φ = τ1 ◦ τ2. By studying the normalization

of φ, one can find a new coordinates system (see [Lemma 2.2, MW]) (x, y) in
which

(4.10)
{

τ1(x, y) = (γy, γ−1x), τ2(x, y) = (γ−1y, γx),
φ(x, y) = (µx, µy−1) with µ = γ2, µ2 �= 1.
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Also, it holds either

(4.11)
{
ρ(x, y) = (y, x) and γ = γ > 1, or
ρ(x, y) = (x, y) and |γ| = 1, 0 < arg(γ) < π

2 .

The coordinates system which put τj , ρ into the above normalization is unique
up to the scaling map, which maps (x, y) to (ax, ay) with a = a.

We now discuss how to construct a Bishop surfaceM such that (M, τ̂j , ρ̂) is
parameterized through a certain biholomorphic map Φ by the above mentioned
set of involutions.

First, we let ξ = b(γx + y), z = a(x + γy), a, b ∈ C. Then z is invariant
under the action of τ1 and ξ is invariant under the action of τ2. We will also
so construct w and η that they are invariant under the action of both τ1
and τ2. We need to choose a, b such that ρ will be associated to the mapping
(z, w, ξ, η) → (ξ, η, z, w) in the complexification of the surface. Hence, when
γ = γ > 1, we need to choose a = b. When γγ = 1 with 0 < arg(γ) < π

2 ,
we chose aγ = b. Hence for ρ in (4.11), we have, respectively, the following
expressions:

(4.12)
{

(i) : ξ = b(γx+ y), z = b(x+ γy);
(ii) : ξ = b(γx+ y), z = bλ(x+ γy).

We only consider how to construct Bishop surfaces in Case (ii). The simplest
quadratic polynomials that are invariant under the action of both τj are cxy
with c ∈ C1. We then want to choose b so that qλ(x, y) is a multiple of xy. In
fact,

w = qλ(z, ξ) = zξ + λ(z2 + ξ2)
= |b|2γ(γx2 + γ2xy + xy + γy2)

+λ
(

b2(γ2x2 + 2γxy + y2) + b2γ2(x2 + 2γxy + γy2)
)

Hence we obtain

(4.13)

{

|b|2 + λb2γ2 + b
2
γ2λ = 0

|b|2 + λb2 + b
2
λ = 0.

Therefore, we can choose b be such that |b| = 1 and b2 = −γ−1. For such
a choice of b, we have λ = (γ + γ−1)−1 > 0 and q = zξ + λ(z2 + ξ2) =
λ−1(1− 4λ2)xy

Now, it is straightforward to verify that {τj , ρ} is a parameterization for
the Moser-Webster triplet on the complexification of w = qλ(z, z) through the
map

(4.14)
Φ(x, y) = (z(x, y), w(z, y) = λ−1(1 − 4λ2)xy, ξ(x, y), η(x, y)

= w(x, y) = w(x, y)),

where z(x, y) and ξ(x, y) are given by the second formula in (4.12).
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Notice that λ = (γ + γ−1)−1 or λγ2− γ+λ = 0. Hence when γγ = 1 with
0 < arg(γ) < π/2, the Bishop invariant of the quadric λ > 1

2 . Namely, M has
a hyperbolic complex tangent at 0. The reader can verify that in the case of
γ = γ, the involutions studied above parameterize the Moser-Webster triplet
for elliptic Bishop quadrics with λ �= 0.

4.3 General Theory on the Involutions
and the Moser-Webster Normal Form

We now study the non-linear involutions τj and ρ with τ2 = ρ ◦ τ1 ◦ ρ, whose
linear parts satisfy the property in (4.8). For the purpose of studying Bishop
surfaces, one can assume that ρ is conjugate linear. By §3, after a linear change
of coordinates, we also assume that in (x, y)-coordinates,

(4.15) τj :=
{
x′ = γjy + pj(x, y)
y′ = γ−1

j x+ qj(x, y)

(4.15)′
ρ(x, y) = (y, x) and γ = γ > 1; or
ρ(x, y) = (x, y) and |γ| = 1, arg(γ) ∈ (0, π/2).

(4.16) φ = τ2 ◦ τ1 :=
{

x′ = µx+ f(x, y)
y′ = µ−1y + g(x, y)

where γ1 = γ−1
2 = γ, µ = γ2, µ2 �= 1, pj , qj , f, g = o(|(x, y)|). We will subject

to τj , φ a transformation of the following form:

(4.17) ψ :=
{

x = t+ u(t, T )
y = T + v(t, T )

For any formal power series p(t, T ), we can write it as

p(t, T ) =
∞∑

−∞
ps(t, T ),

with ps(τt, τ−1T ) = τsps(t, T ), for any τ ∈ R. We call ps is of type s. We
impose the normalization condition for the transformation in (4.17): u1 =
v−1 = 0. A fact is that for any ψ as in (4.17), there is a unique factorization:
ψ = ψ0 ◦ δ where ψ0 is normalized and δ(t, T ) = (α(tT )t, β(tT )T ) for certain
α, β with α(0) = β(0) = 1.

Theorem 4.3 (Moser-Webster [MW]): Let τj , ρ, φ be in (4.13)-(4.14) with
µ = γ2 not a root of unity. Then there is a unique normalized transformation
ψ of the form (4.17) such that
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ψ−1τ1ψ(t, T ) = (ΛT,Λ−1t), ψ−1τ2ψ(t, T ) = (Λ−1T,Λt),
ψ−1φψ(t, T ) = (Mt,MT ), ψ−1ρψ(t, T ) = ρ(t, T )

where Λ = γ +
∑∞

α=1 Λα(tT ) = γ + o(1),M = Λ2(tT ). The most general
transformation that makes τj into the above normal form is of the form:
ψ ◦ σ with σ(t, T ) = (r(tT )t, r(tT )T ). Here r(tT ) = r(tT ) and r(0) �= 0.
Also in these coordinates, Λ satisfies either the property Λ(tT ) = Λ(tT ) or
Λ(tT )Λ(tT ) = 1, according to the first form or the second form ρ takes in
(4.15)′, respectively.

Idea of the Proof of Theorem 4.3: The proof is done by an induction argument.
Here, we only sketch the the proof how to construct the unique normalized
map ψ which puts τj , φ into their normal form. The reader can find the detailed
proof for statements in the theorem, in the original paper of Moser-Webster
[§3, MW].

Assume that there is a ψ whose terms of order less than m can be chosen
uniquely so that ψ−1τjψ has the property in the theorem up to order m− 1.
Thus we assume that τj take the following form:

τj :
{
x′ = Λjy + pj + · · · ,
y′ = Λ−1

j x+ qj + · · ·
where Λj(xy) = Λj(xy) are polynomial of degree < m− 1, pj , qj are holomor-
phic polynomials of degree m ≥ 2. The dots denote terms of order at least
m+ 1. Using τ2

j = Id and noting that Λj(τj) = Λj +O(m), we get

(4.17)′ γjqj(x, y) + pj(γjx, γ−1
j y) = 0.

It then follows that

φ :
{

x′ = Mx+ a+ ...,
y′ = M−1y + b+ ...,

where M = Λ1Λ
−1
2 and a = γ1q2 + p1(γ2y, γ

−1
2 x), b(x, y) = γ−1

1 p2(x, y) +
q1(γ2y, γ

−1
2 x).

We want to choose u, v so that φ̃ = ψ−1φψ has the form given in Theorem
4.3, modifying terms of order at least (m+ 1). Then one can see that it forces
ψ−1τjψ also to have the form as in Theorem 4.3 modifying terms of order at
least (m+1). Let φ̃ be in Theorem 4.3. Since ψφ̃ = φψ, we have:

(4.18)
{
u(µt, µ−1T )− µu(t, T ) = (a− ã)(t, T )
v(µt, µ−1T )− µ−1v(t, T ) = (b− b̃)(t, T ).

We want to make ãs = 0 for s �= 1 and b̃s = 0 for s �= −1. This leads to the
equation:

(4.19)
{

(µs − µ)us = as, s �= 1
(µs − µ−1)vs = bs, s �= −1,

which clearly can be solved by the assumption.
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Then, ã1 = a1 = A(tT )t, b̃−1 = b−1 = B(tT )T , and ψ is uniquely deter-
mined up to order m.

We next show that pj(x, y) = Pj(xy)y, qj(x, y) = Qj(xy)x. By (4.17)′, we
have

γq2 + p1τ2 = tA, γ−1p2 + q1τ2 = TB.

By (4.17), q1 = −γ−1p1τ1, q2 = −γp2τ2 up to order m. Therefore, p1−µp2 =
γ−1yA, p2−p1φ = γ1xB. This then leads to p1−µp1φ = y(γ−1A+µγB), p2−
µp2φ = y(γ−1µA + γB). Since µ is not a root of unity, this implies that pj
are of type s = −1. Similarly, we can get qj are of type s = +1.

Returning to τj , φ, we may write

τj :
{
x′ = (Λj + Pj)y + ...
T ′ = (Λ−1

j +Qj)x+ ...

with Λ2 = Λ−1
1 . One can also verifies that (Λj + Pj)(Λ−1

j +Qj) = 1 + O(m).
By induction, we proved the existence of φ, which normalizes τj and φ.

The rest of the proof is similarly done, which we refer the reader to [§3,
MW]) �	.

The following result of Moser-Webster provides a convergence result when
γ does not have norm 1. The proof is based on a majorant argument, motivated
by the study of the normalization problem for area preserving mappings in
mechanics. (See [SM]). The proof can be found in [§4, MW].

Theorem 4.4: Let {τj , ρ} be as in Theorem 4.3. Assume that |γ| �= 1.
Then the normalization ψ in Theorem 4.3 and the normal forms for τj , φ are
convergent near the origin.

Making using of Theorem 4.2, Theorem 4.3 and a similar way for construct-
ing Bishop surfaces from the involutions as discussed in §4.2, Moser-Webster
obtained the following Theorem. (See [§5, MW])

Theorem 4.5 (Moser-Webster): Let (M, 0) be a real analytic Bishop surface
with Bishop invariant λ ∈ (0, 1/2). Then there is a holomorphic change of
coordinates, such that in the new coordinates,M is represented by an equation
of the form:

(4.20) w = zz + (λ+ εws)(z2 + z2), ε = 0,±1.
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5 Geometric Method to the Study
of Local Equivalence Problems

The method we discussed in the previous sections is fundamentally based on
the understanding of the associated power series. Results obtained in such a
manner are usually easy to apply; and invariants obtained so are relatively
easy to computer. However, it mainly applies to real analytic submanifolds.
The convergence issue may also be very difficult to handle in certain cases. In
this section, we introduce to the reader a geometric approach for the study of
the equivalence problem, initiated from the work of E. Cartan. This method
applies to smooth CR generic submanifolds. The invariants are the so-called
curvature functions and their covariant derivatives. Notice that the invariants
from the power series method are usually embedded into the coefficients of
the normal forms. There are many references related to the topics discussed
here. We mention [Ga] [CM] [Ch] [CJ] [Ja] [HJY] [HJ2], to name a few.

5.1 Cartan’s Theory on the Equivalent Problem

Let V, Ṽ ⊂ Rn be open subsets with p ∈ V and p̃ ∈ Ṽ . Let θV = (θ1V , ..., θ
n
V )t

and θ̃Ṽ = (θ̃1
Ṽ
, ..., θ̃n

Ṽ
)t be co-frames on V and Ṽ , respectively. Let G ⊂

GL(n,R) be a connected linear subgroup. We would like to understand the
following question: When does there exist a diffeomorphism Φ from V to Ṽ
with Φ(p) = q such that Φ∗(θ̃Ṽ )(p) = γV Ṽ (p)θV , where γV Ṽ (p) ∈ G for each
p?

To answer the question, we construct its G-co-frame bundle (Y, π, V ),
where ∀p ∈ V , π−1(p) = {g · θV (p) : g ∈ G}. (Since we only consider the
local problem, we can identify Y as the product manifold V ×G.)

Notice that G acts smoothly from the left on Y , which is defined as follows:
∀C ∈ G, and P = g · θV (p) ∈ π−1(p),

(C,P ) = (Cg) · θV (p) ∈ π−1(p).

This action makes Y into a so-called G-structure bundle over V
Now, θV can be lifted naturally to globally defined 1-forms ω = (ω1, · · · , ωn)t:
ωl|gθV (p) = gπ∗V (θlV (p)).

Similarly, we can define a G-structure co-frame bundle (Ỹ , π̃, Ṽ )
In what follows, when there is no confusion, we identify the space Y with

V × G through a manner, which should be obvious from the context. For
instance, in the following lemma, Y is identified with V ×G. through the map
gθV (p) �→ (p, g).

Lemma 5.1 is simple but important for Cartan’s theory.

Lemma 5.1: There exists a diffeomorphism Φ : V → Ṽ with Φ(p) = p̃

satisfying Φ∗(θ̃Ṽ ) = γV Ṽ θV , where γV Ṽ smoothly maps V into G, if and only
if there exits a diffeomorphism Φ1 : V ×G→ Ṽ ×G such that
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Φ1∗ω̃ = ω, with Φ1(P ) = P̃ ,

where P ∈ π−1
V (p) and P̃ ∈ π−1

Ṽ
(p̃).

Proof of Lemma 5.1: We need only to show that the existence of Φ1 gives
the required Φ. (This is because if we know Φ, we can set Φ1(u, S) =
(Φ(u), Sγ−1

V Ṽ
(u)).)

Assume that Φ1 : Y → Ỹ is a diffeomorphism such that Φ1∗(ω̃) = ω. Write
Φ1(u, S) = (Φ(u, S), T (u, S)) with u ∈ V , Φ(u, S) ∈ Ṽ and T (u, S) ∈ G.

The assumption that Φ∗(ω̃) = ω gives that

Φ1∗(Tπ∗
Ṽ

(θ̃Ṽ )) = Sπ∗V (θV ), or

(πṼ ◦ Φ1)∗(θ̃Ṽ ) = (T (u, S))−1Sπ∗V (θV ), or

(Φ(u, S))∗(θ̃Ṽ ) = (T (u, S))−1SθV .

Since {θ̃Ṽ } is a co-frame fro T ∗(Ṽ ) and {θV } is a co-frame for T ∗V , we
conclude that the partial derivatives of Φ(u, S) with respect to the group
variables must be zero. Hence Φ(u, S) = Φ(u). In particular, T (u, S)−1S =
γV Ṽ (u). The proves the existence of the required map from V to Ṽ . �	

Let dim G = r. Then dim(Y ) = n+r. With the forms ω1, ..., ωn, we would
like to add r more 1-forms ωn+1, ..., ωn+r on V ×G to form a co-frame Ω over
Y such that Φ1∗(ω̃) = ω if and only if Φ1∗(Ω̃) = Ω. If this is the case, we
call such an equivalence problem an e-equivalence problem. Whether we can
extend ω to Ω to reduce to an e-equivalence problem depends strongly on
the property of the group G. Fortunately, for the CR equivalence problem for
Levi non-degenerate hypersurfaces, we do have such a reduction which is the
content of the Cartan-Chern-Moser theory ([CM]).

Suppose that ω has an extension to Ω such that there is a diffeomorphism
Φ from Y to Ỹ with Φ∗(ωj) = ωj (j ≤ n) if and only if Φ∗(Ω̃) = Ω, namely,
Φ∗(ω̃j) = ωj for any j ∈ {1, ..., n+ r}. The forms {ωj} for j ≥ n+1 are called
the connection forms.

Next we introduce Cartan’s method for the study of the e-equivalence
problem, by introducing a new type of invariant functions from what presented
in the above sections.

Let Ω = {ωj} be a coframe over a domain V ⊂ Rn. For any differentiable
function γ over V , we define its covariant partial derivative:

(5.1) dγ =
∑

γ|iωi.

Since {ωj} is a co-frame, we can uniquely write dωi =
∑
Cijkω

j ∧ ωk with
Cijk = −Cikj . Let Ω̃ = {ω̃j} be a co-frame over another domain Ṽ ⊂ Rn.
Apparently, if there is a Φ with Φ∗(Ω̃) = Ω, then it mus hold
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C̃ijk|l ◦ Φ = Phi∗(C̃ijk|l) = Cijk|l.

Hence {Cijk|l} are the simplest invariant functions attached to the e- equiva-
lence problem for the co-frame Ω. Now, we can inductively take the covariant
derivatives of the obtained invariants to get new invariant functions. More
precisely, for each integer s with s ≥ 1, we define

(5.2) Γs(Ω, V ) :=
{

Cijk, C
i
jk|l1 , · · · , Cijk|l1...ls | 1 ≤ i, j, k, l1, ..., ls ≤ n+ r

}

,

which is written as a lexicographically ordered set. We define

(5.3) ks(p) := rank{d Γs(Ω, V )}(p), p ∈ V,
to be the dimension of the span of the differentials which occur in the ordered
set Γs(Ω, V ). The order of the e-structureΩ at p ∈ V is the smallest j0 = j0(p)
such that

kj0 (p) = kj0+1(p).

In this case, the rank of the e-structure Ω at p is defined as

ρ0 = ρ0(p) := kj0(p).

We say that the e-structure Ω is regular of order j0 and of rank ρ0 at
p ∈ V if there exists a neighborhood Up of p in V such that the order j0(q) ≡
constant and rank ρ0(q) ≡ constant, ∀q ∈ Up. Then we can find ρ0- functions
{g1, ..., gρ0} ⊂ Γj0(Ω, V ), and a certain neighborhood Up of p in Y so that
d g1 ∧ · · · ∧ d gρ0 �= 0,

(5.4) d g ∧ d g1 ∧ · · · ∧ dgρ0 ≡ 0 on Up, for any g ∈ Γj0+1(Ω, V ).

Notice 0 ≤ j0 ≤ n + r − 1. The case j0 = 0 occurs when the functions
Cijk ≡ constant for all i, j and k. And the case j0 = n+r−1 occurs if and only if
one invariant function is added at each jet level. Notice that 0 ≤ ρ0 ≤ n+r−1.
When ρ0 = n+ r − 1, we say that Γ (Ω, V ) is of the maximal rank.

Next, for each g ∈ Γj0+1(Ω, Y ), since dg∧dg1 ∧ ...∧dgρ0 ≡ 0, we conclude
that there is a unique function Ag such that

g = Ag(g1, ..., gρ0)

where Ag is defined near a neighborhood of (g1(p), ..., gp(p)) which is called
the the relation function of g with respect to {g1, ..., gρ0}.

The following fundamental theorem is due to Cartan.

Theorem 5.2 (E. Cartan [Ga]): Let Ω and Ω̃ be two smooth regular e-
structures of order j0 and rank ρ0. Let g1, ..., gρ0 be as in (5.14). Let g̃1, ..., g̃ρ0
be such that they have the identical lexicographic indices as for g1, ..., gρ0 .
Then the following statements are equivalent:
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(i) There exists a C∞ diffeomorphism Φ : (V, p) → (Ṽ , p̃) with Φ∗Ω̃ = Ω.
(ii) g̃j(p̃) = gj(p) holds for 1 ≤ j ≤ ρ0, and for any function g ∈ Γj0+1(Ω, V ),
and g̃ ∈ Γj0+1(Ω̃, Ṽ ) with the same lexicographic order, it holds that Ag = Ag̃
near (g1(p), ..., gp(0)).

Suppose that Ω is a real analytic co-frame and V is connected. Then, there
is a proper real analytic subset E such that any point in V − E is a regular
point. Also, from the uniqueness property of real analytic functions, the order
and the rank of Ω are all the same in V − E. We define the order and the
rank of Ω in V to be the order and the rank of Ω at any point in V − E.

We call Ω an algebraic co-frame if ωj =
∑
hjl dx

l with hjl Nash algebraic
smooth functions. We define the algebraic degree of ωj to be the maximum
degree of the algebraic functions hjl . Here, we recall that for a Nash algebraic
smooth function h �≡ 0, there is an irreducible polynomial P (x,X) in (x,X)
such that P (x, h) ≡ 0. Then we define the degree of h to be the degree of the
polynomial P (x,X). It is apparent that when Ω is an algebraic co-frame, then
any curvature functions and relation functions are algebraic, too. Suppose that
the order of Ω is j0. We set

(5.5) �(Ω) = maxg∈Γj0+1deg(g).

Then we have the following versions of the Cartan theorem in the analytic
category and algebraic category, which are a lot of more convenient to apply:

Theorem 5.3: Let Ω and Ω̃ be analytic e- structures at p and p̃, respectively,
with p a regular point of Ω. Then the following are equivalent:
(i). There exists a Cω diffeomorphism Φ : (V, p) → (Ṽ , p̃) such that

Φ∗Ω̃ = Ω.

(ii). Γk(Ω̃, V )(p̃) = Γk(Ω, V )(p) holds for all k.
(iii). Suppose that Ω and Ω̃ have order j0 and rank ρ0 at p and p̃, respectively.
Also assume that p̃ is a regular point for Ω̃. Let g1, ..., gρ0 be as above, and let
g̃1, ..., g̃ρ0 be the corresponding relation functions with the same lexicographic
order as for g1, ..., gρ0 . Then g̃j(p̃) = gj(p) holds for 1 ≤ j ≤ ρ0, and for any
function g ∈ Γj0+1(Ω, V ), and g̃ ∈ Γj0+1(Ω̃, Ṽ ) with the same lexicographic
order, it holds that Ag = Ag̃ near (g1(p), ..., gp(0)).

Theorem 5.4([HJ2]): Suppose that Ω and Ω̃ are algebraic co-frames with

l0 = max{�(Ω), �(Ω̃)}.

Assume that p ∈ V is a regular point for Ω. (See (5.5) for the definition of
�(Ω) and �(Ω̃)). Let p̃ ∈ Ṽ . Then the following statements are equivalent:
(i) Γ2l30

(Ω, V )(p) = Γ2l30
(Ω̃, Ṽ )(p̃).
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(ii) There is a real analytic diffeomorphism Φ1 from a neighborhood of p ∈ V
to a neighborhood of p̃ inṼ such that Φ1∗(Ω̃) = Ω.

We mention that both Theorem 5.3 and Theorem 5.4 can be stated in
the holomorphic category when Ω, Ω̃ are holomorphic or holomorphically
algebraic co-frames. For instance, we have the following:

Theorem 5.3′: Let Ω and Ω̃ be holomorphic co-frames at p ∈ V and p̃ ∈ Ṽ ,
respectively. Here V (or, Ṽ ) is a neighborhood of p (or, p̃, respectively) in Cn.
Then the following are equivalent:
(i). There exists a biholomorphic map Φ : (V, p) → (Ṽ , p̃) such that

Φ∗Ω̃ = Ω, Φ(p) = p̃.

(ii). Γk(Ω̃, V )(p̃) = Γk(Ω, V )(p) holds for all k.

The proof of these results are based on the Frobenius Theorem. We first
prove Theorem 5.2. Apparently, we need only to show that (ii) ⇒ (i). ((i) ⇒
(ii) can be seen by the basic fact that if Φ is a C∞ diffeomorphism from (V, p)
to (Ṽ , p̃) with Φ∗(Ω̃) = Ω, then Γj(Ω, V ) = Γj(Ω̃, Ṽ ) ◦ Φ.)

Proof of Theorem 5.2: Consider the manifold M ⊂ V × Ṽ defined by gj(x) =
g̃j(x̃) for (x, x̃) ≈ (p, p̃). Here {gj}ρ0j=1 and {g̃j} are as in the Theorem. M
is apparently a smooth manifold of codimension ρ near (p, p̃), for dg1 ∧ ... ∧
dgη0(p) �= 0, dg̃1 ∧ .... ∧ dg̃ρ0(p̃) �= 0.

Consider the differential ideals ∆: ∆ is generated by {π∗(Ω) − π̃∗(Ω̃)},
where π is the projection from V × Ṽ to V and π̃ is the projection from V × Ṽ
to Ṽ . We first claim that ∆, when restricted to M , is an integral differential
system.

Indeed, on V × Ṽ ,

d(π∗ωa− π̃∗ω̃a) =
∑

(Cajk ◦π)π∗(ωj)∧π∗(ωk)−
∑

(C̃ajk ◦ π̃)π̃∗(ω̃j)× π̃∗(ω̃k).

Since Cajk = Aajk(g1, ..., gρ) and C̃ajk = Aajk(g̃1, ..., g̃ρ), when restricted to
M , we see that Cajk ◦ π ≡ C̃ajk ◦ π̃. Hence on M , we have

d(π∗ωa − π̃∗ω̃a) =
∑
Cajk ◦ π{π∗(ωj) ∧ π∗(ωk)− π̃∗(ω̃j) ∧ π∗(ω̃k)}

=
∑
Cajk ◦ π{π∗(ωj) ∧ (π∗ωk − π̃∗ω̃k)− π̃∗(ω̃k) ∧ (π∗(ωj)− π̃∗ω̃j)}.

Next, we claim that the rank of ∆|M is n− ρ0.
Let us write yj = gj for j = 1, ..., ρ0 and extend (y1, ..., yρ0) to a coordinate

system
(y1, ..., yρ0 , ..., yn)

near (gj(p0), 0, ..., 0). Then the regularity assumption at p gives that
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dyj =
∑

yj|l(y1, ..., yρ0)ωlV for j ≤ ρ0.

Also the matrix (ya|j) must have rank ρ0 by the rank assumption of Ω.
By relabelling {ωj} if necessary, we can assume that det(yα|β)1≤α,β≤ρ0 �= 0.

Let (yα|β)−1 = gαβ . Then

∑

gαβdy
β = ωα +

∑

ba=ρ0+1,···,nωa, or

ωα =
ρ0∑

β=1

gαβdy
β −

n∑

a=ρ0+1

bαaω
a.

Similarly, we have g̃αβ = (ỹα|β)−1,

ω̃α =
ρ0∑

α,β=1

g̃αβd˜yβ −
∑

a=ρ0+1,···,n
b̃αaw̃

a.

By the assumption in (ii), gαβ = g̃αβ , bαa = b̃αa for yj = ỹj (j ≤ ρ0).
Hence, when restricted to M ,

π∗(ωα) = π̃∗(ωα) modρ0+1≤a≤n{π∗(ωα)− π̃∗(ω̃a)}.

This proves that the rank of ∆, when restricted to M , is bounded by n− ρ0.
We next show that {π∗(ωa)− π̃∗(ω̃a)}ρ0+1≤a≤n, when restricted to M , is

linearly independent.
Indeed, since dy1∧ ...∧dyρ0 ∧dωρ0+1∧ ...∧dωn = det(yαβ )ω1∧ ...∧ωn �= 0,

dỹ1 ∧ ... ∧ dỹρ0 ∧ dωρ0+1 ∧ ... ∧ ω̃n �= 0.

We see that {dy1, ..., dyρ0 , dωρ0+1, ..., dωn} {dỹ1, ..., dỹρ0 , dω̃ρ0+1, ..., dω̃n} are
co-frames.

Now, in the (y, ỹ)-coordinates, M is defined by yj = ỹj for j ≤ ρ0. Hence,
it is easy to see that {π∗(ωa)}a≥ρ0+1 is of rank n− ρ0 when restricted to M
near (p, p̃). Hence the rank of π∗(ωa)− π̃∗(ωa) is of rank n− ρ0.

Now, ∆ induces a foliation in M with each leaf of real dimension 2n−ρ0−
(n− ρ0) = n. Letting L be a leaf in M , that passes through (p, p̃). We claim
that π∗ : T(p,p̃)L → TpV is an isomorphism. For this, we need only to show
that π∗ is injective.

Suppose X ∈ T(p,p̃)L be such that π∗(X) = 0. Then

0 =< π∗(ωj)− π̃∗(ω̃j), X >= −(ω̃j, π̃∗(X))

for all j. Since {ω̃j} forms a co-frame in Ṽ , we get π̃∗(X) = 0. Thus X = 0.
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Finally, let Φ be such that L = {(x, Φ(x)) : x ≈ p}. Then one sees that Φ
is precisely the map that we are looking for. �	

Next we give the proof of Theorem 5.3:
Proof of Theorem 5.3: Let (X1, ..., Xn) be the dual frame of (ω1, ..., ωn).
Namely, 〈ωj , Xl〉 = δlj. Let ε0 be sufficient small such that for any constant
vector (a1, ..., an) with

∑

j |aj |2 < ε20. The integral curve γa(t) with γa(0) = p
of
∑

j ajXj is defined for |t| < 2. Namely,

dγa(t)
dt

=
n∑

j=1

ajXj(γa(t)), γa(0) = p

has a unique solution for |t| < 2.
We can similarly define (X̃1, ..., X̃n) and γ̃a(t). We then claim that

Γj(Ω, V )(γa(t)) ≡ Γj(Ω̃, Ṽ )(γ̃a(t)) for |t| < 2.

To this aim, for gj ∈ Γ (Ω, V ) and g̃j ∈ Γj(Ω̃, Ṽ ) with the same lexico-
graphic order, we first notice that gj(γa(t)) − g̃j(γ̃a(t)) is real analytic for
|t| < 2. To prove that gj(γa(t)) ≡ g̃j(γ̃a(t)), we need only to verify that
Gj(t) = gj(γa(t))− g̃j(γ̃a(t))) vanishes to infinite order at 0. In fact,

dGj(t))
dt =

∑

l gj|l(γa(t))〈ωl,
∑

k akXk〉(γa(t)) − g̃j|l(γ̃a(t))〈ω̃l,
∑

k akX̃k〉
=
∑

l{gj|l(γa(t))al − g̃j|l(γ̃a(t))al}

Hence, it follows that Gj(0) = G′
j(0). By induction and the given hypothesis,

we can conclude that G(k)
j (t) ≡ 0 for all k.

Now, we can define M ⊂ V × V ′ := {(x, x̃) : Γ (Ω, V )(x) = Γ (Ω, Ṽ )(x̃)}.
Define ∆ the same way as in the proof of Theorem 5.2. Then we can similarly
construct the required map Φ. (In fact, one can choose Φ that sends γa(1) to
γ̃a(1), when |a| < ε0 varies. ) �	

For the proof of Theorem 5.4, we refer the reader to [HJ2].

5.2 Segre Family of Real Analytic Hypersurfaces

We now explore how Cartan’s method can be adapted to the study of the
equivalence problem of real hypersurfaces in Cn. We mainly focus on the real
analytic category.

Let M be a real analytic hypersurface in D ⊂ Cn with real analytic
defining function r ∈ Cω(D). Apparently, for any other local defining function
r∗ ofM , r∗ = s∗r with s∗|M �= 0. Hence we can well define its complexification
as the complex submanifold: M = {(z, ξ) ∈ D × Conj(D) : r(z, ξ) = 0}.
M is a complex submanifold of complex codimension 1 in Cn × Cn near
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M × conj(M). Here for a set E ⊂ Cn, Conj(E) := {z | z ∈ E}. For each
ξ ∼ Conj(M)), we can define a complex analytic variety Qξ := {z ∈ Cn :
r(z, ξ) = 0}. We call Qξ the Segre variety of M with respect to ξ. Notice that
M is foliated by {Qξ} (In some references, say, in [We1] [Hu4], one defines
Qξ := {z ∈ D : r(z, ξ) = 0} for ξ ∈ D). A fundamental fact for Segre family
is its invariant property for holomorphic maps. More precisely, if f is a local
holomorphic map from (M,p) to (M̃, p̃), then f(Qξ) ⊂ Q̃f(ξ) for any ξ near p.

Here Q̃f(ξ) is the Segre variety of M̃ with respect to f(ξ). In particular, when

f is a holomorphic map from (M,p) to (M̃, p̃), f induces a holomorphic map
(f(z), f(ξ)) from (M, (p, p)) to (M̃, (p̃, p̃)).

We mention that the above simple property for Segre family has been a
basic tool to study the analyticity problem for CR mappings between real
analytic hypersurfaces, based on ideas from the original paper of Webster.
(See [Hu1] [Hu4] for historic discussions and many related references.) Here,
we will use it for a different purpose.

In what follows, we assume that 0 ∈M and we use (z, ξ) for the coordinates
of Cn×Cn. Also, we can assume, without loss of generality, that M is defined
by an equation of the form r = 2Im(zn) +O(|z|+ |Re(zn)|). In what follows,
the indices α, β will have range from 1 to n − 1. Occasionally, we will write
w, η for zn, ξn, respectively. We also use the summation convention: repeated
indices imply summation.

On M, there are (n− 1) independent holomorphic one forms

(5.6) θα = dzα|M, θα = dξα|M, θ = idzr|M = irαdz
α|M + irndz

n|M.

{θ, θα, θα} is a co-frame for M, which depends on the choice of the defining
functions.

Next, let (M̃, p̃) be another real analytic hypersurface near p̃ = 0 in Cn

with a defining function r̃ = 2Im(z̃n) + O(|z̃|). Define similarly the co-frame
{θ̃, θ̃α, θ̃α} on M̃ near (p̃, p̃).

If there is a biholomorphic map f from (M, 0) to (M̃, 0), then we have a
holomorphic map (f(z), f(ξ)) from (M, 0) to (M̃, 0). We say that (M, 0) is
Segre equivalent to (M̃, 0) if there is a holomorphic map Φ = (Φ1(z), Φ2(ξ))
from (C2n, 0) to (C2n, 0) such that Φ sends each Segre variety Qξ of M near
0 to the Segre variety QΦ2(ξ) of M̃. (Apparently, such a map sends (M, 0)
to (M̃, 0)). In particular, we see that when (M, 0) is equivalent to (M̃, 0),
then (M, 0) is Segre equivalent to (M̃, 0). We mention that even if M, M̃ are
strongly pseudoconvex, Faran constructed in [Fa] examples showing that the
converse of the above statement fails. However, see Remark 5.7.

Lemma 5.5: (M, 0) is equivalent to (M̃, 0) if and only if there is a holomor-
phic map Φ = (Φ1, Φ2) = (φj , ψk) from (M, 0) to (M̃, 0) such that
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(5.7)







Φ∗(θ̃) = uθ,

Φ∗(θ̃α) = uαθ + uαβθ
β ,

Φ∗(θ̃α) = uαθ + vαθβ .

where u, uα, uαβ , vβ are holomorphic near 0 and the holomorphic 1-forms are
defined as in (5.6).

Proof of Lemma 5.5: Suppose the existence of the Segre isomorphism Φ =
(Φ1(z), Φ2(ξ)). Notice that r̃(Φ) is also a defining function for M near 0.
Hence r̃(Φ) = r(z, ξ)S(z, ξ) near M with S(z, ξ) �= 0 near S.

Since θ̃ = i∂r̃ on M, we have

Φ∗(θ̃) = i∂r̃(Φ1(z), Φ2(ξ)) = iS(z, ξ)∂r(z, ξ) = iS(z, ξ)θ.

Φ∗(θ̃α) = Φ∗(dz̃α) = dφα(z) = ∂φα

∂zβ
dzβ + ∂φα

∂zn
dzn

= ∂φα

∂zβ
dzβ + ∂φα

∂zn

(

− i θrn − rβ

rn
dzβ

)

=
(

∂φα

∂zβ
− ∂φα

∂zn

rβ

rn

)

θβ − i∂φα

∂zn

1
rn
θ.

Similarly, we can verify the last equality in (5.7). This proves the first part of
the lemma. Similarly, if Φ = (Φ1, Φ2) is a holomorphic map satisfying (5.7).
Then ∂

∂ξα
Φ1 = 0 and ∂Φ2

∂zα
= 0. Hence

Φ1 = Φ1(z1, ..., zn−1, zn, ξ
n) and Φ2 = Φ2(ξ1, ..., ξn−1, zn, ξ

n).

Since M can be parameterized either by (zα, ξ) or (z, ξα), Φ1 and Φ2 can be
completely expressed as holomorphic functions in z or ξ, respectively. Also, it
is obvious that Φ preserves the Segre varieties. �	

Now let (M, P ) be as before with holomorphic co-frame {θ, θα, θα}. Then
we can form a G-structure co-frame bundle Y over M, where G consists of
invertible matrices of the form





u 0 0
uα uβα 0
vα 0 vβα





To solve the Segre equivalence problem by using Cartan’s method, the key
step is to find the co-frame on Y, through which the G-equivalence can be
reduced to the {e}-equivalence problem.

Assume that M is strongly pseudoconvex at 0 and M is defined by

r = zn − ρ(zα, ξα, ξn) = zn − ξn + o(|zα|+ |ρα|).
It is easy to see that (ρβα)|0 is precisely the Levi-form of M at 0. Hence,
det(ρβα) �= 0 near 0.
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Following Chern [Ch] and Chern-Ji [CJ], we choose a co-frame over M of
the following form:

(5.8)







θ = i(dzn + rαdz
α)

θα = dzα,

θα = i
rn

α

rn θ −
(

rβα − rn
αr

β

rn

)

dξβ ,

where and in what follows, we write rα = ∂r
∂zα

, rβ = ∂r
∂ξβ , r

β
α = ∂2r

∂zα∂ξβ
, etc..

For forms in (5.8), we have:

(5.9) dθ = iθα ∧ θα.

Indeed, notice that

drα = rαβdz
β + rnαdξn + rβαdξ

β

= rαβdz
β + rn

α

rn (−iθ − rβdξβ) + rβαdξβ
= rαβdz

β − θα.

Hence θα = −drα + rαβdz
β and dθ = idrα ∧ dzα = iθα ∧ θα.

Now, by the Levi non-degeneracy of M at 0,
{ zα = zα

zn = zn
ρα = ρα(zα, ξα, ξn)

can be used to uniquely solve for (zα, ξα, zn) by the data (zα, ρα, zn). Hence,
we can use (zα, ρα, zn) for the coordinates of M. In the (zα, zn, ρβ) coordi-
nates, we have the following formula:

(5.10)







θ = i(dzn − ραdzα),
θα = dzα,
θα = dρα − ραβdzβ, dθ = iθα ∧ θα.

Here ραβ are holomorphic functions in (z, ρα).
Next, let (M̃, 0) be the complexification of another real analytic hyper-

surface (M̃, 0). We also choose the same type of the co-frame (θ̃, θ̃α, θ̃α) on
(M̃, 0) as in (5.10). Now, suppose that Φ is a Segre isomorphism from (M, 0)
to (M̃, 0), then







Φ∗(θ̃) = uθ,

Φ∗(θ̃α) = uαβθ
β + uαθ,

Φ∗(θ̃α) = vβαθβ + vαθ.

with dθ̃ = iθ̃α ∧ θ̃α and u, uαβ , v
α
β , u

α, vβ holomorphic near the origin.
Hence du ∧ θ + udθ = i(uαβθ

β + uαθ) ∧ (vβαθβ + vαθ), from which we get
the following
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{
δlku = uαl v

k
α,

du = iuαβvαθ
β − iuαvβαθβ + tθ.

Next, we consider the C∗ := C \ {0} structure bundle E0 = M×C∗ on M,
which can be identified with the C∗-fiber bundle whose fiber π−1(P ) over
P ∈ M is precisely {uθ} with u ∈ C∗. Then ω = uθ is a tautological global
holomorphic 1-form on E0. Notice that

dω = udθ + du ∧ θ = iuθα ∧ θα + ω ∧ (−du
u

).

Define co-frame {
ωα = uαθ + uαβθ

β ,

ωα = vαθ + vβαθβ ,

where uγβv
β
κ = δγκu. Then

dω = iωα ∧ ωα + ω ∧
(

− du

u
− iu

α

u
vβαθβ + iuαβvαθ

β

)

.

Let φ = − du
u − iu

α

u v
β
αθβ + iuαβvαθ

β + tω. Then, the above motivates us to
consider co-frames of the following form:

(5.11)







ω = udθ,
ωα = uαθ + uαβθ

β ,

ωα = vαθ + vβαθβ ,
φ = − du

u − iu
α

u v
β
αθβ + iuαβvαθ

β + tθ

δlku = ulαv
α
k .

A basic property for the above co-frames is the relation:

(5.12) dω = iωα ∧ ωα + ω ∧ φ.
Choose a special co-frame:







ω0 = udθ,
ω0α = uθα,
ω0
α = θα,
φ0 = − du

u .

Then, we have






ω = ω0,

ωα = uα

u ω
0 + uα

β

u ω
0β

ωα = vα

u ω
0 + vβαω

0
α,

φ = φ0 − iuα

u v
β
αω

0
β + iuαβ

vα

u2 ω
0α + tω0.

Hence the space of the co-frames in (5.11) form a G1-structure bundle Y over
M, where G1 consists of matrices of the following form:
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





1 0 0 0
uα

u

uα
β

u 0 0
vα

u 0 vβα 0
t i v

α

u2 u
β
α −iuα

u v
α
β 1







with ulαv
α
k = δlku. Or







1 0 0 0
uα uαβ 0 0
vα 0 vβα 0
t ivαuβα −iuαvαβ 1







with ulαvαk = δlk.
Now, the Segre family (M, 0) and (M̃, 0) are equivalent if and only if there

is a holomorphic map F from E0 to Ẽ0, sending a certain point in the fiber
over 0 to a certain point in the fiber of 0, such that

F ∗






ω̃
ω̃α

ω̃α
φ̃




 = γF






ω
ωα

ωα
φ






with γF valued in G1. Indeed, this assertion follows directly from the holo-
morphic version of Lemma 5.1.

Now, we consider the G1-structure bundle Y over E0 and lift the above
co-frames to globally defined forms over Y. To be able to use the Cartan
theorem, one needs to further complete these forms into a certain co-frame
over Y so that the G1-equivalence problem is to be reduced to an e-equivalence
problem over Y. This completion is done in the paper of Chern-Moser and
Chern, which we state as follows:

Theorem 5.6 (Chern [Ch], Chern-Moser [CH]): Let (M, 0) be a strongly
pseudoconvex real analytic hypersurface at 0 with (M, 0) its Segre family.
From the holomorphic forms ω, ωα, ωα, φ in (5.11)-(5,12), after lifting them up
to Y (which we still denote by the same letters), one can construct holomorphic
1-forms φαβ , φ

α, φβ , ψ on Y such that

Ω := {Ωj , 1 ≤ j ≤ (n+ 2)2 − 1}
:= {ω, ωα, ωβ , φ, φαβ , φα, φβ , ψ} forms an e-structure on Y

and these 1-forms are uniquely determined by the following structure equa-
tions

dω = iωα ∧ ωα + ω ∧ φ
dωα = ωβ ∧ φαβ + ω ∧ φα
dωα = φβα ∧ ωβ + ωα ∧ φ+ ω ∧ φα
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dφ = iωα ∧ φα + iφα ∧ ωα + ω ∧ ψ
dφβα = φγα ∧ φβγ + iωα ∧ φβ − iφα ∧ ωβ − iδβα(φσ ∧ ωσ)− 1

2δ
β
αψ ∧ ω + Φβα

dφα = φ ∧ φα + φβ ∧ φαβ − 1
2ψ ∧ ωα + Φα

dφα = φβα ∧ φβ − 1
2ψ ∧ ωα + Φα

dψ = φ ∧ ψ + 2iφα ∧ φα + Ψ
where Φβα = Sβσαρω

ρ ∧ ωσ +Rβαγω ∧ ωγ + T βγα ω ∧ ωγ
Φα = Tαγβ ωβ ∧ ωγ − i

2Q
α
βω ∧ ωβ + Lαβω ∧ ωβ

Φα = Rβαγω
γ ∧ ωβ + Pαβω ∧ ωβ − i

2Q
β
αω ∧ ωβ

Ψ = Qβαω
α ∧ ωβ +Hαω ∧ ωα +Kαω ∧ ωα

and Sβσαρ = Sβσρα = Sαβαρ , Rβαγ = Rβγα, Tαγβ = T γαβ , Lαβ = Lβα, Pαβ = Pβα,
Sβσασ = Rααβ = Tαβα = Qαα = 0.

Remark 5.7 Since the Segre isomorphism does not induce the equivalence of
the underlying hypersurfaces as demonstrated by Faran in [Fa], the existence
of the e-equivalence map Ψ from (Y, 0) to (Ỹ , 0) does not induce automatically
the biholomorphic equivalence of (M, 0) with (M̃, 0). However,if an element
P ∈ Y with a certain reality condition is mapped to P̃ with a certain reality
property, then we do have the holomorphic equivalence of (M, 0) with (M̃, 0).
We will briefly discuss this in the following subsection.

5.3 Cartan-Chern-Moser Theory for Germs
of Strongly Pseudoconvex Hypersurfaces

The materials in §5.2 can be directly used to study the equivalence problem
for strongly pseudoconvex (or Levi non-degenerate) hypersurfaces. Here we
give a quick account on this matter. The reader is referred to [CM] for more
details.

Let (M, 0) be the germ of a smooth strongly pseudoconvex hypersurface,
defined by r = 0. Here, we assume that ∂r

∂zn
(0) �= 0. As before, let θ = i∂r

and θα = dzα. We have a co-frame {θ, θα, θα} on M . Let
(5.13)

G :=
{




u 0 0
uα uαβ 0
vα 0 uαβ





∣
∣
∣
∣
u ∈ R, uαβ , u

α ∈ C, u > 0, det(uαβ) �= 0,
}

be the connected linear subgroup of G(2n− 1,C). M ×G is a G-space. Sim-
ilarly, let (M̃, 0) be another strongly pseudoconvex real hypersurface with a

similar co-frame {θ̃, θ̃α, θ̃α}.
It can be verified that there exists a smooth CR mapping Φ(z) such that

Φ(M) ⊂ M̃ if and only if there is a C∞ diffeomorphism Φ : M → M̃ satisfying

(5.14) Φ∗





θ̃
θ̃α

θ̃α



 =





u 0 0
uα uαβ 0
uα 0 uαβ









θ
θα

θα



 = (γαβ )





θ
θα

θα




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where the (2n− 1)× (2n− 1) matrix (γαβ ) defines a smooth mapping from M

into G. By Lemma 5.1, there exists a CR isomorphism Φ : M → M̃ if and
only if there exists a smooth diffeomorphism Φ1 : M ×G→ M̃ ×G such that

(5.15) Φ1∗ω̃ = ω, Φ1∗ω̃α = ωα, Φ1∗ω̃α = ωα,

where ω, ωα are similarly defined as in Lemma 5.1.
Define

E = M × {ω = uθ : ω = ω, u > 0}
Choose θα := uαθ + uαβdz

β for some smooth functions uα, uαβ so that
dθ = iθα ∧ θα, mod(θ). We obtain a co-frame (ω, θα, θα, φ0) on E, where
dω = iuθα ∧ θα +ω∧φ0. Let G1 be as before. Let Ẽ be the associated bundle
over M̃ with the corresponding co-frame {ω̃, θ̃α, θ̃α, φ̃0}.

Let Φ : M → M̃ be a CR isomorphism. It is easy to verify that Φ induces
a unique smooth diffeomorphism, still denoted as Φ, from E to Ẽ satisfying

Φ∗







θ̃
θ̃α

θ̃α
φ̃







=







1 0 0 0
uα uαβ 0 0
uα 0 uαβ 0
s iuαuαβ −iuαuαβ 1












θ
θα

θα
φ




 = (γαβ )






θ
θα

θα
φ






where the (2n + 2) × (2n + 2) matrix (γαβ ) defines a smooth mapping from
E into Gr1, θα = θα,etc. (Gr1 consists of the matrices of the above form). By
Lemma 5.1, the existence of a CR isomorphism Φ : M → M̃ is equivalent to
the existence of a smooth diffeomorphism Φ1 : Y := E ×Gr1 → Ỹ := Ẽ ×Gr1
such that

Φ1∗ω̃ = ω, Φ1∗ω̃α = ωα, Φ1∗ω̃α = ωα, Φ
1∗φ̃ = φ.

(Y, π,E) is called the CR-structure bundle over M .
The fundamental theorem proved by Cartan-Chern-Moser [CM] asserts

that from ω, ωα, ωα, φ, one can construct 1-forms φαβ , φ
α, φα, ψ on Y , with

ω = ω, φ = φ, ψ = ψ, such that

Ω := {Ωj, 1 ≤ j ≤ (n+ 2)2 − 1} := {ω, ωα, ωα, φ, φαβ , φα, φα, ψ}

forms an e-structure on Y , and they are uniquely determined by certain struc-
ture equations. These structure equations are precisely the restriction of those
in Theorem 5.6 from Y to Y , together with several other reality conditions
(see [Theorem 5.5, pp 151, Fa] [BS]), if we assume that M is real analytic.

We let θ, θα be again as defined in §5.2. Since we have the embedding
M → M, by mapping z → (z, z), we can regard the bundles E, Y as the
subbundles of E ,Y, respectively, as follows (cf.[Fa, (5.9)][BS]): Let

E∗ := {(z, z, uθ) | z ∈M, , uθ = uθ, (uθ)(T ) > 0} ⊂ E ,
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over M . Here T is a certain real tangent vector field transversal to T(1,0)M +
T(0,1)M . On E∗, we see ω∗ = ω∗ := uθ. Let Y ∗ be the collection of the frames
in Y restricted to E∗ such that ω∗

α = ω∗α, φ∗ = φ∗ over E∗. Since ω∗ = ω∗,
ω∗
α = ω∗α and φ∗ = φ∗ hold on Y ∗, one can check that the structure equations

defining Ω∗ over Y ∗ are the same ones defining Ω on Y . Hence, Y and Y ∗

are Gr1-isomorphic. Identify E and Y with E∗ and Y ∗, respectively. Then the
restriction of a function g ∈ Γ (Ω,Y) on Y equals to the lexicographically
corresponding function g|Y ∈ Γ (Ω|Y , Y ).

Finally, we mention that the reality condition mentioned in Remark 5.7 is
precisely the condition that P, P̃ are in Y ∗ or Ỹ ∗, respectively. This explains
the statement in Remark 3.7
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1 Introduction – Basic Definitions

1.1 What Should a General Notion of Boundary Value Be?

Let Ω be a bounded domain in R
N , with real analytic boundary bΩ. Let

P (x,D) be a linear partial differential operator defined near bΩ with real
analytic coefficients. Assume that bΩ is noncharacteristic (it is always the
case if the operator is elliptic). Finally let u be a solution to P (x,D)u = 0
defined on Ω, near bΩ. There is absolutely no restriction made on the growth
of u when approaching bΩ. For simplicity we will always assume that u is
continuous but it is not essential. Then u has a boundary value along bΩ. The
boundary value is an analytic functional. It can be defined in the following
way. Let ρ be a real analytic defining function for bΩ (ρ < 0 on Ω and ∇ρ �= 0
on bΩ). For any “test function” ϕ real analytic near bΩ, for ε < 0 |ε| small
enough set

λε(ϕ) =
∫

{ρ=ε}
uϕdσε

where dσε is (say) area measure on {ρ = ε}. Then ε �→ λε(ϕ) extends holo-
morphically to a neighborhood of 0 in C. The functional ϕ �→ λ0(ϕ) =
limε→0− λε(ϕ) is the boundary value of u.

This is what we consider to be the classical theory (going back at least to
[LM]), see the discussion at the end of section 9.5 in [H]. The fact that not
only is there a limit as ε → 0, but that there is a holomorphic extension has
been less noticed but it is absolutely crucial.

Now the general question that we raise is “when can one reasonably define
the boundary value of a function?”

Taking Ω and u as above, consider now the function u# = uh, where
h is a real analytic function defined near bΩ. Then obviously λ#

ε (ϕ) =
∫

{ρ=ε} u
#ϕdσε extends holomorphically at 0, as a function of ε. Indeed

λ#
ε (ϕ) = λε(hϕ).

It is clear that a satisfactory theory of boundary value should include the
case of functions such as the function u# that has been just considered. But
of which PDE would u# be a solution? In particular, but not only for that
reason we felt the need of going beyond the classical theory.

In the discussion that precedes, whether the choice of ρ does matter is an
unpleasant but unavoidable question.

1.2 Definition of Strong Boundary Value (Global Case)

Let Ω be as before (a bounded domain in R
N with real analytic boundary)

and u be a function defined on Ω near bΩ. Let ρ be a real analytic defining
function for bΩ, as in (1).

Definition. u has a strong boundary value along bΩ if and only if for every
real analytic function ϕ defined near bΩ the map
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ε �→
∫

ρ=ε

uϕdσε ( defined for ε < 0, |ε| small)

extends holomorphically to a neighborhood of 0 in C.
It is true but not obvious that this holomorphic extendibility does not

depend on the choice of ρ.
It is a consequence of the Cauchy Kovalevsky theorem that solutions of

PDE have strong boundary values along noncharacteristic boundaries. The
proof follows the line of Proof 2 in 2.

1.3 Remarks on Smooth (Not Real Analytic) Boundaries

Instead of having Ω with real analytic boundaries, consider the case of do-
mains with C∞ boundaries. There is an easy theory of boundary values for
solutions of PDE with smooth coefficients along noncharacteristic bound-
aries. But one has then to restrict to the case of functions with “polynomial
growth”

(

|u(x)| ≤ C

dist(x,bΩ)k

)

. Then, for every smooth test function ϕ, the

map ε→ ∫ρ=ε uϕdσε extends smoothly at ε = 0. The limit defines a distribu-
tion that is the boundary value of u. However we have no idea of what could
a general theory be. It would be tempting to give a definition similar to the
one above, replacing holomorphic extendibility at 0 by smoothness at 0. But
this appears to be clearly not satisfactory, since it then depends on the choice
of the defining function ρ (see [RS3]).

1.4 Analytic Functionals

We will always denote by O(CN ) the space of (entire) holomorphic functions
on C

N . Let K be a compact set in C
N . An analytic functional ψ carried by

K is a linear form on O(CN ) such that for every neighborhood V of K there
exists CV > 0 such that for every f ∈ O(CN )

|ψ(f)| ≤ CV sup
V
|f |.

K is called a carrier, ψ is called an analytic functional (on C
N ).

Example. In C, f �→ ∑∞
n=0

f(n)(0)
n! ann defines an analytic functional if and

only if |an| is a bounded sequence. This functional is carried by {0} if and
only if an → 0 as n→∞.

1.5 Analytic Functional as Boundary Values

The functional λ0 in (1) defines an analytic functional on C
N , carried by

bΩ ⊂ R
N ⊂ C

N . Resume the notations of (1). If ϕ ≡ 0 on bΩ we can write
ϕ = ρϕ̃, and we get
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λε(ϕ) =
∫

ρ=ε

uρϕ̃dσε = ε

∫

uϕ̃dσε.

It immediately follows that λ0(ϕ) = 0. Hence λ0(ϕ) depends only on the
restriction of ϕ to the boundary of Ω. It would therefore be better to consider
ϕ as an analytic functional not on C

N , but on some complexification of the
real analytic manifold bΩ (so a complex manifold of dimension N − 1). For
simplicity we will not get in that discussion in these notes.

1.6 Some Basic Properties of Analytic Functionals

Carriers – Martineau’s Theorem

Carriers are of course not unique and the intersection of two carriers is not
a carrier in general. Indeed in C, f �→ f(0) is an analytic functional carried
by any curve around 0. In C

N (N > 1) even the intersection of two convex
carriers may fail to be a carrier.

Consider in C
2 the analytic functional ψ defined by

ψ(f) =
∫

|z|=2

f(z,
1
z

)dz =
∫

|z|=1/2

f(z,
1
z

)dz.

ψ is carried by {|z| ≤ 2} × {w ≤ 1
2} and also by {|z| ≤ 1

2} × {|w| ≤ 2}, but is
not carried by {|z| ≤ 1

2}×{|w| ≤ 1
2}. Indeed there is a sequence of polynomial

that converges uniformly to 1
z on the circle |z| = 2 w = 1

z and to 0 on the
polydisc |z| ≤ 1

2 , |w| ≤ 1
2 .

The following positive result is very useful and is due to Martineau.
Remind that a compact set K ⊂ C

N is said to be polynomially convex if
and only if for every z ∈ C

N \K there exists f ∈ O(CN ) (or a polynomial f)
such that |f(z)| > SupK |f |.

Theorem 1 (Martineau). Let ψ be an analytic functional on C
N . Let K1

and K2 be compact sets in C
N . If ψ is carried by K1 and by K2 and if K1∪K2

is polynomially convex, then ψ is carried by K1 ∩K2.

Sketch of Proof. Since K1∪K2 is Runge, ψ extends by continuity to a linear
functional on the space O(K1∪K2) of germs of holomorphic functions defined
on a neighborhood of K1 ∪K2, for which (in the appropriate sense) K1 and
K2 both are carriers (see 1.6 below). Given f ∈ O(K1∪K2), if f is small near
K1 ∩K2 f can be decomposed into a sum f = f1 + f2 with fj ∈ O(K1 ∪K2),
fj small near Kj . This is the standard Cousin problem. When completing the
proof the reader should pay attention to the fact that polynomial convexity
and not only the existence of pseudoconvex neighborhoods is to be used!

A special case, of great importance, where Martineau’s theorem applies is
when K1 and K2 ⊂ R

N . For that case there is an interesting, very different
approach in [H] (Theorem 9.1.6).
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Local Analytic Functionals

Local analytic functionals were introduced by Martineau. A local analytic
functional carried by a compact set K ⊂ C

N is a linear functional on O(K),
the space of germs of holomorphic functions defined on a neighborhood of
K (same notation as in 1.6, with the following continuity property: for every
neighborhood V of K there exists a constant CV > 0 such that

|ψ(f)| ≤ CV SupV |f |
for every f ∈ O(V ) (the space of holomorphic functions on V ).

Every local analytic functional defines an analytic functional. If K is a
polynomially convex set, any analytic functional ψ0 carried by K extends to
a local analytic functional ψ carried by K. It is rather straightforward by
density. For f ∈ O(K), set ψ(f) = lim ψ0(Pj), where (Pj) is any sequence of
polynomials converging uniformly to f on some neighborhood ofK. But, when
checking the continuity condition for local analytic functionals, the reader will
have to use the following fact that is an easy consequence of the Oka-Weil
theorem. Given a neighborhood V of K, there exists a neighborhood W of K
such that for any f ∈ O(V ) there exists a sequence of polynomials converging
uniformly to f on W . An important point is that W does not depend on f
and that kind of property will play a crucial role later (see 3).

If K is not polynomially convex the extension of any analytic functional
on C

N carried by K to a local analytic functional is still possible but it is not
an elementary result and it will be discussed in 3.

1.7 Hyperfunctions

The Notion of Functional (Analytic Functional or Distribution,
etc.) Carried by a Set, Defined Modulo Similar Functionals
Carried by the Boundary of that Set

The notion is extremely natural and it is good to notice that it already appears
in elementary distribution theory.

Let ψ be the distribution on R defined by

ψ(ϕ) = vp

∫ +1

−1

ϕ(x)
x

dx = lim
ε→0

∫ −ε

−1

+
∫ 1

ε

ϕ(x)
x

dx,

for ϕ ∈ C∞0 (R).
We want to write ψ as a sum ψ = ψ1 +ψ2 with ψ1, resp ψ2, a distribution

carried by [0,∞), resp. (−∞, 0]. Of course one cannot take ψ(ϕ) =
∫ 1

0
ϕ(x)
x dx

which does not make sense if ϕ(0) �= 0. One can instead choose ψ+(ϕ) =
∫ 1

0
ϕ(x)−ϕ(0)

x dx and ψ− = ψ − ψ+. But there are other choices. We could as
well take ψ+(ϕ) =

∫ 1

0
ϕ(x)−(ϕ(0)+xϕ′(0))

x dx and ψ− = ψ−ψ+, although in this
example one may find the second choice less “natural”.
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Both choices differ only by a distribution carried by {0} (ϕ �→ ϕ′(0)), i.e.
by a distribution carried by the boundary of [0,∞). The problem of restrict-
ing distributions or analytic functionals to subsets unavoidably leads to the
notion of functional carried by a set defined modulo functional carried by its
boundary.

The problem of extension also leads to this notion. For example consider
the linear form ϕ �→ T (ϕ) =

∫∞
0

ϕ(x)
x4 dx defined for ϕ ∈ C∞0 ((0,+∞)). This

is the distribution on (0,+∞) defined by the function 1
x4 . Now, we want to

extend it to a distribution on R, i.e. we wish to define T (ϕ) for ϕ ∈ C∞0 (R).
We can do it by setting

T (ϕ) =
∫ a

0

ϕ(x) −∑K
n=0

ϕ(n)(0)
n! xn

x4
dx+

∫ ∞

a

ϕ(x)
x4

dx,

and K ≥ 3 for some a > 0. Again there are some arbitrary choices (a and K),
corresponding to distributions carried by {0}.

A similar construction will allow to extend the distribution on (0,∞) de-
fined by any continuous function u on (0,+∞) with polynomial growth at 0
(|u(x)| ≤ C

xp , for some p and for x ∈ (0, 1]) to a distribution on R.
For simplicity let us now assume that u(x) = 0 if x > 1. If one no longer

has any restriction on the growth of u when approaching 0 one can still let u
act on test functions which now are going to be the restriction to R of entire
functions on C by setting for every f ∈ O(C)

T (f) =
∫ 1

0

u(x)[ϕ(x) −
K(x)
∑

n=0

ϕ(n)(0)
n!

xn]dx.

Taking K(x) ≡ +∞ would be of no interest (T = 0!). But one takes K(x)
locally finite on (0, 1]. Think of K(x) tending fast enough to +∞ as x ap-
proaches 0 so that

|ϕ(x)−
K(x)
∑

n=0

ϕ(n)(0)
n!

xn| ≤ 1
|u(x)| .

The object just constructed (T ) is an analytic functional, not intrinsically
defined, but defined only modulo analytic functionals carried by {0} - i.e. a
hyperfunction.

The above extension can be seen as an extremely naive introduction to
flabbiness.

Hyperfunctions

There are two schools of thought about hyperfunctions and one should never
forget that the groundbreaking work has been done by Sato and his followers.
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A less algebraic approach that we follow was given by Martineau. Again in
these notes we will consider only the case of R

N in C
N , and we will not go

beyond the following.
Let K be a compact set in R

N , a hyperfunction on K will be for us an
analytic functional on C

N , carried by K, defined modulo analytic functionals
carried by the boundary of K (in R

N ).

7.3 Hyperfunctions as boundary values.
Here we shall not try to explain the general theory, we just wish to indicate

how it is already clear that hyperfunctions come up as boundary values. At
this time we will therefore partly keep the previous global setting.

Let u be a holomorphic function defined on the unit disc. It has a boundary
value which is an analytic functional ψ, on the unit circle. If we intend to speak
about the boundary value along an arc instead of along the unit circle, we have
to restrict ψ to that arc. As discussed already in the case of distribution, that
will lead to a analytic functional carried by the arc, defined modulo analytic
functional carried by its boundary (the two endpoints).

1.8 Limits

From the previous paragraph, it is clear that the question of which set carries
a given analytic functional is a crucial one. But serious difficulties arise when
taking limits, which is unavoidable when considering boundary values. The
following trivial example is enough to make that point. In C consider the
analytic functional ψK defined by:

ψK(ϕ) =
K∑

m=0

ϕ(n)(0)
n!

, for ϕ ∈ O(C).

Then ψK is carried by {0}. For any ϕ ∈ O(C) ψK(ϕ) → ϕ(1) as K →∞. But
the limit functional ϕ→ ϕ(1) is carried by {1}, not by {0}.

The difficulty of controlling carriers when taking limits should not be un-
der estimated. Overcoming it required us to introduce the notion of strong
boundary value and to develop a nonlinear Paley Wiener Theory.

2 Theory of Boundary Values on the Unit Disc

Using polar coordinates we switch to the setting of periodic functions. So we
shall consider continuous functions (t, θ) �→ u(t, θ) defined for t < 0 t close to
0, and θ ∈ R/2πZ.
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2.1 Functions u(t, θ) That Have Strong Boundary Values
(Along t = 0)

These are the functions such that for every real analytic function ϕ(t, θ),
defined for t ∈ R |t| small and θ ∈ R/2πZ, the function

t �→ I(t) =
∫ 2π

0

u(t, θ)ϕ(t, θ)dθ,

that is defined for t < 0 |t| small, extends holomorphically to a neighborhood
of 0 in C.

Write u(t, θ) =
∑+∞

n=−∞ an(t)einθ .

Exercise. u has strong boundary value if and only if

(i) There exists ρ > 0 such that all the Fourier coefficients an(t) extend holo-
morphically to {t ∈ C, |t| < ρ}, and

(ii) for every ε > 0 there exist Cε > 0 and ρε > 0(ρε < ρ) such that for any
t ∈ C, satisfying |t| < ρε, |an(t)| ≤ Cεeε|n|.
If we also decompose ϕ in Fourier series ϕ(t, θ) =

∑
ϕn(t)einθ . The real

analyticity of ϕ corresponds to some exponential decay of the Fourier coeffi-
cients, which is exactly what is needed together with (ii) for evaluating

∫ 2π

0

u(t, θ)ϕ(t, θ)dθ = 2π
+∞∑

−∞
an(t)ϕ−n(t).

2.2 Boundary Values of Holomorphic Functions on the Unit Disc

Let v be a holomorphic function on the unit disc in C, and set

u(t, θ) = v(et+iθ) (t < 0).

We claim that u has strong boundary value along t = 0.
We shall present two proofs. The first one is immediate by Fourier series.

The second one is given because it generalizes easily to the general case of
solutions of PDE.

Proof 1. Write v(z) =
∑∞
n=0 vnz

n. Since the radius of convergence of the
series is at least 1, for every ε > 0 we have an estimate

|vn| ≤ Cεe εn
2 .

We have u(t, θ) =
∑∞
n=0 an(t)einθ, with an(t) = vne

nt. Therefore for |t| ≤ ε
2 ,

|an(t)| ≤ Cεeε|n|, as desired.

Proof 2. We have to study the integral
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I(t) =
∫ 2π

0

u(t, θ)ϕ(t, θ)dθ

defined for small negative t, when ϕ is real analytic (and 2π periodic in θ).
For t < 0 (|t| small) let ϕt(s, θ) be a function such that

(1) ϕt(t, θ) = ϕ(t, θ)
(2) ϕt is holomorphic as a function of s+ iθ.

So ϕt is obtained by restriction of (s, θ) → ϕ(s, θ) to the line s = t and
then by holomorphic extension (in a general situation the Cauchy Kovalevsky
Theorem will be used). Provided that |t| is small enough ϕt will be defined in
a strip −2τ0 < s < 2τ0, for some fixed τ0. Using path independence:

I(t) =
∫ 2π

0

u(t, θ)ϕt(t, θ)dθ =
∫ 2π

0

u(τ0, θ)ϕt(τ0, θ)dθ.

The dependence on t is now easy to discuss by using the right hand side in
the last formula.

2.3 Independence on the Defining Function

In the definition of boundary values (1 above) we considered integrals I(t) =
∫ 2π

0
u(t, θ)ϕ(t, θ)dθ and we let t tend to 0.
So in some sense we used the approximation of the boundary t = 0 by the

level sets of the “defining function” t, and by integrating on those.
What happens if we approximate t = 0 by other curves? More specifically

let R(t, θ) be a real analytic function defined by t close to 0 and θ ∈ R/2πZ

Assume that
R(0, θ) ≡ 0 and

∂R

∂t
(0, θ) > 0.

Replace the defining function t by the defining function R, i.e. instead of I(t)
consider

J(t) =
∫ 2π

0

u(R(t, θ), θ)ϕ(R(t, θ), θ)dθ.

The question is whether, assuming that u has strong boundary value, J will
extend holomorphically at t = 0. The question may be unpleasant but it is
impossible to avoid it, especially if one has in mind to work later on manifolds.

The answer is positive.

Claim. J also extends holomorphically at t = 0.
For small negative t we have

u(t, θ) =
+∞∑

n=−∞
an(t)einθ.
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Then J(t) =
∑+∞

n=−∞ Jn(t) with

Jn(t) =
∫ 2π

0

an(R(t, θ))ϕ(R(t, θ), θ)einθdθ.

Since u has strong boundary value, it is clear that the functions Jn extend
holomorphically to a fixed neighborhood of 0 in t. We simply have to get
estimates in order that the series

∑
Jn(t) be convergent.

In order to estimate Jn(t) integrate k times by parts:

Jn(t) = (−1)k
∫ 2π

0

∂k

∂θk
[an(R(t, θ))ϕ(R(t, θ), θ)]

einθ

(in)k
dθ.

For |t| small θ �→ an(R(t, θ))ϕ(R(t, θ), θ) defines a holomorphic function de-
fined for θ ∈ C, |Im θ| ≤ α (for some α > 0). Shrinking α, ϕ(R(t, θ), θ) will be
bounded. For an(R(t, θ)) we have good bounds |an| ≤ Ceε|n| provided that
R(t, θ) is small enough depending on ε, say |R(t, θ)| ≤ ρε, with ρε > 0.

But notice that for any θ such that |Im θ| < α we will have |R(t, θ)| ≤ ρε
provided that |t| is small enough, since R(0, θ) ≡ 0. Consequently, and this is
a crucial point, provided that |t| is small enough, depending on ε, we have

|an(R(t, θ))ϕ(R(t, θ), θ)| ≤ Ceε|n|

for all θ ∈ C, with |Im θ| ≤ α (α not depending on ε). We can now use the
Cauchy estimates for ∂k

∂θk and for |t| small

|Jn(t)| ≤ C k!α−keε|n|

nk
.

By Stirling formula (k! " kke−k√2πk), and changing C

|Jn(t)| ≤ C ( kα )ke−k
√
keε|n|

nk

It is time to choose how many times one wishes to integrate by parts, take
k " α|n| (k an integer). Then one gets

|Jn(t)| ≤ Ce−k
√
keε|n|.

That gives us exponential decay of Jn(t) provided that we took ε < α. This
establishes the convergence of the series

∑
Jn(t) for t in a neighborhood of 0

in C.

2.4 The Role of Subharmonicity (Illustrated Here by Discussing
the Independence on the Space of Test Functions)

Let u(t, θ) be a continuous function defined for small negative t and θ ∈
R/2πZ.

Proposition 1. The following are equivalent
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(1) u has strong boundary value (along t = 0)
(2) For every holomorphic entire function (z, w) �→ Φ(z, w)

defined on C
2 and 2π periodic in w the function

IΦ(t) =
∫ 2π

0

u(t, θ)Φ(t, θ)dθ

(defined for small negative t) extends holomorphically at 0.
Of course (1) ⇒ (2). The point in (2) ⇒ (1) is that we do not need to test

on all real analytic functions defined on a neighborhood of {0}×R/2πZ, it is
enough to test on the global holomorphic functions (here on C×(R/2πZ+iR)).

Sketch of proof. Assume (2). Set Ω = C×(R/2πZ+iR). So the hypothesis is
that for every Φ ∈ O(Ω) IΦ extends holomorphically at t = 0. By a Baire cat-
egory argument, all the IΦ’s extend holomorphically to a same neighborhood
of 0 in C.

Together with the Banach Steinhaus theorem, it implies that there exist
a compact set K ⊂ Ω, α > 0 and C > 0 such that for every Φ ∈ O(Ω):

|IΦ(t)| ≤ CSupK |Φ|, for t ∈ C, |t| ≤ α.

Again for t < 0 |t| small, write

u(t, θ) =
+∞∑

n=∞
an(t)einθ.

Applying the above inequality to Φ(t, θ) = e−inθ, one sees that each Fourier
coefficient au(t) extends holomorphically as a function of t to {|t| < α} with
an estimate

|an(t)| ≤ AeB|n| for some A and B > 0.

On the other hand, for t negative and small an(t) =
∫ 2π

0
u(t, θ)e−inθ dθ2π . So

(after shrinking α if needed) if −α < −β < 0, for any t ∈ [−α,−β] we have

|an(t)| ≤ Cαβ , for some constant Cαβ .

Let us summarize. We have two inequalities
{ |an(t)| ≤ AeB|n| for |t| < α (t ∈ C)
|an(t)| ≤ Cαβ for −α ≤ t ≤ −β .

Now, it is simply a matter of using the fact that an(t) is a holomorphic function
of t and that hence Log|an| is subharmonic.

Let Dαβ the disc with a slit defined by

Dαβ = {s ∈ C : |s| < α, s �∈ [−α,−β]}.
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If t ∈ Dαβ, there is a so called harmonic measure µt representing t on the
boundary of Dαβ (the slit treated as usual with an upper slit S+ and a lower
slit S−). By subharmonicity one has

Log|an(t)| ≤
∫

S+∪S−
Log|an(s)|dµt(s) +

∫

|s|=α
Log|an(s)|dµt(s).

Hence
Log|an(t)| ≤ LogCαβ + LogA+Bµt{|s| = α}|n|.

The key point is that provided we take β close enough to 0, and |t| small
enough, the harmonic measure of the circle |s| = α, in the boundary of the
domain Dαβ , is arbitrarily small. Hence for any ε > 0 we have an estimate

Log|an(t)| ≤ Constant+ ε|n|,
i.e. |an(t)| ≤ Ceε|n|, valid for t ∈ C with |t| small enough (depending on ε).
So according to (1) u has a strong boundary value.

The argument that will not be repeated in these notes in crucial in several
parts of our theory. It consists in blending a rather weak estimate (|an(t)| ≤
AeB|n|) with a stronger one (|an(t)| ≤ C) holding say only on an interval, to
get an estimate better than the first one due to subharmonicity.

3 The Hahn Banach Theorem
in the Theory of Analytic Functionals

There are two important problems of Hahn Banach type in the theory of
analytic functionals, and they are related.

(A) The extension of an analytic functional carried by a compact set K ⊂
C
N to a local analytic functional (see 1.6) i.e. the extension of an analytic

functional that is defined on O(CN ) to the space of germs of holomorphic
functions near K, with the appropriate notion of continuity.

(B) The decomposition of an analytic functional carried by the union of
two compact sets K1 and K2 into the sum of an analytic functional carried
by K1 and one carried by K2. In C

N this is always possible but the result is
nontrivial.

That this is a problem of Hahn Banach type is easily understood by con-
sidering the similar problem for measures. Decompose a measure µ carried by
K1 ∪ K2 into a sum µ = µ1 + µ2, µj carried by Kj. The measure µ defines
a linear form on C(K1 ∪K2). Consider, in an obvious way, C(K1 ∪K2) as a
subspace of C(K1)⊕C(K2). Extending the linear functional to C(K1)⊕C(K2)
gives us µ1 and µ2. But in both problems (A) and (B) there is a serious topo-
logical question to be faced with. Although we have not phrased the continuity
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condition that analytic functional must satisfy in those terms, we are clearly
meeting the problem of inductive limits and of the Hahn Banach Theorem
for inductive limits. The reader with a taste for abstract functional analysis
should rather read [M].

3.1 A Hahn Banach Theorem

If one is not willing to read about bornology, etc., the following theorem will
suffice.

Theorem 2. Let E be a complex vector space, and for each j, let Ej be a
vector subspace of E that is normed with a norm ‖ · ‖j. Assume that E1 ⊂
· ⊂ En ⊂ · ⊂ ∪jEj = E and that for each j, Ej ⊂ Ej+1 is a compact
embedding. For each j, let Fj be a closed subspace of Ej such that, for each j,
Fj = Fj+1 ∩Ej . Put F = ∪jFj . If ψ : F → C is a C-linear map such that for
each j there exists a constant Cj with |ψ(x)| ≤ Cj‖x‖j for every x ∈ Fj, then
there exists a C-linear map ψ̃ : E → C such that for every j ψ|fj = ψ̃|fj and
such that there are constants C̃j such that for each y ∈ Ej, |ψ̃(y)| ≤ C̃j‖y‖j.

The following diagram, in which ↪→ denotes non isometric embeddings,
while ⊂ denotes (isometric) inclusions, may help:

E1 ↪→ E2 ↪→ ↪→ En ↪→ ∪Ej = E

∪ ∪ ∪ ↘ψ̃

F1 ↪→ F2 ↪→ ↪→ Fn ↪→ ∪Fj = F
ψ→ C

3.2 Some Comments

There are two crucial hypotheses in the theorem: the map Ej → Ej+1 should
be a compact map, the subspace Fj should be a closed subspace of Ej . In [RS1]
counterexamples are given to illustrate the need of these hypotheses. In the
theory of analytic functionals restricting holomorphic functions to relatively
compact subsets leads naturally to compact maps, but closedness of Fj will
be source of trouble.

Here is an extremely elementary proposition and an example which already
give some idea of how proofs can work, and how the hypotheses come to play.

Proposition 2. Let the following be given
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E1 ↪→ E2

∪ ∪

F1 ↪→ F2
ψ→ C,

with: E1 and E2 Banach spaces, E1 ↪→ E2 a continuous map from E1 into
E2, F1 and F2 closed subspaces of E1 and E2, F1 = F2 ∩ E, ψ a continuous
linear form. If the closed unit ball of E1 is a compact subset of E2, then for
every ε > 0 there exists a continuous linear from ψ̃ on E2 such that

Sup x∈E1
‖x‖1≤1

|ψ̃(x)| ≤ Sup x∈F1
‖x‖1≤1

|ψ(x)| + ε,

where ‖ ‖1 denotes E1 norm.

Proof. Without loss of generality we assume that Sup x∈F1
‖x‖1≤1

|ψ(x)| = 1. Let

S = {x ∈ F2, ψ(x) = 1 + ε} and let B = {x ∈ E1, ‖x‖1 ≤ 1}. In E2, S is
a closed affine subspace and B is a convex compact set, and B ∩ S = φ. For
δ > 0 small enough the δ neighborhood of B in E2 is an open convex set
that still does not intersect S. So by the standard geometric Hahn Banach
Theorem there exists an affine hyperplane S̃ containing S and not intersecting
this neighborhood of B, and hence not intersecting B, nor a neighborhood of
0 in E2. Let ψ̃ be the unique linear form on E2 such that ψ̃ ≡ 1 + ε on S̃.
Then ψ̃ is a continuous linear form on E2 whose restriction to F2 is ψ and the
operator norm of ψ̃ on E1 is at most 1 + ε.

In Proposition 2 it would not be enough to assume that E1 ↪→ E2 is
a compact embedding (i.e. that the closed unit ball of E1 is only relatively
compact in E2). This is illustrated by the following example which on one
hand explains why the proof of Theorem 2 simplifies if one makes the stronger
hypothesis that the closed unit ball of Ej is a compact set in Ej+1. (Note that
it is necessarily the case if the Ej ’s are reflexive Banach spaces), and which
on the other hand leads to counter examples when one tries to weaken the
hypotheses of Theorem 2.

Example. Let E1 be the space of continuous functions on the closed unit
disc in C whose restriction to the open unit disc is holomorphic, with norm
‖f‖1 = Sup|z|≤1|f(z)|. For E2 take the corresponding space with the disc of
radius 1/2 instead of 1 and norm ‖f‖2 = Sup|z|≤1/2|f(z)|. Finally let g be a
bounded holomorphic function on the unit disc with Sup|z|<1|g(z)| = 1 but
g /∈ E1, (i.e. g does not extend continuously to the closed unit disc). Take
F2 = Cg (a one dimensional subspace). Accordingly F1 = F2 ∩ E1 = {0}.
Define ψ by imposing ψ(g) = 1. Although F1 = {0}, if ψ̃ is any continuous
linear extension of ψ to E2 we have

Sup f∈E1
‖f‖1≤1

|ψ̃(f)| ≥ 1.
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Indeed there exists a sequence of polynomials Pj satisfying |Pj | < 1 on the
unit disc and Pj → g uniformly on compact sets in the unit disc, therefore in
‖ ‖2 norm. So ψ̃(Pj) → ψ̃(g) = 1.

3.3 The Notion of Good Compact Set

Given an open set U in C
N and a compact set K ⊂ U , for applying the Hahn

Banach theorem stated in (1), the crucial question arises whether the subspace
of O(U) that consists of all functions f ∈ O(U) that can be approximated
by polynomials on some neighborhood of K is a closed subspace of O(U).
Compact sets K such that for all U ⊃ K the answer is positive are called
good compact sets. The practical definition (not Martineau’s definition but
equivalent to it) is

Definition. A compact set K ⊂ C
N is called a good compact set if for ev-

ery neighborhood U of K there exists a (smaller) neighborhood V of K such
that: if f ∈ O(U) and f is uniformly approximable by polynomials on some
neighborhood of K then f is uniformly approximable by polynomials on V .

It happens that

Theorem 3. Every compact set in C
N is a good compact set.

The proof is rather easy if one assumes some mild hypothesis on the poly-
nomial hull of K (see [M] Theorem 1.1’ in Chapter 1) but the general case (so
far) relies on a deep theory of Bishop ([RS2]).

Theorem 2 allows one to solve both problems (A) and (B) in C
N , or more

generally in arbitrary Stein manifolds.
Now, let K be a polynomially convex set in C

N (remember that for such a
set goodness is a very easy result), and let ψ be an analytic functional carried
by K. If K = K1 ∪K2 we can write ψ = ψ1 + ψ2, with ψj carried by Kj . By
Theorem 1, ψ1 is unique modulo analytic functionals carried by K1 ∩K2 and
that allows to define a restriction of ψ to K1 (modulo etc. ...).

3.4 The Case of Non-Stein Manifolds

Let M be a complex manifold. We will not repeat the definitions given in C
N .

Simply replace O(CN ) by O(M).
There are complex manifolds that contain “bad” compact sets (even a

point can be bad). That gives counter examples to (A) and (B). In such
examples the complex manifold M must have an interesting space of global
holomorphic functions: not trivial but not too rich (non Stein). Examples are
given in [RS1] pp 28–31. Here I show some preliminary steps that led to the
examples:

(i) an abstract example, seemingly of little relevance
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(ii) how this example can be made more concrete

(i) “A bad algebra”.
We want to find a subalgebra of O(C3) with the property that for every

n > 0 there exists an entire function f ∈ O(C3) such that:

(a) f is approximable by A on some neighborhood of 0.
(b) but f is not approximable by A in any neighborhood of the point (0, 0, 1

n )
(so in any neighborhood of 0 containing that point).

So contrary to the requirement made in the definition of good compact
sets, the set on which f can be approximated is not independent of f .

In C
3
z,w,t, let A be the algebra generated by the polynomials

w, t, (t− 1)zw, (t− 1)(t− 1
2

)z2w, . . . , (t− 1)(t− 1
2

) . . . (t− 1
n

)znw, . . .

The function znw is approximable in the region {|t| < 1
n}, since in that

region (t−1)(t− 1
2 ) . . . ((t− 1

n ) is invertible (its inverse is the limit of polynomi-
als in t). However in no neighborhood of (0, 0, 1

n ) is znw approximable. More:
znw is not even approximable in any neighborhood of (0, 0, 1

n ) in C
2
z,w × {0},

since the algebra of restrictions of A to t = 1
n is generated by monomials zpwq

with p < nq (the other generators have (t− 1
n ) as a factor).

(ii) We are not interested in an abstract algebra A, but in an algebra A that
would be the algebra of all holomorphic functions on some complex manifold.
The following is a first step in order to turn the abstract example (i) into a
concrete one.

Find a 2 dimensional complex manifold containing C
2
z,w as a dense open

subset and such that w ∈ O(M) and zkw ∈ O(M) if and only if k ≤ k0 (for
some given integer k0). In particular z �∈ O(M). Of course we mean that there
is no f ∈ O(M) whose restriction to C

2 is the function z, and similarly above.
This is rather easy to do, roughly said, by adding a point of “compactification”
at infinity for z to each level set of zk0w (some kind of blow up is involved).

Precisely.
Let M be the union of C

2
z,w and C

2
ζ,η with the identification of (z, w) ∈ C

2

for z �= 0 with (ζ, η) for ζ = 1
z and η = zk0w. Then the function zkw in the

C
2
z,w chart corresponds to the function ζk0−kη in the C

2
ζ,η chart. So it extends

to a global holomorphic function on M if and only if k ≤ k0.

4 Spectral Theory

I will mostly refer the reader to our paper [RS3]. In that paper, we prove in
full generality, for compact boundaries, results analogous to the results ex-
plained in 2.3 and 2.4. There, we needed to replace Fourier series that allowed
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immediate computation in 2. Consider a relatively compact domain Ω in R
d,

with smooth (later real analytic) boundary. On its boundary bΩ equipped
with some measure consider a positive elliptic linear partial differential op-
erator P (e.g. 11 + ∆, when ∆ is the Laplace Beltrami operator for some
Riemannian metric). One then replaces the orthonormal basis of L2(R/2πZ)
by an orthonormal basis of L2(bΩ) made of the eigenvalues of P . Following
what has been explained in 2, one has to do repeated integrations by parts
(
∫

(Pu)v =
∫

u(Pv)) of various terms and one should add them up.
Two questions arise:

(A)estimate P (k)ϕ for ϕ real analytic (the Cauchy estimate was used in 2 for
∂kϕ
∂θk )

(B)roughly said: how many terms we have to add up.

The second question is related to the asymptotics of the eigenvalues of
P for which there is an extensive literature. An extremely elementary result
suffices (see the appendix in [RS3]).

For the first question, the following argument gives a good hint of how
little one needs to do.

Assume that we know only the following: for any f holomorphic on the
disk {z ∈ C, |z| ≤ ρ}, |f ′(0)| ≤ 1

ρSup|z|<ρ|f(z)|. We want to estimate f (k)(0)
for a function f holomorphic on the unit disk and satisfying |f | ≤ 1. By our
assumption |f ′(z)| ≤ 1

k for |z| ≤ 1 − 1
k . By the same, |f ′′(z)| ≤ 1

k2 for |z| ≤
1− 2

k , |f ′′′(z)| ≤ 1
k3 for |z| ≤ 1− 3

k , etc. Finally |f (k)(0)| ≤ 1
kk , which is not so

far off the Cauchy estimate with 1
k! (k! " kke−k

√
2πk). This strategy allows

one to easily estimate P kϕ, and the resulting non sharp estimate happened
to be sufficient for our purpose.

5 Non-linear Paley Wiener Theory and Local Theory
of Boundary Values

5.1 The Paley Wiener Theory

The Paley Wiener theory is a theory that characterizes carriers of analytic
functionals. The characterization of the support of functions or distributions
on R

N can be considered as a special case.
A distribution on R

N , with compact support, has its support included
in a compact set K ⊂ R

N if and only if the analytic functional that this
distribution naturally defines is carried by K (Proposition 4.10 in [RS1]).

(1) The classical Paley Wiener theory gives a characterization of convex car-
riers. The following version for analytic functionals (usually stated by using
the indicatrix of K) is due to Martineau.

Theorem 4. Let K be a compact convex set in C
N , and let ψ be an analytic

functional on C
N . The following are equivalent:
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(1)ψ is carried by K
(2) For any neighborhood V of K, there exists a constant CV such that for

every linear function L on C
N :

|ψ(eL)| ≤ CV SupV |eL|.
Of course (1) ⇒ (2) trivially. Indeed to say that K is a carrier is to say

that an inequality |ψ(ϕ)| ≤ CV SupV |ϕ| holds for all ϕ ∈ O(CN ). The theorem
says that it is enough to consider the case of ϕ = eL for L linear. It clearly
has to be the dual result to a result usually unnoticed about the density, in a
precise appropriate sense, of the exponential functions eL. This was the path
followed in [RS1], leading to a totally new approach to the classical Paley
Wiener theory. Here we will not follow that path, but we will simply reduce
the case of non convex carriers to the case of convex carriers.

In fact we will need only the following special case of the classical theorem
(for which the elementary Lemma 4.2 in [RS1] gives a transparent explana-
tion).

Corollary An analytic functional ψ on C
N is carried by ∆

N
if and only if

for any δ > 0 there exists Cδ such that for every λ1, . . . , λN ∈ C

|ψ(eλ1z1+···+λNzN )| ≤ Cδe(1+δ)
∑ |λj |

where eλ1z1+···+λNzN designates the function (z1, . . . , zN) �→ eλ1z1+···+λNzN .
Our first result is:

Theorem 5. Let P1, . . . , PR ∈ O(CN ) and let

K = {z ∈ C
N ; |zj| ≤ 1 j = 1, . . . , N, |Pr(z)| ≤ 1, r = 1, . . . , R}.

Let ψ be an analytic functional on C
w. The following are equivalent:

(1)ψ is carried by K.
(2) For every δ > 0 there exists Cδ > 0 such that for every λ1, . . . , λN+R ∈ C.

|ψ(eF )| ≤ Cδe(1+δ)
∑N+R

j=1 |λj |,

if

F (z) =
N∑

j=1

λjzj +
R∑

r=1

λN+rPr(z).

Again (1) ⇒ (2) is trivial. If δ > 0 is given, for an appropriate small
neighborhood V of K, we have

SupV |eF | ≤ SupV e
|F | ≤ e(1+δ)

∑ |λj |;

and if ψ is carried by K we have |ψ(eF )| ≤ CV SupV |eF |. Now we prove (2)
⇒ (1).
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Consider the analytic functional ψ̃ defined on C
N+R in the following way:

Let τ : C
N → C

N+R be defined by

τ(z1, . . . , zN ) = (z1, . . . , zN , P1(z), . . . , PR(z)).

For f ∈ O(CN+R) set
ψ̃(f) = ψ(f ◦ τ).

Since ψ is carried by some big ball B ⊂ C
N , it is immediate that ψ̃ is carried

by τ(B) ⊂ τ(CN ) ⊂ C
N+R. But ψ̃ is also carried by the unit polydisc ∆N+R

in C
N+R, as we will now show. In C

N+R we denote the coordinates by (z, w)
with z = (z1, . . . , zN) w = (w1, . . . , wR). For any (λ1, . . . , λN+R) ∈ C

N+R, by
definition of ψ̃ we have

ψ̃[e(
∑N

j=1 λjzj+
∑R

r=1 λN+rwr)] = ψ(eF ),

with

F (z, w) =
N∑

j=1

λjzj +
R∑

r=1

λn+rPr(z).

By condition (2) we get

|ψ̃[e(
∑w

j=1 λjzj+
∑R

r+1 λN+rwr)]| ≤ Cδe(1+δ)
∑ |λj |.

By the above corollary it implies that ψ̃ is carried by ∆N+R as claimed.
Next, we observe that the union of∆N+R and τ(B) is polynomially convex.

If (z0, w0) ∈ (CN × C
R)− [∆N+R ∪ τ(B)], there are two cases to consider.

If w0 = (w0
1 , . . . , w

0
R) �∈ τ(CN ), there exists r ∈ {1, . . . , R} such that

w0
r �= Pr(z) and there exists j ∈ {1, . . . , N} such that |z0

j | > 1. Set fp(z, w) =
[wr − Pr(z)]zpj . Then fp ≡ 0 on τ(CN ) and for p large enough |fp(z0, w0)| >
Sup∆N+R∪τ(B)|fp|. If w0 ∈ τ(CN ) then z0 �∈ B, set f(z, w) =

∑N
j=1 zjz

0
j .

Then |f(z0, w0)| > Sup∆N+R∪τ(B)‖f |.
Since ∆N+R ∪ τ(B) is polynomially convex we can apply Theorem 1 (on

the intersection of carriers). Hence ψ̃ is carried by τ(CN ) ∩∆N+R.
Let V be a neighborhood ofK in C

N and set Ṽ = {(z, w) ∈ C
N+R; z ∈ V }.

Then Ṽ is a neighborhood of τ(CN )∩∆N+R in C
N+R. LetΠ be the projection

map from C
N+R onto C

N , Π(z, w) = z. For some constant C > 0, for any
f ∈ O(CN ):

|ψ(f)| = |ψ̃(f ◦Π)| ≤ C SupṼ |f ◦Π | = C SupV |f |.

This shows that ψ is carried by K.

Comment. The proof that has just been given seems so easy that one may
wonder whether some deep point has been hidden. It seems to me that for that,
one has to look at the proof of the Martineau Theorem on the intersection of
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carriers (crucially used). There one has to solve a Cousin problem with bounds
and this seems to somewhat correspond in the proofs given in [RS1] to the
proof of a “Oka extension result” with bounds [RS1] Lemma 4.4. Everything
else in both proofs is rather “mechanical”.

Theorem 6. Let K be a compact set in C
N . Let ψ be an analytic functional.

The following are equivalent:

(1)ψ is carried by K
(2) For every neighborhood V of K, and every d ∈ N there exists a constant

CV,d such that for every polynomial P of degree ≤ d

|ψ(eP )| ≤ CV,d SupV |eP |.

(3) For every neighborhood V of K and every d ∈ N there exists a constant
AV,d such that for every polynomial P of degree ≤ d

|ψ(eP )| ≤ AV,d SupV e
|P |.

Proof. Trivially (1) ⇒ (2) ⇒ (3). We have to prove that (3) ⇒ (1). We can
assume that K is polynomially convex since obviously K is a carrier if and
only if the polynomial hull of K is a carrier, and since we can replace V by its
polynomial hull (we mean the union of the polynomial hulls of the compact
sets included in V ) also. We can of course assume that K ⊂ ∆N .

Let W be a neighborhood of K. There exist R ∈ N and polynomials
P1, . . . , PR such that

K ⊂ {z ∈ C
N ; |zj | ≤ 1 j = 1, . . . , N, |Pr(z)| ≤ 1 r = 1, . . . , R} ⊂W.

Fix d so that each Pr is of degree at most d. Set K1 = {z ∈ C
N ; |zj | ≤

1, |Pr(z)| ≤ 1}. Let δ > 0. Fix a neighborhood V of K1 on which |zj | ≤ 1 + δ
and |Pr(z)| ≤ 1 + δ (r = 1, ..., R). If λ1, . . . , λN+R ∈ C

N+R and

F (z) =
N∑

j=1

λjzj +
R∑

r=1

λN+rPr(z),

by (3), we have:

|ψ(eF )| ≤ AV,dSupV e
|F | ≤ AV,de(1+δ)

∑ |λj |.

Hence by Theorem 5 ψ is carried by K1, and therefore by K since K1 ⊂ W
and W was an arbitrary neighborhood of K.
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5.2 Application

Definition. For t negative and small let ψt be an analytic functional on C
N .

If for every f ∈ O(CN ) t �→ ψt(f) extends holomorphically to a neighborhood
of 0 in C, we say that (ψt) is an analytic family of analytic functionals.

A first application of the non linear Paley Wiener theory is:

Theorem 7. Let (ψt) be an analytic family of analytic functionals. Let K
be a compact set in C

N . If for each small negative t ψt is carried by K then
f �→ limt→0− ψt(f) defines an analytic functional carried by K.

So having a hypothesis sufficiently strong allows one to control the carrier
of a limit, which is one of the main difficulties.

Quick sketch of proof. General functional analysis arguments allow to de-
fine ψt for |t| < ρ (for some ρ > 0), and all the ψt’s are carried by a same
compact set H in C

N . For −ρ < t < 0 we know more, ψt is carried by K and
we wish to show that ψ0 is carried by K itself. Using the Paley Wiener theory
one has to control ψ0(ep) in terms of the supremum of e|P | on some arbitrary
neighborhood of K for all polynomials of fixed degree. This can be done by
using the subharmonicity of t �→ Log|ψt(eP )|, and by taking advantage that
one is working with a very small set of functions (eP for P of fixed degree).
The following totally elementary Lemma [RS1] page 54 is to be used:

Lemma. Let d ∈ N, and V0, V1, V be non empty relatively compact open
subsets in C

N , with V1 ⊂⊂ V0 ⊂⊂ V . There exists ε > 0 such that for all
polynomial of degree ≤ d on C

N :

(1− ε) SupV1
|P |+ ε SupV |P | ≤ SupV0

|P |.

Extensions of Theorem 7 are needed and are given in [RS1].

5.3 Application to a Local Theory of Boundary Values

Our general definition [RS1] (section 5) is rather cumbersome (but should one
blame nature?). So are also the proofs of basic properties (such as restrictions).
Here I will just try to sketch what our general definition is when applied to
the case of holomorphic function defined in the upper half plane (in C).

So, we start with a holomorphic function u defined on the intersection of
the upper half plane

∏+ = {z ∈ C, Im z > 0} and of a neighborhood of the
interval [−1,+1]. We wish to define the boundary values along [−1,+1]. It
will be an analytic functional on C carried by [−1, 1] defined modulo analytic
functionals carried by {−1}∪{1}. There are several ways of proceeding and the
most elementary one may be the way explained in [RS1] example 4 page 21.
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A slight variant of it is by making sense of “
∫+1

−1 u(x)ϕ(x)dx” for ϕ ∈ O(C)

by setting it equal to “
∫ −1+iε

−1
” +
∫ 1+iε

−1+iε
+“
∫ 1

1+iε
” u(z)dz, and by making

sense of “
∫ −1+iε

−1 ” and “
∫ 1

1+iε ” as in [RS1] example 2 page 17 (elementary
version of flabbiness). See also 1.7 in 1 above.

Let us rather follow the general approach.
At this point we wish to change notations and C (used before) should be

replaced by R
2 and R

2 ⊂ C
2.

So let us start again:
Let u be a function defined on the set {(x1, x2) ∈ R

2;−2 < x1 < +2, 0 <
x2 < 1}, and satisfying the equation ∂u

∂x1
+ i ∂u∂x2

= 0. There is no restriction
on the growth of u(x, y) as x approaches 0. We intend to give a meaning to
“the boundary value of u along [−1, 1]” ([−1, 1]× {0}).

Let ϕ ∈ O(C2). For t ∈ (0, 1) set

Iϕ(t) =
∫ +1

−1

u(x1, t)ϕ(x1, t)dx1.

There is of course no reason that I(t) has a limit as t→ 0. For example there
exists u such that u(x1,

1
2n ) tends uniformly to 0 as n→∞, while u(x1,

1
2n+1 )

tends to 1.
So we should not try to define an analytic functional by setting ψ(ϕ) =

limt→0 Iϕ(t).
Instead we fix an arbitrarily small neighborhood V of {(−1, 0), (1, 0)} in

C
2. For t > 0 let ϕt ∈ O(C2) be defined by:







ϕt(x1, t) = ϕ(x1, t)

∂ϕt

∂z1
+ i∂ϕt

∂z2
= 0 .

The point here is that the restriction of ϕt to R
2 satisfies ∂ϕt

∂x1
+ i∂ϕt

∂x2
= 0. And

up to a – sign ∂
∂x1

+ i ∂
∂x2

is the transpose of the operator ∂
∂x1

+ i ∂
∂x2

itself of
which u is a solution. In general such a situation is reached by application of
the Cauchy Kovalevsky Theorem and it does not lead to entire functions, but
to functions defined on a large enough domain.

In our case we can write ϕt explicitly: ϕt(z1, z2) = ϕ(z1 + iz2 − it, t).
Now fix t0 ∈ (0, 1). For t ∈ (0, t0) we defined Iϕ(t) =

∫ +1

−1 u(x, t)ϕ(x, t)dx.

So Iϕ(t) =
∫ +1

−1
u(x, t)ϕt(x, t)dx, since ϕt(·, t) ≡ ϕ(·, t). By the Cauchy formula

Iϕ(t) =
∫ +1

−1

u(x, t0)ϕt(x, t0)dx + Et(ϕ).

where

Et(ϕ) = i

∫ t0

t

u(−1, s)ϕt(−1, s)ds + i

∫ t

t0

u(1, s)ϕt(1, s)ds.

The following is to be noticed
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(i) t �→ Iϕ(t)− Et(ϕ) extends holomorphically at t = 0.
(ii) Provided that t0 has been taken small enough Et is an analytic functional

carried by V the closure of the neighborhood V .

Now forget entirely the above construction and consider any other family
of analytic functionals Ft each carried by V , with similarly: t �→ Iϕ(t)−Ft(ϕ)
extending holomorphically at t = 0.

Note that the above conditions make absolutely no reference to the equa-
tion that u satisfies.

We have now two analytic functionals to consider:

ψ(ϕ) = lim
t→0

[Iϕ(t)− Et(ϕ)]

and
ψ#(ϕ) = lim

t→0
[Iϕ(t)− Ft(ϕ)].

We have ψ−ψ#(ϕ) = limt→0[Et−Ft(ϕ)] , t ∈ (0, t0). On the right hand side
we have an analytic family of analytic functionals which, for t ∈ (0, t0), are
carried by V . By Theorem 7 ψ − ψ# is also carried by V .

It is also clear by the same reason that ψ and ψ# are carried by [−1, 1]×
{0} ∪ V ⊂ C

2. To make things more precise take

V = {(z1, z2) ∈ C,min(|z1 − 1|, |z1 + 1|) < ε, |z2| < ε}(ε > 0, small).

We can decompose ψ as a sum ψ = ψ1 + ψ2 with ψ1 carried by [−1 + ε, 1 −
ε]×{0} and ψ2 carried by V . Similarly ψ# = ψ#

1 +ψ#
2 . Applying Martineau’s

theorem to the polynomially convex set [−1, 1]× {0} ∪ V ⊂ C
2, we see that

ψ1−ψ#
1 is an analytic functional carried by {(−1+ε), (1−ε)}×{0}. So starting

from u, we got an analytic functional ψ1 or ψ#
1 carried by [−1+ ε, 1− ε]×{0},

unique modulo analytic functionals carried by the endpoints. This is exactly
the kind of object that one is looking for. There is still some distance to cover:

(a) Shrink ε and in the limit get an analytic functional carried by [−1, 1]×{0}.
Here taking advantage of the situation this step can obviously be avoided
(replace [−1, 1] by [−1 + ε, 1 − ε]), but in general this step will simply
involve flabbiness.

(b) Finally one has to observe that the analytic functionals that one gets are
(up to the arbitrary term carried by the endpoints) analytic functionals
in C

2 which come from analytic functional in C (= C × {0} ⊂ C
2). But

after a final remark we shall stop this discussion here referring the reader
to [RS1] for details and for a systematic discussion.

Remark. The theory of analytic functionals carried by compact sets in R
N ⊂

C
N offers some specificity and things simplify as clearly demonstrated in [H]

Chapter 9. However our theory required us to consider analytic functionals
carried by sets not in R

N (V above), even if the final object to be found in a
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hyperfunction that is given by an analytic functional carried by some set in
R
N , unique modulo analytic functionals carried by the boundary of that set

in R
N .

The following is just a minimal list of references for these notes. Many
more references are given in [RS].
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1 Extremal Discs for Convex Domains

In his celebrated paper, Lempert [L1] introduced extremal analytic discs for
a strictly convex domain D ⊂ CN .

Let ∆ = {ζ ∈ C : |ζ| < 1} be the unit disc in complex plane. An analytic
disc f in D is a holomorphic mapping f : ∆→ D. An analytic disc f in D is
called extremal if |f ′(0)| > |g′(0)| for every other analytic disc g in D with the
same “center” and direction at 0 as f , that is g(0) = f(0) and g′(0) = σf ′(0),
σ > 0.

Extremal discs are important holomorphic invariants of D. Lempert [L1]
proved that for every p ∈ D and every v ∈ CN there exists a unique extremal
disc f in D such that f(0) = p and f ′(0) = σv, where σ > 0.

Let N = 1. Then according to Koebe’s proof of Riemann’s mapping the-
orem, an extremal disc f in a simply connected domain D gives a conformal
mapping of ∆ onto D. If D has a smooth boundary, then f extends smoothly
to the circle b∆ and f(b∆) = bD.

For N > 1 Lempert [L1] proved that extremal discs f in a strictly convex
domain D are smooth up to b∆ and f(b∆) ⊂ bD. Furthermore for given
p ∈ D the images of all extremal discs f in D such that f(0) = p form a
foliation of D\{p}. Lempert also proved that the extremal discs coincide with
the complex geodesics of the Kobayashi metric and minimize the Kobayashi
distance between points. Slodkowsky [Sl] found simpler proofs of some of the
results of [L1]. We refer to [Bl] [BD] [L2] [Se] for applications and further
results.

We extend some of the above results to the situation in which the hyper-
surface bD is replaced by a real manifold of higher codimension CN .

2 Real Manifolds in Complex Space

Let M be a smooth real manifold in CN of real codimension k. By “smooth”
we usually mean C∞ unless smoothness is specified. Recall that M is generic
if Tp(M) + JTp(M) = Tp(CN ), p ∈ M , where T (M) denotes the tangent
bundle to M , and J is the operator of multiplication by the imaginary unit
in T (CN). If M is generic, then locally M can be defined as ρ(z) = 0, where
ρ = (ρ1, . . . , ρk) is a smooth real vector function such that ∂ρ1∧ . . .∧∂ρk �= 0.

Recall the complex tangent space T cp (M) of M at p ∈ M is defined as
T cp (M) = Tp(M)∩ JTp(M). If M is generic, then M is a CR manifold, which
means that dimC T

c
p (M) is independent of p, and T c(M) forms a bundle.

Recall the space T (1,0)
p (M) ⊂ Tp(M) ⊗C of complex (1, 0)-vectors is defined

as T (1,0)
p (M) = {X ∈ Tp(M)⊗C : X =

∑
aj ∂/∂zj}.

Recall that M is totally real at p ∈ M if T cp (M) = 0. Recall M ⊂ CN is
maximally real if M is totally real and dimM = N .
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From now on M will denote a generic manifold in CN . The CR dimension
CRdim(M) of M is equal to dimC T

c
p (M) = dimC T

(1,0)
p (M). If CRdim(M) =

n, then N = n+ k.
Let T ∗(CN ) be the real cotangent bundle of CN . Since every (1,0) form is

uniquely determined by its real part, we represent T ∗(CN ) as the space of (1,0)
forms on CN . Then T ∗(CN ) is a complex manifold. Let N∗(M) ⊂ T ∗(CN )
be the real conormal bundle of M ⊂ CN . Using the representation of T ∗(CN )
by (1,0) forms, we define the fiber N∗

p (M) at p ∈M as

N∗
p (M) = {φ ∈ T ∗

p (CN ) : Reφ|Tp(M) = 0}.
The angle brackets 〈, 〉 denote the natural pairing between vectors and

covectors. If a, b ∈ Cm, then we put 〈a, b〉 =
∑
ajbj.

In a fixed coordinate system, we will identify φ =
∑
φj dzj ∈ T ∗(CN )

with the vector φ = (φ1, . . . , φN ) ∈ CN . Then for φ ∈ N∗
p (M), the vector φ̄

is orthogonal to M in the real sense, that is Re〈φ,X〉 = 0 for all X ∈ Tp(M).
The forms ∂ρj , (j = 1, . . . , k), define a basis of N∗

p (M), so every φ ∈
N∗
p (M) can be written as φ =

∑
cj∂ρj , cj ∈ R.

Using the matrix notation, we write φ and its coordinate representation re-
spectively in the form φ = c∂ρ(p) and φ = cρz(p), where c ∈ Rk is considered
a row vector, and ρz is the k ×N matrix with the entries (ρz)ij = ∂ρi/∂zj.

For every φ ∈ N∗
p (M) we define the Levi form L(p, φ) of M at p ∈ M in

the conormal direction φ = c∂ρ as

L(p, φ)(X, Ȳ ) = −c∂∂̄ρ(X, Ȳ ),

where X,Y ∈ T 1,0
p (M). The form L(p, φ) is a hermitian form on T 1,0

p (M).
This definition is independent of the defining function because, by Cartan’s
formula, c∂∂̄ρ(X, Ȳ ) = 1

2 〈φ, [ξ, η̄]〉, where ξ, η are (1, 0) extensions of X,Y to
a neighborhood of p in M .

Proposition 2.1. N∗(M) is totally real at φ ∈ N∗
p (M) if and only if L(p, φ)

is non-degenerate.

In the hypersurface case, this fact is essentially due to Webster (1978). For
a proof in higher codimension, see, e.g. [T2].

The forms L(p, φ) can be regarded as components of the Np(M)-valued
Levi form L(p), where N(M) = T (CN )|M/T (M) is the normal bundle of
M ⊂ CN . Indeed, L(p)(X, X̄) ∈ Np(M) is such an element that

Re〈φ, L(p)(X, X̄)〉 = L(p, φ)(X, X̄) for all φ ∈ N∗
p (M).

The Levi cone Γp ⊂ Np(M) is defined as the convex span of the values of the
Levi form L(p), that is

Γp = Conv{L(p)(X, X̄) : X ∈ T 1,0
p (M)}.

The dual Levi cone Γ ∗
p is defined as
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Γ ∗
p = {φ ∈ N∗

p (M) : L(p, φ) > 0},

where L(p, φ) > 0 means that the form L(p, φ) is positive definite.

Definition 2.2.

(i) We say that M is strictly pseudoconvex at p if Γ ∗
p �= ∅. We say that M is

strictly pseudoconvex if it holds at every p ∈M .
(ii) We say that the Levi form L(p) is generating if Γp has nonempty interior.

The condition in (i) holds iff locally near p, M is contained in a strictly
pseudoconvex hypersurface. It implies that Γp does not contain an entire line.
The condition in (ii) means that L(p, φ) �= 0 as φ �= 0. A strictly pseudoconvex
manifold with generating Levi form is an analogue of a strictly pseudoconvex
hypersurface.

Changing notations, we introduce the coordinates Z = (z, w) ∈ CN , z =
x+ iy ∈ Ck, w ∈ Cn, so that the defining function of M can be chosen in the
form ρ = x− h(y, w), where h = (h1, . . . , hk) is a smooth real vector function
with h(0) = 0, dh(0) = 0. Furthermore, we can choose the coordinates in such
a way that each term in the Taylor expansion of h contains both w and w̄
variables (see, e.g., [BER] [Bo]). Then the equations of M take the form

xj = hj(y, w) = 〈Ajw, w̄〉+O(|y|3 + |w|3), 1 ≤ j ≤ k, (2.1)

where Aj are hermitian matrices. Using the coordinates, N0(M) and N∗
0 (M)

are identified with Rk ⊂ Ck, T 1,0
0 (M) is identified with Cn and for φ =

∑
cjdzj ∈ N∗

0 (M), the Levi form L(0, φ) has the matrix
∑
cjAj . Thus the

matrices Aj are the components of the Levi form L(0) of M at 0.
The manifold M of the form (2.1) is strictly pseudoconvex at 0 if and only

if there exists c ∈ Rk such that
∑
cjAj > 0. It has a generating Levi form at

0 if and only if the matrices A1, . . . , Ak are linearly independent.
A strictly pseudoconvex hypersurface is locally strictly convex after a suit-

able change of coordinates. We give an analogue of this statement in higher
codimension. For p ∈M we introduce the following realization of Γ ∗

p in Rk.

Cp = {c ∈ Rk : c∂ρ ∈ Γ ∗
p } ⊂ Rk.

Proposition 2.3. LetM be a strictly pseudoconvex manifold with generating
Levi form. For every o ∈ M , there exists a local holomorphic coordinate
system with origin at o such that for every cone C′ finer than Co (that is
C̄′ \{0} ⊂ Co) there is a neighborhood U ⊂M of o such that for every p ∈ U ,
q ∈ U , p �= q, and c ∈ C′, |c| = 1, we have Re〈ξ, p− q〉 > 0, where ξ = c∂ρ(q).

The proof is similar to the one in the hypersurface case. See [T2] for the
details.
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3 Extremal Discs and Stationary Discs

Let M be a smooth generic manifold in CN .
An analytic disc in CN is a mapping f : ∆→ CN holomorphic in the unit

disc ∆. We say that f is attached to M if f is continuous in the closed disc ∆̄
and f(b∆) ⊂M .

There is no natural domain associated with a manifold of higher codimen-
sion, therefore in the definition of extremal discs we restrict to discs attached
to M .

Definition 3.1. An analytic disc f : ∆̄ → CN attached to M is called
extremal if there exists a ∈ CN such that for every analytic disc g : ∆̄→ CN

attached to M such that g �= f and g(0) = f(0) the following inequality holds:

Re〈ā, g′(0)− f ′(0)〉 > 0. (3.1)

Let f be extremal. Then for every analytic disc g : ∆̄ → CN attached to
M such that

g �= f, g(0) = f(0), g′(0) = σf ′(0), σ > 0 (3.2)

we have |f ′(0)| > |g′(0)|. Indeed, first consider the disc g of the form g(ζ) =
f(ζ2). Then g′(0) = 0, and by (3.1) we have

Re〈ā,−f ′(0)〉 > 0. (3.3)

For a general disc g satisfying (3.2), (3.1) takes the form Re〈ā,−(1−σ)f ′(0)〉 >
0. Then by (3.3) σ < 1 and |f ′(0)| > |g′(0)|.

For a strictly convex hypersurface, Definition 3.1 is equivalent to the fact
that |f ′(0)| > |g′(0)| for all discs g satisfying (3.2), which is the original
definition by Lempert [L1]. In higher codimension, the author does not know
under what circumstances they are equivalent.
Definition 3.2. An analytic disc f attached to M is called stationary if there
exists a nonzero continuous holomorphic mapping f∗ : ∆̄ \ {0} → T ∗(CN ),
such that ζf∗ is holomorphic in ∆ and f∗(ζ) ∈ N∗

f(ζ)M for all ζ ∈ b∆. In
other words, f∗ is a punctured analytic disc with a pole of order at most one
at zero attached to N∗(M) ⊂ T ∗(CN ) such that the natural projection sends
f∗ to f . We call f∗ a lift of f . In the rest of the paper, the term “lift” is used
in this sense.

Example 3.3. Let M = S2N−1 be the unit sphere in CN . Let f(ζ) = a+ bζ
be an analytic disc attached to M , where a, b ∈ CN . Then |a|2 + |b|2 = 1,
〈a, b̄〉 = 0. Then f∗(ζ) = −ā − b̄ζ−1 (as well as any real multiple of it) is
a lift of f . All stationary discs for M have this form or differ from it by an
automorphism of ∆. We will see that for b �= 0 the disc f is extremal.

We call a disc f defective if it has a nonzero lift f∗ holomorphic in the
whole unit disc including 0. Defective discs arise in the problem of holomor-
phic extendibility of CR functions, see e.g. [BER] [T1]. Being defective is an
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anomaly. For instance, for a strictly convex hypersurface, all defective discs
are constant. This is not true for strictly pseudoconvex manifolds of higher
codimension.

Example 3.4. LetM = S3×S3, where S3 is the unit sphere in C2. Then M is
a generic manifold of codimension 2 in C4. Let f = (f1, f2) be an analytic disc
attached to M , so each fj is a disc attached to S3, j = 1, 2. Let f1 = p ∈ S3

be constant. Let φ ∈ N∗
p (S3), φ �= 0. Let f2 be any disc attached to S3. Then

the disc f is defective because it has the lift f∗ = (φ, 0). Note that the discs
of this form fill the set S3 ×B2, where B2 is the unit ball in C2.

Conjecture 3.5. Defective discs attached to M can cover at most a set of
measure zero in CN .

One can see that a disc f is defective iff f is a critical point of the evaluation
map f �→ f(0) defined on the set of all small analytic discs attached to M .
Hence, if the set of defective discs was “finite dimensional”, then the conjecture
would follow by the Sard theorem. In general, the question is open.

For a strictly convex hypersurface, Lempert [L1] shows that the extremal
and stationary discs are the same. This is not the case in higher codimension.

Example 3.6. LetM = S3×S3, where S3 is the sphere in C2. Let f = (f1, f2)
be an analytic disc attached to M . Let f1 be an extremal disc for the unit ball
B2 ⊂ C2 and let f2 be a nonconstant analytic disc attached to S3 which is not
extremal. Then the disc f is stationary. Indeed, it admits the lift f∗ = (f∗1 , 0),
where f∗1 is a lift of f1. The disc f is not extremal. Indeed, there exists a disc
g2 �= f2 attached to S3 such that g′2(0) = f ′2(0). Take g1 = f1. Then for the
disc g = (g1, g2) we have g′(0) = f ′(0), so f is not extremal. Note however,
that the disc f is “weakly” extremal, that is for every disc g attached to M
with the same value and direction at 0, we have |f ′(0)| ≥ |g′(0)|, because
g′(0) = σf ′(0), σ ≥ 0, implies g′1(0) = σf ′1(0), whence σ ≤ 1. The set of such
weakly extremal discs f has infinite dimension because f includes an arbitrary
component f2.

We call a lift f∗ supporting if for all ζ ∈ b∆, f∗(ζ) defines a (strong)
supporting real hyperplane to M at f(ζ), that is

Re〈f∗(ζ), p− f(ζ)〉 > 0 for all ζ ∈ b∆ and p ∈M,p �= f(ζ). (3.4)

For instance, in Example 3.3, the lift f∗ is supporting.
We will show that stationary discs that admit supporting lifts are extremal

and that extremal discs are stationary.
We put Resψ = Res(ψ, 0), the residue of ψ at 0.

Proposition 3.7. Let f be a stationary disc with a supporting lift f∗. Then f
is extremal. Furthermore, for every disc g attached toM such that g(0) = f(0)
the inequality (3.1) holds, where ā = Resf∗.

Proof. The proof is a repetition of the one by Lempert [L1].
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Plugging p = g(ζ) in (3.4) yields Re〈f∗(ζ), g(ζ) − f(ζ)〉 ≥ 0 for ζ ∈ b∆,
and the equality holds only if f(ζ) = g(ζ). Since ζ �→ ζf∗(ζ) is holomorphic
and f(0) = g(0), then

Re〈f∗(ζ), g(ζ) − f(ζ)〉 = Re〈ζf∗(ζ), ζ−1(g(ζ)− f(ζ))〉

is harmonic and positive a. e. on b∆. Hence, it is positive at 0, and (3.1) holds,
where ā = limζ→0 ζf

∗(ζ) = Resf∗. The proposition is proved.

4 Coordinate Representation of Stationary Discs

Let M be a generic manifold in CN . We recall the equation for constructing
analytic discs attached to M introduced by Bishop (1965, see e.g. [Bo] [T1]).
Let M be defined by a local equation

x = h(y, w), (4.1)

where h(0) = 0 and dh(0) = 0. Let ζ �→ f(ζ) = (z(ζ) = x(ζ) + iy(ζ), w(ζ))
be an analytic disc attached to M . If ζ �→ w(ζ) and y0 = y(0) are given, then
the function ζ �→ y(ζ) on the circle b∆ satisfies the Bishop equation

y = Th(y, w) + y0, (4.2)

where T is the Hilbert transform on the unit circle b∆. The operator T is
bounded on the space Ck,α of functions with derivatives up to order k ≥ 0
satisfying a Lipschitz condition with exponent 0 < α < 1. We often write Cα

for C0,α.
If h is Ck, where k ≥ 2, then for sufficiently small y0 ∈ Rk and ‖w‖Cα

there exist a unique solution y of class Cα and depends Ck−1 smoothly on y0
and w (see [Bo]). The solution defines the z component of f by harmonically
extending ζ �→ h(y(ζ), w(ζ)) + iy(ζ) from b∆ to ∆.

Let f be an analytic disc attached to M . We introduce a k × k matrix
function G on b∆ such that

H = G(I + ihy ◦ f) (4.3)

extends holomorphically from b∆ to ∆, where hy denotes the matrix of partial
derivatives and I is the identity matrix. For a small disc f , the matrix G
always exists and it is unique up to a (left) constant factor. We define G by
the equation

G = I − T (Ghy ◦ f). (4.4)

For a fixed disc f , we will omit writing “◦f” in most formulas.
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We interpret the definition of a stationary disc using the equation of M in
a fixed coordinate system. Let Z = (z, w) be a coordinate system as above,
and let M be defined by (4.1). Let ρ = x− h(y, w).

Proposition 4.1. Let M be C2 smooth. Let f ∈ C0,α(∆̄), 0 < α < 1, be a
small disc attached to M . Then the following (i) to (v) hold.

(i) Every lift f∗ of f holomorphic at 0 has the form f∗|b∆ = cG∂ρ, where
c ∈ Rk.

(ii) f is defective if and only if there exists a nonzero c ∈ Rk such that cGhw
extends holomorphically to ∆.

(iii)Every lift f∗ of f has the form f∗|b∆ = Re(λζ + c)G∂ρ, where λ ∈ Ck,
c ∈ Rk.

(iv)f is stationary if and only if there exist λ ∈ Ck and c ∈ Rk such that
ζRe(λζ + c)Ghw extends holomorphically to ∆.

(v) In both (i) and (iii) f∗ ∈ C0,α(b∆). Moreover, if M is Cm,α, where m ≥ 2,
and f ∈ Cm−1,α(∆̄), then f∗ ∈ Cm−1,α(b∆).

Proof. We skip (i) and (ii) because they are similar to (iii) and (iv). Let f∗

be a lift of f . Then there is a real row vector function r on b∆ such that

f∗|b∆ = r∂ρ = r(ρz dz + ρw dw).

Note ρz = 1
2 (I + ihy), ρw = −hw. The function

ζrρz =
1
2
ζr(I + ihy) =

1
2
ζrG−1H

extends holomorphically to ∆ as z-component of ζf∗. Since H = G(I + ihy)
is a nondegenerate matrix that extends holomorphically to ∆, then ζR, where
R = rG−1, extends holomorphically to ∆. Since R is real, then the Fourier
series of R must have the form R(ζ) = Re(λζ+c) for some λ ∈ Ck and c ∈ Rk.
Then r = Re(λζ + c)G, and (iii) follows. Now f∗ in (iii) defines a lift if and
only if the w-component of ζf∗ is also holomorphic, and (iv) follows. Further,
(v) immediately follows from (i) and (iii). The proposition is now proved.

The extremal discs are stationary, furthermore the following holds.

Proposition 4.2. Let f ∈ Cα(∆̄), 0 < α < 1, be an extremal disc attached
to a manifold M of class C2 so that (3.1) holds for some a ∈ CN . Then f is
stationary. Suppose f is not defective. Then there exists a unique lift f∗ such
that Resf∗ = ā. Moreover, f∗ depends continuously on f and a in the Cα

norm.

The proof consists of quite technical calculations in coordinates, see [T2].
It does not help understand the result and we omit it. We would appreciate
a natural coordinate-free proof.

A question of interest is the regularity of extremal and stationary discs.
Let M be strictly pseudoconvex with generating Levi form. Let f be a sta-
tionary disc with lift f∗. Assume N∗(M) is totally real at f∗(ζ0) for some
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ζ0 ∈ b∆, which by Proposition 2.1 is equivalent to the Levi form L(f∗(ζ0))
being nondegenerate. Then by the smooth version of Schwarz reflection prin-
ciple (see Proposition 9.5 below, in which n1 = 1) f∗ whence f is smooth up
to b∆ near ζ0. Unfortunately, we don’t know whether the above assumption
should hold for extremal discs. In fact for the stationary disc f in Example
3.6 it does not hold, and f is smooth iff f2 is smooth. Therefore we cannot
guarantee that extremal discs are smooth up to the boundary.

This difficulty persists only for k > 1.

Proposition 4.3. Let M ⊂ CN be a strictly pseudoconvex hypersurface.
Then all small stationary discs of class Cα(∆̄), 0 < α < 1, are actually
smooth up to the boundary.

Proof. Let f be a stationary disc of class Cα with lift f∗. By Proposition
4.1(v), the lift f∗ is also Cα. By Proposition 2.1 for k = 1, N∗(M) is totally
real off the zero-section. It f∗ does not vanish on b∆, then by the smooth
reflection principle, f∗ whence f is smooth up to b∆.

Now assume that f∗ does vanish on b∆, but not identically, say f∗(1) = 0.
By Proposition 4.1 (iii), f∗|b∆ = Re(λζ + c)G∂ρ, where λ ∈ C, c ∈ R. Then
f∗(1) = 0 implies Reλ + c = 0. Since f∗ is nontrivial, then λ �= 0. Then
for |ζ| = 1 we have 2Re(λζ + c) = ζ−1(ζ − 1)(λζ − λ̄). By Proposition 4.1
ζRe(λζ + c)Ghw whence (ζ − 1)(λζ − λ̄)Ghw extends holomorphically from
b∆ to ∆. Then so does Ghw because (ζ − 1)(λζ − λ̄) vanishes only on b∆.
Then f̃∗|b∆ = G∂ρ is a nonzero lift of f holomorphic at 0, and f is defective.

For a strictly pseudoconvex hypersurface, small defective discs are con-
stant. Indeed, the lift f̃∗ above is an analytic dicsc attached to a totally real
manifold N∗(M). By Bishop’s equation (4.2) for a totally real manifold, the
attached discs are constant. Hence f̃∗ and f are constant, and the proof is
complete.

5 Stationary Discs for Quadrics

We first construct stationary discs for a quadratic CR manifold M ⊂ CN .
Definition 5.1. Let f be a stationary disc attached to M and let f∗ be a lift
of f . We call f∗ positive if f∗(ζ) ∈ Γ ∗

f(ζ) for ζ ∈ b∆.
The positivity condition is independent of the coordinate system. We will

describe stationary discs with positive lifts for a quadratic strictly pseudocon-
vex manifold M with generating Levi form.

Let the quadric M ⊂ CN , N = n+ k, be defined by the equation

xj = hj(y, w) = 〈Ajw, w̄〉, 1 ≤ j ≤ k, (5.1)

where the hermitian matrices A1, . . . , Ak are linearly independent and a linear
combination of Aj -s is positive definite.

Let ζ �→ f(ζ) = (z(ζ), w(ζ)) be a stationary disc and let ζ �→ f∗(ζ) be
a lift of f . Note that G = I since hy = 0. Also note that the disc f can be
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made small by a change of coordinates of the form (z, w) �→ (t2z, tw). Hence,
by Proposition 4.1(iii) there exist λ ∈ Ck and c ∈ Rk such that

f∗|b∆ = Re(λζ + c)∂ρ, (5.2)

where ρj = xj − 〈Ajw, w̄〉. The lift f∗ is positive if
∑

Re(λjζ + cj)Aj > 0 for ζ ∈ b∆. (5.3)

By a classical factorization theorem (see e.g. [L1]), there exist a holomorphic
in ∆ nondegenerate in ∆̄ n× n matrix function Φ such that

∑

Re(λjζ + cj)Aj = Φ∗(ζ)Φ(ζ) for ζ ∈ b∆. (5.4)

The structure of the left hand part implies that Φ is linear in ζ that is Φ(ζ) =
Φ0(I − ζX), where Φ0 and X are constant matrices. The matrix Φ is unique
up to a left multiplicative constant, so X is uniquely defined by λ and c. Then
(5.4) takes the form

2
∑

Re(λjζ + cj)Aj = (I − ζX)∗B(I − ζX), (5.5)

where B = 2Φ∗
0Φ0 > 0.

Since Φ(ζ) is nondegenerate and holomorphic in ∆̄, the series (I−ζX)−1 =
∑
ζmXm converges in ∆̄, which holds if and only if all the eigenvalues of X

are in ∆.
Let P =

∑
λjAj and Q =

∑
cjAj . Then (5.5) is equivalent to the system

P = −BX, 2Q = B +X∗BX. (5.6)

Eliminating B, we get a matrix quadratic equation

P ∗X2 + 2QX + P = 0. (5.7)

The equations (5.6) and (5.7) are not needed for the existence result, but
they are useful for practical calculating stationary discs. Here is a description
of stationary discs with positive lifts for a quadric.
Proposition 5.2. LetM be a quadratic manifold given by the equations (5.1).
For every λ ∈ Ck and c ∈ Rk satisfying (5.3) and every w0, v ∈ Cn, y0 ∈ Rk,
there exists a unique stationary disc ζ �→ f(ζ) = (z(ζ), w(ζ)) with lift f∗ given
by (5.2) such that w(0) = w0, w

′(0) = v, y(0) = y0. The disc f is extremal.
Moreover, the w-component of f is given by w(ζ) = w0 + ζ(I − ζX)−1v,
where X is part of a unique solution (X,B) of the system (5.6) such that
all eigenvalues of X are in ∆. Also, X is a unique solution of the quadratic
equation (5.7) with all eigenvalues in ∆.

Proof. By (5.2) ζRe(λζ + c)hw = ζ
∑

Re(λjζ + cj)Ājw̄(ζ) extends holomor-
phically to ∆. By (5.5) we get that ζ̄(I − ζX)∗B(I − ζX)w(ζ) extends an-
tiholomorphically to ∆. Since (I − ζX)∗B is invertible and antiholomorphic,
then ζ̄(I − ζX)w(ζ) also extends antiholomorphically.
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Let w(ζ) = w(0) + ζu(ζ), where u is holomorphic. Then (I − ζX)u(ζ)
extends antiholomorphically. Since it is also holomorphic, then it is constant.
Hence, (I − ζX)u(ζ) = u(0) = v, and we immediately obtain the expression
for the w-component of f . The z-component is uniquely defined by w(ζ) and
y0. Thus the pair (f, f∗) is uniquely defined.

The disc f is extremal. Indeed, by Proposition 2.3, f∗ can be made sup-
porting in a suitable system of coordinates.

Finally, we prove that if X is a solution of (5.7) with eigenvalues in ∆,
then there exists B such that (5.5) is fulfilled. We put B = 2Q+ P ∗X . Plug
the latter in (5.7) to obtain P = −BX and then 2Q = B+X∗B∗X . To satisfy
(5.6) whence (5.5), we only need to show that B∗ = B. Consider S = B−B∗.
Then S = X∗SX . Then S = X∗mSXm → 0 as m→∞ since the eigenvalues
of X are in ∆. Thus S = 0, B∗ = B. The proposition is now proved.

Proposition 5.3. Let M be a quadratic manifold given by the equations
(4.1). For every λ ∈ Cn and c ∈ Rk satisfying (4.3) and every w0, v ∈ Cn,
y0 ∈ Rk, there exists a unique stationary disc ζ �→ f(ζ) = (z(ζ), w(ζ)) with
lift f∗ given by (4.2) such that w(1) = w0, w

′(1) = v, y(1) = y0. The disc f
is extremal. Moreover, the w-component of f is given by w(ζ) = w0 + (ζ −
1)(I − ζX)−1(I −X)v.

The proof is similar to that of Proposition 5.2 and we omit it.

6 Existence of Stationary Discs

Theorem 6.1. Let M ⊂ CN be a smooth strictly pseudoconvex manifold
with generating Levi form. Let M be defined by the equations

ρj(z, w) = xj − hj(y, w) = xj −〈Ajw, w̄〉+O(|y|3 + |w|3) = 0, 1 ≤ j ≤ k.

Then for every ε > 0 there exists δ > 0 such that for every λ ∈ Ck, c ∈ Rk,
w0 ∈ Cn, y0 ∈ Rk, v ∈ Cn such that

∑

Re(λjζ + cj)Aj > ε(|λ|+ |c|)I (6.1)

and |w0| < δ, |y0| < δ, |v| < δ there exists a unique stationary disc ζ �→ f(ζ) =
(z(ζ), w(ζ)) such that w(0) = w0, w

′(0) = v, y(0) = y0, and there is a lift
f∗ such that f∗|b∆ = Re(λζ + c)G∂ρ. The disc f is extremal, and depends
smoothly on ζ ∈ ∆̄ and all the parameters λ, c, w0, y0, v.

Proof. We will convert the condition that the disc f is stationary into an
equation so that, together with Bishop’s equation (4.2), it will describe small
stationary discs. The idea of the proof is that Ghw is close to that for
the corresponding quadric. We then introduce the error term Φ(G, y, w) =
Aw − Ghw̄(y, w), where Aw is the k × n matrix with the entries (Aw)jl =
∑n

m=1Ajlmwm, and Ajlm = (Aj)lm.
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The condition in Proposition 4.1(iv) holds if and only if ζ̄Re(λζ + c)Aw+
. . . extends antiholomorphically to ∆ where the dots mean the error term
involving Φ. By the decomposition (5.5), ζ̄(I−ζX)∗B(I−ζX)w+ . . . extends
antiholomorphically to ∆.

We put w(ζ) = w(0) + ζu(ζ), where u is holomorphic. We divide by (I −
ζX)∗B and get that (I− ζX)u(ζ)+ . . . extends antiholomorphically to ∆. We
put

K0φ = Kφ− (Kφ)(0), (Kφ)(ζ1) =
1

2πi

∫

|ζ|=1

φ(ζ) dζ
ζ − ζ1 ,

the latter being the standard Cauchy transform in ∆. For ζ1 ∈ b∆, we under-
stand (Kφ)(ζ1) as the inner limiting value for ∆. Obviously, if φ is holomor-
phic, then K0φ = φ− φ(0). If φ is antiholomorphic, then K0φ = 0.

Using K0, we rewrite our condition in the form (I − ζX)u(ζ) = u(0) +
K0(Ψ), where Ψ = 2ζ̄B−1(I− ζX)∗−1(Re(λζ+ c)Φ)T is obtained by replacing
the dots above by their actual expressions. Hence w = w0 + ζ(I − ζX)−1v +
ζ(I − ζX)−1K0(Ψ). This is the equation we need. Finally,

y = y0 + Th(y, w)
w = w0 + ζ(I − ζX)−1v + ζ(I − ζX)−1K0(Ψ)
G = I − T (Ghy(y, w))

(6.2)

form a system with the unknowns y, w,G and parameters λ, c, v, w0, y0.
The existence, uniqueness, and regularity of solutions of such system follow

from the implicit function theorem in Banach spaces, see [Bo]. The condition
(6.1) ensures that for given ε, the expression (I−ζX)−1 is uniformly bounded
in λ, c, and ζ ∈ ∆̄.

The disc f obtained by solving the system is extremal. Indeed, (6.1) implies
that for small ε and δ the values of the lift f∗(ζ), ζ ∈ b∆, are in the cone finer
than the dual Levi cone, and by Proposition 2.3, there is a suitable change of
coordinates that makes the lifts f∗ supporting simultaneously for all λ and c
satisfying (6.1). The theorem is now proved.

Theorem 6.2. The statement of Theorem 6.1 will be valid if the initial values
of f are defined at 1 ∈ ∆̄ instead of 0, that is w(1) = w0, w

′(1) = v, and
y(1) = y0, and the lift f∗ is defined by f∗|b∆ = Re(λζ + c)G−1(1)G∂ρ.

The theorem is derived from Theorem 6.1 by applying the implicit function
theorem to the mapping (λ, c, w0, y0, v) �→ (λG(1), cG(1), w(1), y(1), w′(1)),
see [T2] for the details.

Theorems 6.1 and 6.2 do not describe all small extremal discs even in the
case k = 1. Indeed, when ε shrinks relaxing the restrictions on λ and c, then
δ can also shrink restricting the other parameters. Therefore, we cannot even
guarantee that all extremal discs are smooth.



Extremal Discs and the Geometry of CR Manifolds 203

The set {(f, f∗)} of extremal discs with lifts in Theorems 6.1 and 6.2 de-
pends on 4N real parameters. Indeed, by adding the dimensions of λ, c, w0, y0,
v, we get 2k+ k+ 2n+ k+ 2n = 4N . Surprisingly, this number depends only
on the dimension of the ambient space CN , not on the dimension of M itself.
Unfortunately, the parameters do not have a clear geometric meaning. For
instance, in Theorem 6.2, w0 and y0 define a geometric object f(1), whereas
v defines only the w-component of f ′(1), which depends on the coordinate
system. Also, the expression Reλ + c defines f∗(1), but the significance of
each parameter λ and c is unclear.

A relevant question is the dimension of the set of extremal discs. Obviously,
it is related to the dimension of the spaces of lifts of individual discs. For
instance, if each extremal disc had only one lift up to proportionality, then
the space of extremal discs would have dimension 4N − 1.

Example 6.3. Let M = S3×S3 ⊂ C4. Then every extremal disc f = (f1, f2)
has 2-dimensional space of lifts of the form f∗ = (c1f∗1 , c2f

∗
2 ), where f∗j is

a fixed nontrivial lift of fj , and cj ∈ R, j = 1, 2. The set of extremal discs
depends on 16− 2 = 14 parameters.

Example 6.4. (Scalari [Sc]) Let Mσ be defined by

x1 = |w1|2 + σRe(w2
1w̄2), x2 = |w2|2.

Then M0 is equivalent to the previous example S3 × S3. For σ �= 0 all Mσ

are equivalent. It turns out that for σ �= 0 every extremal disc for Mσ con-
structed by Theorem 6.1 has only one lift up to proportionality, hence the set
of extremal discs depends on 15 parameters. Thus the dimension of this set
is not stable under small perturbations.

7 Geometry of the Lifts

We now describe the set in T ∗(CN ) covered by the pairs (f, f∗) where f is a
stationary disc with lift f∗. We will prove that the set contains a wedge with
edge N∗(M).

We need the following uniqueness property of stationary discs.

Proposition 7.1. Let f and g be small stationary discs of class C1,α(∆̄)
(1/2 < α < 1) attached toM and let f∗ and g∗ be their supporting lifts of class
C1,α(b∆) such that f(1) = g(1), f∗(1) = g∗(1), f ′(1) = g′(1), f∗′(1) = g∗′(1).
Assume in addition that f is not defective. Then f = g and f∗ = g∗.

Proof. Suppose f �= g. Then the inequalities

Re〈f∗(ζ), g(ζ) − f(ζ)〉 > 0
Re〈g∗(ζ), f(ζ) − g(ζ)〉 > 0

hold almost everywhere on b∆. We add the above inequalities, divide by |ζ−1|4
and integrate along the circle. We get
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Re
∫ 2π

0

|ζ − 1|−4〈f∗(ζ) − g∗(ζ), g(ζ) − f(ζ)〉dθ > 0,

where ζ = eiθ. Note that on b∆ we have |ζ − 1|−2 = −ζ(ζ − 1)−2, dζ = iζ dθ.
Therefore, the above integral after “Re” turns into

∫

b∆

〈
ζ(f∗(ζ)− g∗(ζ))

(ζ − 1)2
,
g(ζ)− f(ζ)

(ζ − 1)2

〉

dζ = 0,

since the integrand is holomorphic in ∆. The contradiction proves that f = g.
Now the lift f̃∗(ζ) = ζ(ζ − 1)−2(f∗(ζ)− g∗(ζ)) is holomorphic at 0. Since

f is not defective, then f̃∗ = 0, and f∗ = g∗. The proposition is now proved.

We need the following

Lemma 7.2. Let F : Rn × Rk × R → Rn × Rk, F (x, y, t) = (u, v), be

a C2 smooth mapping, such that F (x, y, 0) = (x, 0) and y �→ ∂v(0,y,0)
∂t is a

diffeomorphism at 0, that is det ∂
2v(0,0,0)
∂y∂t �= 0. Then there exists an open cone

Γ ⊂ Rk, and ε > 0 such that ∂v(0,0,0)
∂t ∈ Γ and the image of F contains the

wedge W = {(u, v) : |u| < ε, |v| < ε, v ∈ Γ}
Proof. The mapping F is compared with the first nonzero term in its Taylor
expansion, whose image obviously contains the desired wedge. Then a simple
topological argument implies that the image of F contains a finer wedge of the
same form. The argument is somewhat similar to that in [Bo], section 15.5,
Lemma 3. We leave the details to the reader.

Let E be the set of all pairs (f, f∗) constructed by Theorem 6.2.

Theorem 7.3. Let (f0, f∗0 ) ∈ E , (p, φ) = (f0(1), f∗0 (1)). Assume that f is not
defective. Then for every ε > 0 the set

W = { (f(1− t), f∗(1− t)) : (f, f∗) ∈ E , ||f − f0|| < ε,
||f∗ − f∗0 ||b∆ < ε, 0 < t < ε},

covers an open wedge with edge N∗(M) in T ∗(CN ) near (p, φ).

Proof. Note that the type of the norm above is unimportant because E has
finite dimension. Without loss of generality, p = 0. Consider the map

F : (λ, c, y0, w0, v) �→ (f(1− t), f∗(1− t)) ∈ T ∗(CN ),

where (f, f∗) ∈ E , 0 < t < 1. We apply Lemma 7.2, where the variables
x, y, t in the lemma correspond to our variables λ, c, y0, w0, v as follows: x ↔
(Re(λ)+c−φ, y0, w0), y ↔ (λ, v), where φ is represented by its coordinates in
the basis ∂ρj(0) = dzj/2. In the target T ∗(CN ), we introduce the coordinates
(u, v) such that N∗(M) is defined by v = 0. (This v has nothing in common
with the parameter v = w′(1).)

We should check that y �→ ∂v(0,y,0)
∂t is a diffeomorphism. This reduces to

checking that the mapping Φ : (v, λ) �→ (f ′(1), f∗′(1)), for fixed (Re(λ) +
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c − φ, y0, w0) = 0, is a diffeomorphism onto an open set in a complement to
TφN

∗(M) in TφT ∗(CN ).
Since (f, f∗) is attached to N∗(M), then by the Cauchy-Riemann equa-

tions, we have (f ′(1), f∗′(1)) ∈ JTφN∗(M), where J is the operator of multi-
plication by the imaginary unit in TφT ∗(CN ) " CN × CN . Since N∗(M) is
maximally real at φ, JTφN∗(M) forms a complement to TφN∗(M). Finally,
by Proposition 7.1, Φ is injective, so Φ is a diffeomorphism in an open set
as a smooth injective mapping of Euclidean spaces of equal dimensions. The
theorem now follows from Lemma 7.2.

Theorem 7.3 implies that the directions of the boundary curves of the
extremal discs cover an open set in the tangent space.

Corollary 7.4. Under the hypotheses of Theorem 7.3, for every ε > 0, the
set

Σ′ = { d
dθ

∣
∣
θ=0

f(eiθ) : (f, f∗) ∈ E , f(1) = p, ||f − f0|| < ε} ⊂ Tp(M)

is open.
Proof. According to the proof of Theorem 7.3, the set {(f ′(1), f∗′(1))}, where
the boundary point {(f(1), f∗(1))} is fixed, is an open set in JTφN

∗(M).
Therefore, by the Cauchy-Rieman conditions, the set { ddθ

∣
∣
θ=0

(f(eiθ), f∗(eiθ))}
is open in TφN∗(M). Then its projectionΣ′ is open in Tp(M) and the corollary
follows.

8 Defective Manifolds

The results of the previous section rely on the existence of non-defective discs.
Usually this is not a problem, but we need to consider the question carefully.

Definition 8.1. Let A1, . . . , Ak be n×n linearly independent hermitian matri-
ces. We call the tuple (λ, c, v) defective if the linear operators CN → CN with
matrices A1, . . . , Ak are linearly dependent on the subspace S = Span{Xmv :
m = 0, 1, . . .}, where X is defined by (λ, c) by (5.7). If a tuple is not defective,
then all tuples except possibly a proper algebraic set are not defective.

We call the set (A1, . . . , Ak) and the corresponding quadric

xj = 〈Ajw, w̄〉, j = 1, . . . , k (8.1)

defective if all tuples (λ, c, v) are defective.
We call a generic manifold M non-defectve if for all p ∈ M , the quadric

defined by the Levi form L(p) is not defective.

Conjecture 8.2. No quadrics are defective.

According to this conjecture, the subject of this section is an empty set!
Defective quadrics, if exist at all, form a proper algebraic set in the set of all
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strictly pseudoconvex generating quadrics. Indeed, if the matrix X for some
λ and c has no multiple eigenvalues, then there is v ∈ CN such that S = CN ,
so (λ, c, v) is not defective. This will be the case if the matrix Q−1P , where
P =

∑
λjAj and Q =

∑
cjAj , has no multiple eigenvalues for some λ and c.

It is easy to see that no quadrics of codimension 2 are defective, but in general
Conjecture 8.2 is open.

Lemma 8.3. The tuple (λ, c, v) is defective for the quadric (8.1) iff the disc
f constructed for the quadric (8.1) by Proposition 5.3 with given λ, c, v and
w0 = 0, y0 = 0 is defective.

Proof. By Proposition 5.3, w(ζ) = (ζ − 1)(I − ζX)−1u, where u = (I −X)v.
Let Su = Span{Xmu : m = 0, 1, . . .} ⊂ S. Then Su = S. Indeed, v −Xmv =
∑m−1

j=0 (Xjv −Xj+1v) =
∑m−1

j=0 Xju ∈ Su. By letting m→∞, we get v ∈ Su
because Xmv → 0. Hence v ∈ Su and Su = S.

By Proposition 4.1 (ii), where G ≡ I, the disc f is defective iff there
exists nonzero µ ∈ Rk such that µhw extends holomorphically to ∆. We put
R =
∑
µjAj . Then

µhw = R̄w̄ = R(ζ − 1)(I − ζX)−1u.

By expanding into a Fourier series, µhw extends holomorphically to ∆ iff
RXmu = 0 for all m ≥ 0, which means that the tuple (λ, c, v) is defective and
the lemma follows.

Proposition 8.4. Let M ⊂ CN be a smooth generic strictly pseudoconvex
manifold as in Theorem 6.2, and let (λ, c, v) be a non-defective tuple for the
quadric defined by the Levi form of M at 0. Then there exists δ > 0 such
that for every 0 < t < δ, the stationary disc f (t) constructed by Theorem 6.2
with w(1) = 0, y(1) = 0, w′(1) = tv, f∗|b∆ = Re(λζ + c)G−1(1)G∂ρ is not
defective.

Proof. We apply Pinchuk’s scaling method. Let M be given by the equations

xj = 〈Ajw, w̄〉+ χj(y, w), j = 1, . . . , k,

where χj(y, w) = O(|y|3 + |w|3). Let Φ(t)(z, w) = (t−2z, t−1w), t > 0. Let
M (t) = Φ(t)(M). Then M (t) has defining equations

xj = 〈Ajw, w̄〉+ χ
(t)
j (y, w), j = 1, . . . , k,

where χ(t)
j (y, w) = t−2χj(t2y, tw) → 0 as t→ 0 (say, in the C3 norm), so M (t)

approaches the corresponding quadric M0 given by (8.1).
Let f be the disc constructed for M0 by Proposition 5.3. By Lemma 8.3,

f is not defective. Let f̃ (t) = Φ(t) ◦ f (t). Then f̃ (t) and f are stationary
discs attached to M (t) and M0 with the same values of all parameters. The
solution of (6.2) continuously depends on h. Since M (t) approaches M0, then
f̃ (t) → f as t → 0. The property of not being defective is stable under small



Extremal Discs and the Geometry of CR Manifolds 207

perturbations. Hence f̃ (t) is not defective for small t. Since f (t) differs from
f̃ (t) by a change of coordinates, then f (t) is not defective and the proposition
follows.

9 Regularity of CR Mappings

We apply the extremal discs to the question of the regularity of CR mappings.
Let M1 and M2 be C∞ smooth generic manifolds in CN , and let F : M1 →

M2 be a homeomorphism. We call F a CR homeomorphism if both F and
F−1 are CR mappings, that is the components of F and F−1 are CR functions
(see e.g. [BER] [Bo] [T1]). We prove the following.

Theorem 9.1. Let M1 and M2 be C∞ smooth generic strictly pseudoconvex
non-defective (see Definition 8.1) generic manifolds in CN with generating
Levi forms, and let F : M1 →M2 be a CR homeomorphism such that both F
and F−1 satisfy a Lipschitz condition with some exponent 0 < α < 1. Then
F is C∞ smooth.

In the hypersurface case, Theorem 9.1 reduces to the following Fefferman’s
(1974) theorem (see e.g. [F3]).
Theorem 9.2. Let D1, D2 ⊂ CN be C∞ smoothly bounded strictly pseudo-
convex domains and let F : D1 → D2 be a biholomorphic mapping. Then F
is C∞ up to bD1.

The original proof by Fefferman was quite difficult. Simpler proof were
offered by Bell and Ligocka (1980), Nirenberg, Webster and Yang (1980),
Lempert [L1], Pinchuk and Khasanov (1987), Forstnerič [F3]. We give another
simple proof based on small extremal discs. It is essentially the same as the
one by Lempert, but instead of rather difficult global results of [L1], we use
the simpler local theory.

Proof. The first simple step, which we omit, consists of showing that F satisfies
a Lipschitz condition with exponent 1/2 in D1 (Henkin, 1973) therefore F
extends to a C1/2 homeomorphism bD1 → bD2, see [F3].

It is immediate that F maps extremal discs to extremal discs. By Corollary
7.4, the directions of the boundary curves of the extremal discs span all direc-
tions in T (bD1). By Proposition 4.3, the extremal discs are smooth. Therefore
F maps a large family of smooth curves to smooth curves. The images are
uniformly bounded in the Cm,m ≥ 1, norms because one can see that the Cm

norms of small extremal discs in the hypersurface case are estimated in terms
of their Cα, 0 < α < 1, norms. Hence F is smooth on bD1, and the proof is
complete.

In higher codimension this proof does not work because we do not know
whether all extremal discs are smooth up to the boundary. Forstnerič [F1], [F2]
proved the smoothness of CR homeorphisms without the initial Lipschitz reg-
ularity but under some additional geometric restrictions on the manifolds or
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mapping. If the mapping F has initial C1 regularity, then the C∞ smoothness
easily follows from the smooth reflection principle (Proposition 9.5) applied
to the induced mapping N∗(M1) → N∗(M2).

We first show that the extension of F is locally biholomorphic.
Proposition 9.3. Let M1 and M2 be smooth generic manifolds in CN , and
let F : M1 → M2 be a CR homeomorphism. Suppose M1 is minimal (see
e.g. [BER] [T1]; “generating Levi form” implies “minimal”). Let D be the
interior of the union of all small analytic discs attached to M1 and let F1 be
the holomorphic extension of F to D. Then the Jacobian determinant of F1

does not vanish in D.
Proof. Since M1 is minimal, then D �= ∅. By the Baouendi-Treves approxima-
tion theorem (see e.g. [BER] [Bo] [T1]), the mappings F and F−1 are limits
of sequences of holomorphic polynomials. We define F1 and F2 as the limits
of these sequences wherever they converge. In particular, F1 is holomorphic
in D and continuous up to M1.

We claim that F2◦F1 = id in D. Indeed, for every analytic disc f1 attached
toM1, the disc f2 = F1◦f1 is attached toM2. Then F2◦f2 is well defined. Then
for ζ ∈ b∆, F2 ◦F1 ◦ f1(ζ) = F−1 ◦F ◦ f1(ζ) = f1(ζ). Hence F2 ◦F1 ◦ f1 = f1.
Since D is covered by the discs, then F2 ◦F1 = id in D, so F1 is injective in D.
Since F1 is holomorphic, the Jacobian cannot vanish. The proof is complete.

The idea of the proof of the main result is that a CR mapping preserves
the lifts of the extremal discs.
Proposition 9.4. Let M1 and M2 be smooth generic manifolds in CN , and
let F : M1 → M2 be a CR homeomorphism such that both F and F−1 are
Cα, 0 < α < 1. Let D and F1 be the same as in Proposition 9.3. Let f1
be a small stationary disc attached to M1 such that f(∆) ⊂ D, and let f∗1
be a supporting lift of f1. Then the disc f2 = F1 ◦ f1 is also stationary and
f∗2 = f∗1 (F ′

1 ◦ f1)−1 (where f∗1 and f∗2 are considered row vectors) is a lift of
f2.

We will prove Proposition 9.4 in Section 10.
We will use the following smooth version of the Schwarz reflection principle

[PK].

Proposition 9.5. Let M1 ⊂ Cn1 and M2 ⊂ Cn2 be Cm,α,m ≥ 1, 0 < α < 1,
maximally real manifolds, and let F : M1 → M2 be a continuous mapping
that holomorphically extends to a wedge W with edge M1. Then F is Cm,α

smooth.

Proof of Theorem 9.1. We will use the notation F1, F2 and D introduced in the
proof of Proposition 9.3. The mapping F1 induces the mapping F1 : T ∗(D) →
T ∗(CN ). Using the identification T ∗(CN ) " CN × CN , the mapping F1 is
defined as F1(p, φ) = (F1(p), φF ′

1(p)−1), where φ is considered a row vector.
By Proposition 8.4 there exist many non-defective stationary discs at-

tached to M1. Fix such a disc f1 with supporting lift f∗1 . Let f2 = F1 ◦ f1.
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By Proposition 9.4, for every stationary disc g1 close to f1, and its lift
g∗1 close to f∗1 , the map g∗2 = F1 ◦ g∗1 is a lift of g2 = F1 ◦ g1. By Theorem
10.5, g∗2(ζ) = a2ζ

−1 + b2 + ... is uniquely determined by and continuously
depends on (g2, a2, b2). The latter is uniquely determined by (g1, a1, b1), where
g∗1(ζ) = a1ζ

−1 + b1 + ... . The expressions of a2 and b2 in terms of a1 and b1
only involve F1 in a neighborhood of f1(0). Hence for (g1, g∗1) close to (f1, f∗1 ),
the lift g∗2 is uniformly bounded in the Cα norm on b∆.

By Theorem 7.3, the lifts g∗1 of g1 cover an open wedge W ⊂ T ∗(D) with
edge N∗(M1). Hence, F1 is Cα in W up to the edge N∗(M1)

Let (p, φ) be a totally real point of N∗(M1). If F1(p, φ) also is a totally
(maximally) real point of N∗(M2), then F1 is smooth at (p, φ) by Proposition
9.5, whence F is smooth at p as desired.

The difficulty is that a priori F1(p, φ) is not necessarily a totally real point.
However, this difficulty is not essential and we do not address it here. See [T2]
for the details.

10 Preservation of Lifts

We prove Proposition 9.4. The proof is based on another extremal property
of analytic discs which is more suitable for application to CR mappings than
Definition 3.1.

We call p a real trigonometric polynomial if it has the form p(ζ) =
∑m

j=−m ajζ
j , where a−j = āj . We call a real trigonometric polynomial p

positive if p(ζ) > 0 for |ζ| = 1.
We put ∆r = {ζ ∈ C : |ζ| < r}; ∆ = ∆1.
Recall the notation Resφ = Res(φ, 0), the residue of φ at 0.

Definition 10.1. Let f be an analytic disc attached to a generic manifold
M ⊂ CN . Let f∗ : ∆ \ {0} → T ∗(CN ) be a holomorphic map with a pole
of order at most 1 at 0. We say that the pair (f, f∗) has a special extremal
property (SEP) if there exists δ > 0 such that for every positive trigonometric
polynomial p there exists C ≥ 0 such that for every analytic disc g : ∆→ CN

attached to M such that ||g − f ||C(∆̄) < δ we have

Re Res(ζ−1〈f∗, g − f〉p) + C||g − f ||2C(∆̄1/2)
≥ 0. (10.1)

The above extremal property is close to the one introduced by Definition
3.1. In particular, we note (Lemma 10.2) that stationary discs with supporting
lifts have SEP. Conversely, we prove (Proposition 10.6) that SEP implies that
f∗ is a lift of f .

In formulating SEP we no longer restrict to the discs g with fixed cen-
ter g(0) = f(0). This helps prove Proposition 10.6 in case f is defective; see
remark after Lemma 10.4. The radius 1/2 plays no special role here. In Def-
inition 10.1, we could even consider f∗ defined only in a neighborhood of 0



210 Alexander Tumanov

and replace 1/2 by a smaller number. Then SEP would still imply that f∗ is
a lift of f .

Proof of Proposition 9.4. Since f1 has a supporting lift f∗1 , then the pair
(f1, f∗1 ) has SEP. Then we prove (Lemma 10.3) that the pair (f2, f∗2 ) also has
SEP. Then by Proposition 10.6, SEP implies that f∗2 is a lift of f2 and the
proposition follows.

Lemma 10.2. Let f be a stationary disc attached to a generic manifold
M ⊂ CN . Let f∗ be a supporting lift of f . Then the pair (f, f∗) has SEP
with C = 0.

Proof. For every analytic disc g attached to M (not necessarily close to f),
we have Re〈f∗, g − f〉 ≥ 0 on the unit circle b∆. Multiplying by a positive
trigonometric polynomial p and integrating along the circle we immediately
get (10.1) with C = 0. The lemma is proved.

Lemma 10.3. Under the assumptions of Proposition 9.4, the pair (f2, f∗2 )
has SEP.

Proof. For every small disc g2 attached to M2, we put g1 = F2 ◦ g2, where
F2 is the extension of F−1 as in Proposition 7.3. If g2 is close to f2 in the
sup-norm, then for ζ ∈ ∆̄1/2 we have

|g1(ζ) − f1(ζ)| ≤ C1|g2(ζ)− f2(ζ)|,
where C1 is the maximum of ||F ′

2||, the norm of the derivative of F2 in a
neighborhood of the compact set f2(∆̄1/2). Likewise, for ζ ∈ ∆̄1/2 we have

g2(ζ) − f2(ζ) = F1(g1(ζ)) − F1(f1(ζ)) =
= F ′

1(f1(ζ))(g1(ζ)− f1(ζ)) +R(ζ)|g1(ζ) − f1(ζ)|2,
where |R(ζ)| ≤ C2, and C2 is the maximum of ||F ′′

1 || in a neighborhood of the
compact set f1(∆̄1/2). For every positive trigonometric polynomial p, recalling
that f∗2 = f∗1 (F ′

1 ◦ f1)−1, we obtain

|Res(ζ−1 〈f∗2 , g2 − f2〉p)− Res(ζ−1〈f∗1 , g1 − f1〉p)|
=
∣
∣
∣

1
2πi

∫

|ζ|=1/2 ζ
−1〈f∗2 (ζ), R(ζ)|g1(ζ) − f1(ζ)|2〉p(ζ) dζ

∣
∣
∣

≤ C2
1C2||pf∗2 ||C(b∆1/2)||g2 − f2||2C(∆̄1/2)

(10.2)

Now by Lemma 4, Re Res(ζ−1〈f∗1 , g1 − f1〉p) ≥ 0, and (10.2) implies that
(f2, f∗2 ) has SEP. The proof is complete.

A (tangential) infinitesimal perturbation of an analytic disc f attached
to M is a continuous mapping ḟ : ∆̄ → T (CN ) holomorphic in ∆ such
that ḟ(ζ) ∈ Tf(ζ)(M) for ζ ∈ b∆. Infinitesimal perturbations ḟ = (ż, ẇ)
are solutions of the linearized Bishop equation

ẏ = T (hyẏ + hwẇ + hw̄ ¯̇w) + ẏ(0).
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In particular, it follows that ẏ(0) and ẇ(0) can be chosen arbitrarily.

Lemma 10.4. Assume a pair (f, f∗) has SEP, where f is a small analytic disc
of class Cα(∆̄) attached to a generic manifold M . Then for every infinitesimal
perturbation ḟ of f of class Cα(∆̄), and every real trigonometric polynomial
p, we have

Re Res(ζ−1〈f∗, ḟ〉p) = 0. (10.3)

Proof. Let ḟ = (ż, ẇ). By solving Bishop’s equation (4.2) with w(ζ, t) =
w(ζ)+ tẇ(ζ), we construct a one parameter family of discs ζ �→ g(ζ, t) defined
for small t ∈ R so that g(ζ, 0) = f(ζ) and d

dt

∣
∣
t=0
g = ḟ . Plugging g in (10.1)

we get
Re Res(ζ−1〈f∗, g − f〉p) +O(t2) ≥ 0.

Differentiating at t = 0, we obtain (10.3) for every positive trigonometric
polynomial p. Since positive trigonometric polynomials span the set of all real
trigonometric polynomials, then the lemma follows.

Remark. We note that if SEP only held for the discs g with fixed center
g(0) = f(0), then in the last proof we would have to realize an infinitesimal
perturbation ḟ with ḟ(0) = 0 by a family ζ �→ g(ζ, t) with fixed center g(0, t) =
f(0). However, it turns out to be a problem if f is defective.

We observe that for p ≡ 1, the condition (10.3) takes the form

Re(〈ā, ḟ ′(0)〉+ 〈b̄, ḟ(0)〉) = 0, (10.4)

where ā and b̄ are the first two Laurent coefficients of f∗, that is

f∗(ζ) = āζ−1 + b̄+ ... (10.5)

The following theorem and its proof are similar to those of Proposition 4.2.
The advantage of the new result is that it holds even if the disc f is defective.

Theorem 10.5. Let f be a small analytic disc of class Cα(∆̄) attached to a
generic manifold M ⊂ CN . Assume a, b ∈ CN are such that (10.4) holds for
every infinitesimal perturbation ḟ of f of class Cα(∆̄). Then there exists a
unique lift f∗ of f of the form (10.5). Moreover, the correspondence (f, a, b) �→
f∗ is continuous in the Cα(b∆) norm.

The proof is quite technical and we omit it for the same reason as for
Proposition 4.2. See [T3] for the proof.

Proposition 10.6. Assume a pair (f, f∗) has SEP, where f is a small analytic
disc of class Cα(∆̄) attached to a generic manifold M . Then f∗ is a lift of f .

Proof. Let f∗(ζ) = āζ−1 + b̄ + ... . Then by Lemma 10.4 we have (10.3),
which implies (10.4). By Theorem 10.5, there exists a lift f̃∗ of f such that
f̃∗(ζ) = āζ−1 + b̄ + ... . Then ψ(ζ) = ζ−1(f̃∗(ζ) − f∗(ζ)) is holomorphic in
∆ and Re Res(〈ψ, ḟ〉p) = 0 for every infinitesimal perturbation ḟ and real
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trigonometric polynomial p. We will show that this implies ψ ≡ 0, whence
f∗ = f̃∗ is a lift of f .

Take p(ζ) = cζm+c̄ζ−m, where c ∈ C andm > 0 is integer. Put h = 〈ψ, ḟ〉.
Then 0 = Re Res(〈ψ, ḟ 〉p) = Re Res(hp) = Re(c̄Res(hζ−m)) for all c ∈ C.
Then Res(hζ−m) = 0 for all integers m > 0. Hence h ≡ 0.

Now for every ḟ we have 〈ψ, ḟ〉 = 0. If ψ is not identically equal to zero,
then ψ(ζ) = λζm + O(ζm+1), for some integer m ≥ 0 and λ �= 0. Then
〈λ, ḟ(0)〉 = 0 for all ḟ . Note the subspace {ḟ(0)} spans CN over C because
the w- and y-components of ḟ(0) are arbitrary. Hence λ = 0 and we come to
a contradiction. The proof is complete.
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Univesità di Padova, Italy
zampieri@math.unipd.it

39. Walker Ronald
University of Michigan, USA
rawalker@umich.edu

40. Wolf Christian
Insituto Sup. Tecnico, Germany
cwolf@math.ist.utl.pt



LIST OF C.I.M.E. SEMINARS

1954 1. Analisi funzionale C.I.M.E

2. Quadratura delle superficie e questioni connesse "

3. Equazioni differenziali non lineari "

1955 4. Teorema di Riemann-Roch e questioni connesse "

5. Teoria dei numeri "

6. Topologia "

7. Teorie non linearizzate in elasticità,
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